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PREFACE 

As in most colleges the course In analytic geometry is pre- 
ceded by a course in advanced algebra, it appeared desirable 
■to publisli separately those parts of our " Analytic Geometry 
and Principles of Algebra " which deal with analytic geometry, 
omitting the sections on algebra. This is done in the present 
work. 

In plane analytic geometry, the idea of function is intro- 
duced as early as possible j and curves of the form y =J{x), 
where f{x) is a simple polynomial, are discussed even before 
the conic sections are treated systematically. This makes it 
possible to introduce the idea of the derivative; but the sec- 
tions dealing with the derivative may be omitted. 

In the chapters on the conic sections only the moat essential 
properties of these curves are given in the text; thus, poles 
and polars are discussed only in connection with the circle. 

The treatment of solid analytic geometry follows more the 
nsnal lines. But, in view of the application to mechanics, the 
idea of the vector is given some prominence ; and the repre- 
sentation of a function of two variables by contour lines as 
well as by a surface in space is explained and illustrated by 
practical examples. 

The exercises have been selected with great care in order 
not only to furnish sufficient material for practice in algebraic 
work, but also to stimulate independent thinking and to point 
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out the applications of the theory to concrete problema. The 
number of exercises is sufdcient to allow the instructoi to make 
a choice. 

ALEXANDER ZIWBT. 

LOUIS A. HOPKINS. 
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PLANE Al^ALYTIO GEOMETRY 

CHAPTER I 

COORDINATBS 

1. Loeatioti of a Poiiit on a Line. The position of a point 
P (F^. 1) on a line is fully determined by ite distance OP 
from a fixed point O on the line, if we know on which side of 
O the point P is situated (to the light or to the left of iu 
Fig. 1). Let OS agree, for instance, to count distances to the 
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Via. I 

right of as positive, and distances to the left of as n^^tive ; 
this is indicated in Fig. 1 by the arrowhead which marks the 
potitive sense of the line. 

The fixed point is called the origin. The distance OP, 
taken with the sign + il P lies, let us say, on the right, and 
with the sign — when i'lies on the opposite side, is called 
the abscissa of P. 

It is assumed that the unit in which the distances are 
measured (inches, feet, miles, etc.) is known. On a geographi- 
cal map, or on a plan of a lot or building, this unit is indicated 
by the scale. In Fig. 1, the unit of measure is one inch, the 
absciss^ of Pis +2, that of QH -1, thatof flis —1/3. 



2 PLANE ANALYTIC GEOMETRY [I, §2 

2. Detennination of a Point by its Abscissa. Let us select, 
OD a given line, an arbitrary origin 0, a unit of measure, and a 

definite sense as poaitive. Then any real number, such as B, 
— 3, 7.35, ~ V2, regarded as the abscissa of a point P, fully 
determineB tbe position of P on the line. Conversely, every 
point on ttie line has one and only one abscissa. 

The abscissa of a point is usually denoted by the letter x, 
vhich, in analytic geometry as in algebra, may represent any 
real or complex number. 

To represent a real point the abscissa must be a real number. 
If in any problem the abscisaa a: of a point is not a real num- 
ber, there exists no real point satisfying the conditions of the 
problem. 

EXERCISES 

I. What la the abRcissa ot tbe origin ? 

S. With the inch as nait of length, mark on a line the points whoM 
abscisaas are : 8, -2, v^, - 1.26, - Vs, J, - J. 

S. On a railroad line mnning east and west, if the station B is 20 miles 
eaat of the station A and tlie station C is 33 miles east of A, what are the 
abecissas of A and C for B as origin, the sense eastward being taken as 
positive? 

4. On a Fahrenheit thermometer, what is the positiTe sense ? What 
is Che unit of measure? What is the meaning of the reading 66"? 
What is meant by —7" ? 

5. A water gauge is a vertical post carrying a scale ; the ni«an water 
level is generally taken as origin. If the water stands at + T on one day 
and at —11 the next day, the unit being the laoh, how much has the 
water fallen ? 

S. If xi, xs (rend : x one, x two) are Qte abecissas of any two points 
Pi, P, on a given line, show that the abscissa of the midpoint between 
Pi and Pi is i (xi + Xt). Consider separately the oases when Pi, Pi lie 
on the same side of the origin and when they lie on opposite sides. 
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S. Ratio of Division. A s^ment AB (Fig. 2) of a stmglit 
line being given, it is shown in elementary geometry how to 
find the point C that divides . 
AB in a given ratio k. Thus, 
\tk = ^, the point G auch that 
AO^'i 
AB 5 

ia found as follows. On any 

line through A layoff AD = 2 and AE=5; join B and E. 
Then the parallel to BE through D meets AB at the required 
point C 

Analytically, the problem of dividing a line in a given ratio 
is solved as follows. On the line AB (Fig. 3) we choose a 
point as origin and assign a positive sense. Then the 
abscissas Xiot A and x^ oi B are known. To find a point O 



^=^:g:::::!..j^ 



which divides AB in the ratio of division ft= AC/AB, let na 
denote the unknown abscissa ot Ohy x. Then we have 

AC=x — Xi, AB = Xt — Xi; 
hence the abscissa xot C must satisfy the condition 

!^-Xy 

whence 

or, if we write Ax (read; delta x) for the "difference of the 
SB's," i.e. AiB = «, — a^, 

a: = ic, + fc . Az, 
Thus, if the abscissas of A and B are 2 and 7, the abscissas 
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of the points tbat divide AB ia the ratios i, |i |, f are 3, 4^, 
8, 9^, respectively. Cheek these results by geometric oon- 
struction. 

If the segments AC and AB have the same sense, the divi- 
sion ratio A; is positive. For example, in Fig. 3, the point 
lies between A and B; hence the division ratio A; Is a positive 
proper fraction. If the division ratio A: is negative, the seg- 
ments AC and AB must have opposite sense, so that B and C 
lie on the opposite aides of A 

If the abscissas of A and B are again 2 and 7, the abscissa 
a; of (7whenfc = 2, -1, -J, -.2 will be 12, -3, 0, 1, respec- 
tively. Illustrate this by a figure, and check by the geometric 
construction. 

4. Location of a Point in a Mane. To locate a point in 
a plane, that is, to determine its position in a plane, we may 
proceed as follows. Draw two lines at right angles in the 
plane ; on each of these take the point of intersection as 
origin, and assign a definite positive sense to each line, e.g. by 
marking each line with an arrowhead. It is usual to mark 
the positive sense of one line by afQxing the letter x to it, and 
the positive sense of the other line by 
affixing the letter i/ to it, as in Fig. i. 
These two lines are then called the axes 
of coordinates, or simply the axes. We 
distinguish them by calling the line Ox the 
X-axis, or axis of abscissas, and the line Oy 
the y-axis, or axis of ordinates. Now project the point P on 
each axis, t.e. let fall the perpendiculars PQ, PR from P on 
the axes. The point Q has the abscissa OQ = x on the axis Ox. 
The point R has the abscissa OR = y on the axis Oy- The 
distance OQ = RP=x is called the abscissa of P, and 
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OB = QP= y is called the ordinate of P. The position of the 
point P in the plane is fully determined if its abscissa x and 
its ordinate y are both given. The two numbers x, y are also 
called the coojdinatea of the point P. 

i. Sgns of Uie CoordinateB. Quadrants. It is clear 
from Fig. 4 that x and y are the perpendicular distances of the 
point P from the two axes. It should be observed that each 
of these numbers may be positive or 
negative, as in § 1. 

The two axes divide the plane into i 

four compartments distinguished as in i 

trigonometry as the first, second, third, i 
and fourth quadrants (Fig. 6). It is jg\ 
readily seen that any point in the first /■■'— 
quadrant has both its coordinates posi- 
tive. What are the signs of the cooi-di- 

nates in the other quadrants ? What are the coordinates of the 
origin 0? What are the coordinates of a point on one of the 
axes? It is customary to name the abscissa first and then 
the ordinate; thus the point (—3, 5) means the point whose 
abscissa is — 3 and vhose ordinate is 5. 

Every point in the plane has two definite real numbers as co- 
ordinates; conversely, to every pair of real numbers corresponds 
one and only one point of the plane. 

Locate the points: (6, -2), (0, 7), (2-V3, ^), (-4, 2V2), 
(-6,0). 

6. Units. It may sometimes be convenient to choose the 
unit of measure for the abscissa of a point different from the 
unit of measure for the ordinate. Thus, if the same unit, say 
one inch, were taken for abscissa and ordinate, the point (3, 48) 
might fall beyond the limits of the paper. To avoid this we 
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may lay off the ordinate on a scale of \ inch. When ditFerent 
unite are used, the unit used on each asis should always be 
indicated in the drawing. When nothing is said to the con- 
trary, the units for abscissas and ordinates are always under- 
stood to be the" same. 

7. Oblique Axes. The position of a point in a plane can 
also be determined with reference to two ases that are not at 
right angles; but the angle <o between these 
axes must be given (Fig, 6). The abscissa 
and the ordinate of the point P are then 
the segments OQ = x, OR = y cut off on 
the axes by the parallels through P to the 
axes. If ia = \w, i.e. if the axes are at 

right angles, we have the case of rectangvlar coordinaies 
discussed in §§ 4, 5. In what follows, the axes are always 
taken at right angles unless the contrary is definitely 
stated. 

8. Distance of a Point from the Origin. 
For the distance r=OP (Fig. 7) of the point 
P from the origin we have from the right- J-^ j 
angled triangle OQP: 

r= Vic* -I- p*, 
where x, y are the coordinates of P. 

s are oblique (Fig. 8), with the angle 
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xO^ = u, we have, from the triangle 
which the angle at Q is equal 
coBine law of trigonoroetrj, 



OQP,- in 



«)=Vx' + !f + 2x1/0 



:s generallj measured In radians, th» 
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Notice that these fonuutfu hold not aaly when th« point P 
lies in the first quadrant, but quite generally wherever the 
point P may be situated. Draw the figures for several cases. 

9. Distance between Two Points. By Fig. 9, the distance 
d = PiPj between two points i*i(X], y,) and /*i(J^, yi) can be 
found if the coordinates of the two points 
are given. For in the triangle PiQP, we 



P,Q=x,~x„ QP, = y,-y,; 



(1) d = V(a^-iF,)9 + (i/a-tf,)«. 

If we write &x (g 3) for the " difference of the a^s " and Ajf 
for the " difference of the y'B ", i.e. 

Ax = x, — Xi and Aj( = yi— Jft, 
the formula for the distance has the simple form 



or, in words, 

TTie distance between any two points is ^ual to the square t-oot 
of the sum of the aguarea of the differences bettoeen their corre- 
sponding coordinates. 

Draw the figure showing the distance between two points 
(like Fig. 9) for various positions of these points and show 
that the expression for d holds in all cases. 

Sbow that the distance between two points Pi (xi, Vi), Ps (xi, j/2) when 
the axes are oblique, with angle w, is 

d = Vfij - *])'+ (»t - yiY + 2(ia - ii)C!/2 - ifi) cos w 
= V{4x)" + {4jf)" + 2 Az • Ay . cob w. 
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.. Midpoint of a Segment. The midpoint Pof a gegmeta 
, has for its coordijicUes the arithmetic meam of the oorre- 
ding coordinates of P, and P^ ; that la, if i^ , ?i are the co- 
aates of Pi, ir,, y, those of P„ the division ratio being 
^, the coordinates of the midpoint Pare (§ 10) 

y=yi + i(y.-j'.) = i(yi+y.)- 



I. With reference to the same set of axes, locate the points (6, 4), 
-I), (-8.4, -8.2), (-4,0), (-1,6), (.001,-4.01). 
1. lAwate the points (- 3, 4), (0, - 1), (8, - -v^), (f, - 101), 

.a), (8,6), (8,-2), (-2, v^). 

3. U a and b are positive nnmbers, in what qnadrants do the follow- 
g points lie: (a, - 6), (6, a), (a, a), (-6,6), (-6, -a)f 

4. Show that the xx^'nt^ [Ci 6) and (a, — 6) are eymmetrio with 
'spect to the axis Or ; that (a, 6) and (— a, 6) are symmetHc with re- 
)eot to the axis Oy ; that (a, b) and (— a, — 6) are symmetric with 
:8p6ct to the origin. 

5. In the city of Washington the lettered streets (A street, B street, 
to.) ran east and west, the numbered streets (1st street, 2d street, etc.) 
kOrth and south, the Capitol Ijeing the origin of coordinates. The axes 
it ooSrdinates are called avenaes, thus, e,g., lat street nma one hloek 
;Bst ot the Capitol. If the length of a tilock were 1/10 mile, what would 
'le the distance from the corner of South C street and East 5th street to 
the comer ot North Q street and West 14th street ? 

6. Prove that the points (6, 2), (0, - 6), (7, 1) lie on a circle whose 
center is (3, —2). 

7 A square of side s has lis center at the origin and diagonals coin- 
cident with the axes ; what are the coordinates of the vertices ? of the 
midpoints of the sides? 

a If St point moves parallel to the axis O'j, which of its coonUnates 
,Binainfl cons**"'' ^ 
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9. In what gatulrants can a point lie if its abeciasa is negative ? Ita 
ordinate positive ? 

10. Find the coordinates ol the points which trisect the diatance be- 
tween the points (1, — 2) and (— 8, 4). 

11. To what point most the line segment drawn from (2, —8) to 
(—3, 6) be extended so that Its length is doubled t trebled ? 

IS. The abaciHsa of a point is — 3, its distance from the origin is S ; 
what is Its ordinate ? 

13. A rectangular house ia to be built on a comer lot, the front, 80 ft. 
wide, cutting oH equal segments on the adjoining streets. If the house is 
20 ft. deep, find the coordinates (with respect to the adjoining streets) of 
the back oomera of the bouse. 

li. A baseball diamond is 00 ft. sqnare and pitcher's plate ia 60 ft. 
from home plate. Using the foul lines as axes, find the coordinates of 
the following petitions : 

(a) pitcher's plate ; 

(6) catcher 8 ft. back of home plate and in line with second base j 

(c) base runner playing 12 ft. from first base ; 

(d) thin) baseman playing midway between pitcher's plate and third 
base (before a bunt) ; 

(e) right fielder playing 90 ft. from first and second base each. 

IS. How far does the ball go in £s. 11 if thrown by third baseman 
In position (d) U> second base ? 

18. If right fielder (Ex. 14) catches a ball in position (e) and throws 
it to third base for a double play, how far does the ball go ? 

17. A park 600 ft. long and 400 ft. wide has six: lights arranged in a 
circle about a central light cluster. All the lighu are 200 ft. apart, and 
the central cluster and two others are in a line parallel to the length of 
the park. What are the coordinates of all the lights with respect to two 
boundary hedges ? 

18, With respect to adjoining walks, three trees have coordinates 
(30 ft., 8 ft.), (20 ft., 46 ft.), (-27 ft, 14ft.), respectively, A tree is to 
be planted to form the fourth vertex of a parallelogram; where should it 
be placed ? (Three possible poutions ; best found by diviaon ratio.) 
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12. Area of a Triangle with One Vertex at die Origin. 

Let one vertex of a triangle be the origin, and let the other 
vertices be ^1(3^, Si) and Pi(Xi, jj). Draw through J", and 
Pf lines parallel to the axes (Tig. il). The 
area A of the triangle is then obtained by 
aubtracfing from the area of the circum- 
scribed rectangle the areas of the three non- 
shaded triangles ; i.e. 
A=x^2 - ix^t -i<^t- iC^ -«»)(yj -yd 

or, in determinant notation, 

This formula gives the area with the sign + or — according 
as the sense of the motion around the perimeter OPiP%0 is 
counterclockwise (opposite to the rotation of the hands of a 
clock) or clockwise. 

13. Translation of Axes. Instead of the origin and the 
axes Ox, Oy (Fig. 12), let us select a new origin C (read : 
prime) and new axes O'lr', O'y', parallel to the old axes. Then 
any point P whose coordinates with reference to the old axes 
are OQ = x, QP=y will have with 
reference to the new axes the coordi- 
nates 0'Q'='x', Q'P=y'; and the 
^ure shows that if h, k are the co- 
ordinates of the new or^in, then 

x = x' + h, 

y = p' + k. Fio. 12 

The change from one set of axes to a new set is called a 
tramsformation of coordinatea. In the present case, where the 
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new axes are parallel to tlie old, this transformation can be 
said to consist in a tran^atlon of the axes. 

14. Area of Any Triangle. Let P,(a!i, y,). Pa{«h>yt)> 
Pt(xt, y«) be the vertices of the triangle (Fig. 13). If we take 
one of these vertices, say P^, as new 
origin, with the new axes parallel to the 
old, the new coordinates of /*, , Pj will be : 
afis=Xi — Xt, ar'*=3!j — a^ 

Hence, by § U, the area of the triangle 
PiPtP, is 




=K^yt- 



or, in determinant notation, 






-4 = ik( vi 1. 
I»i y* l| 

Here as in § 12 the sign of the area is + or — according as 
the sense of the motion along the perimeter PjPiP,Pj is coun- 
terclockwise. 

EXERCISES 

I. Find the areas of the triangles having the tollowiog vertices : 

(a) (l.S), (5,2), (4,6); (6) (^2,1), (2, -3), (0,-6); 

(c) (a, 6). (o, 0), (0, 6) ; (d) (4, 8), (6, - 2), (- 1, 6). 

S. Show that the area of the triangle whose vertices are (7, —8), 
(— 3, 2), (— 5,-4) is four times the area of the triangle formed by 
joining the midpoints of the sides. 

S. Find the area of the quadrilateral whose vertices are (2, 3), (— 1, 
-l),{-4,2), (-8,6). 
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4. Find the aTe& of the triangle whose vertices &re (a, 0), (0, b), 
(-C~c). 

5. Find the area of the triangle (1, 4), (3, - 2), (-3, 16). What 
does your reanlt show about these points f 

«. Find the area of the triangle (a, b + c), (b, c + a), (c, a + b). 
What does the result show whatever the values of a,b,ef 

7. Show that the points (3, 7), (T, 3), (8, 8) are the vertices of an 
isosceles triangle. What Is Its area ? Show that the same is true for the 
points (a, b), (6, a), (e, e), whaterer a, b, e, and find the area. 

S. Find the perimeter of the Iriongle whose vertioes are (3, 7), (3, 
- 1)> (&. 3)' IB the triangle scalene ? What Is Its area ? 

9. Show thai the area of a qnadrUateral whose vertices are (xi, yi), 
(% Vt)> (^i Vt), (i^i St) Duy be written In the form 



n — a^t n - 



16. Statistics. Related Quantities. If pairs of Talues 
of two related quantities are given, each of these pairs of 
valaes is represented by a point in the plane if the value of 
one quantity is represented by the abscissa and that of the 
other by the ordinate of the point. A curved line joining 
these points gives a vivid idea of the way in which the two 
qu^itities change. Statistics and the results of scientific ex- 
periments are often represented in this manner. 



EXERCISES 
1. The population of t^e United States, as shown by tl 
Is approximately as given in the following table : 



T.iK 




,« 


,. 


■M 


•80 


■40 


'SO 


'60 


•10 

SO 


» 


•»o 


,m 


■10 


Million 


^ 


s 


!_ 


10 


13 


IT 


23 


81 


60 


03 


76 


93 
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Maib the pciat8 correBponding to the p^n of numbeTs (1T90, 4), 
(1800, 6), etc., on squared paper, reprettenting the time od the horizontal 
axis and the population vertical!;. Connect these points by a onrred line. 

1. From the figure of Ex. 1, estimate approiimately the population ot 
the United SMob in 187S ; in 1905 ; in 1S16. 

3. From the flgare of Ex. 1, eetimate approximately vhen the popula- 
tion was 26 mlUionB ; 60 mQlions ; when It will be 100 millionB. 

4. Draw a figure to represent the growth of the population of your 
own State, from the figures given by the Census Reports. 

[Other data suitable for statistical graphs can be found in large qaan- 
tity in the Census Reports ; In the Crop Reports of the gOTemment ; in 
the quotations of the market prices of food and of stocks and iMnds ; la 
the World Almanac ; and in many other Ixioks.] 

5. The temperatures on a certain day raried hour by hour as follows : 





A.«. 


N. 


P.M. 


Time . . 
Temp. . . 


6 
60 


7 
52 


S 
56 


9 
60 


10 

04 


11 
67 


12 
70 


1 

73 


74 


3 
75 


4 
74 


6 
72 


6 

eo 


7 
66 


8 
60 


9 

57 


Draw a figure to represent these pairs of Talues. 


t. In experimenU on stretching an Iron bar, the tension { (in tons) 
follows ; 


( (in tons) 


1 
10 


2 

19 


i 

38 


6 
SO 


8 

81 


10 
103 



Draw a figure to represent these pairs of voloes. 
[Other data can be found in books on Physics and Engineering.] 
7. By Hooke's law, the elongation J? of a stretclied rod is supposed 
to be connected with the tension t by the formula B = c ■ t, where i: is a 
constant. Show that if c = 10, with the units of Ex. 6, the values of E 
and t would be nearly the same as those of Ex. 6. Plot the values given 
b; the formola and compare with the figure ot Ex. 0. 
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8. The distances through which a hody will {All from rest in ft vftoanm 
in a time t are given by the formnia ■ = 16 f>, approximately, if t la In 
seconds and « is in feet. Show that corresponding values of « and t are 



Draw a figure to represent these pairs of values. 

16. PoUr Coordinates. The position of a point P in a 
plane (Fig. 14) can also be assigned by its distance OP = r 
from a fixed point, or pole, 0, and the angle xOP = ^, made 
by the line OP with a fixed line Ox, the polar axis. The di&- 
tance r is called the radius vector, the angle ^ the polar angle 
(or also the veOoriai angle, azimuth, ampli- - 

Ivde, or anoTnaly) of the point P. The J'' 

radiuB vector r and the polar angle ^ are o '-'''\f J^ 

called the polar coordinates of P. Fio. u 

Locate the points: (6, ^w), (6, ^w), (2, 140°), (7, 307°), 
(V5, ^), (4, 0°). 

To obtain for every point in tlie plane a single definite p^r of polar 
coordinates it is ntffleient to talLe the radius vector r alwa^ positive and 
to regard as polar angle the positive angle between and 2 r (0 ^ # < 3 t) 
through which the polar axis (regarded as a halt-line or ray issuing from 
the pole O) must be turned aboat the pole in the counterclockwise 
sense to pass through P. The only exception is the pole O for which 
r = 0, while the polar angle Is indeterminate. 

But it is not necextart to confine the radius vector t^) positive values 
and the polar angle to values between and 3 t. A single definite point 
F will correspond to every pair of real values of r and ^, if we agree that 
a negative value of the radius vector means that the distance r is to be 
laid off in the negative sense on the polar axis, after being turned through 
the angle ifi, and that a negative value of ip means that the polar axis 
should be tnmed in the clockwise sense. 

The polar angle is then not changed by adding to it any positive or 
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negatlTe integral multiple of 3 r ; and a point whose polar coordinatM are 
r, # can also be described as hariDg the coordinates — r, ^ ± r. 

Locate the pointB : 

(3, - i t), (a, - i ,r), (- 5, 75-), (- 3, - 20°). 

17. Transformation from Cartesian to Polar Coordinates, 
and vice versa. The coordinates OQ = x, QP = y, defined in 
§ 4, are called cartesian cooidlnates, to distii^uish them 
from the polar coocdinates. The term is derived from the 
Latin form, CartesiuSj of the name of Rene Dsscabtes, who 
first applied the method of coordinates systematically (1637), 
and thus became the founder of analytic geometry. 

The relation between the cartesian and polar coordinates of 
one and the same jwint P appears from 
Fig. 15. We have evidently : 



I ■ y ^^ \ V 

[ y = r Bin ^, tan ^ = 2. 



-t-' 



Fto. IS 

18. Distance between Two Points in Polar Coordinates. 

If two points Pi, /*, are given by their polar coordinates, r^, 
ifn and r„ ^, the distance d = PjP, between 
them is found from the triangle OPiPj (Fig. 16), 
by the cosine law of trigonometry, if we ob- 
serve that the angfle at is equal to ±{^— ^i): 



d = V^i' + r,' — 2 rjTi cos (^j — ^i) ■ 



1. Find the diatances between the points; (2, }r) and (4, (t); 
Ca,iT)and(3a,i')- 

S. Find the cartesian coordioatee of the points (5, } r), (6, — ] '), 
(4, J t), (2, i w), {7, ^), (6, - x), (4, 0), (_ 8, 60°), (- 5, - 90°) . 
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S. Find the polar ooordioateB of tbe pointa (V^, 1), (_-\/&, t), 
(1, -1),{- 1.-1). (-",«)■ 

i. Find ftn expression for the area of a. triangle whose Terttoea are 
(0, 0), (n, ♦O, and (n, *i). 

B. Find the area of the triangle whose Terticea are (ri> ^i)i (rt, ^), 
(rt, *»)■ 

19. Projection of Vectors. A straight line aegment AB 
of definite length, direction, and sense (indicated by an arrow- 
head, pointing from Ato B) ia called a vector. The projecHon 
A'B' fF^s. 17, 18) of a vector AB on an axis, i.e. on a line I 




— i' k - I > 

Fio. 17 Fio. 18 

on which a definite aense has been selected as positive, is the 
product of the length of the vector AB into the cosine of the angle 
bettoeen the positive senses of the axis and the vector: 

A'B" = AB cos a. 
The poBitive sense of the axis makes with the vector two angles 
whose sum is 2 n- = 360°. As their cosines are the same, it 
makes no difference which of 
the two angles is used. 

With these conventions it is 
readily seen that the sum of the 
projections of the sides of an 
open polygon on any axis is & 
to theprojection of theclosing side 
on the same axis, the sides of the '^o- 19 

open polygon being taken in the same sense around the perim- 
eter. Thus, in Fig. 19, the vectors PiP^, P^„ ... P^P, are in- 
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dined at the angles ou oj, •» og to the axis I ; the closing line PiP* 
makes the angle « with I ; its projection is P'^P't ; and we hare 

PiPg cos a,+ PjPg cos a,+PsP, cos Oi+P^P^ cos ai+P»Pe cos o, 
= P,P. = PjP, cos a. 
For, if the absciaaaa of Pi, Pj, — Pg meaaured along I, from 
any origin on I, are a;,, iBj, — ai„ the projections of the 
vectors are a^ — xj, 3% — a^, etc, so that our equation becomes 
the identity : 

a^j — I, + a^ — Zi + a!j — a^ + «, — a:, + «, - lEj = a^ — ail. 

20. Components and Resultants of Vectors. In physics, 
forces, velocities, accelerations, etc, are represented by vectors 
because such magnitudes have not only a numerical value bat 
also a definite direction and sense. 

Accordii^ to the parallelogram law of physics, two forces OPi, 
OPi, acting on the same particle, are together ei^uivalent to 
the single force OP (Fig. 20), whose vector 
ia the diagonal of the parallelogram formed 

with 0P|, OPi as adjacent sides. The same qJ*-^ >^ 

law holds for simultaneous velocities and Fio- 20 

accelerations, and for simultaneous or consecutive rectilinear 
translations. The vector OP is called the Tesuliant of 0P\ and 
OPi, and the vectors OPi, OP^ are called the components 
of OP. 

To construct the result- 
ant it suffices to lay oS from 
the extremity of the vector 
OPi the vector PiP = OP^ ; 
tiie closing line OP is the 
resultant. This leads at 
once to finding the result- 
ant OP of any number of 
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vectors, by adding the component Tectora geometrically, i.e. 
putting them together endwise successively, as in F^. 21, 
where the dotted lines need not be drawn. 

By § 19, the projection of the resultant on any axis is equal 
to the sum of the projections of all the components on the 
same asis. 

EXERCISES 
1. The carteslitn coordinates x, y of any point P ara the projectiona of 
its radius rector OP on the axes Ox, Oy. (See % 16.} 

S. The projection of any Tector AB on the azla Ox ia the difference 
of the abscisBAB of A and B ; Himilariy for O9. 

3. A force of 10 lb. to inclined to the horizon at 60° ; find its hori- 
zontal and vertical components. 

4. A ship aaila 40 miles N. 60° £. then 24 miles N. 46° E. How far 
Is the ship then from its starting point ? How far east ? How far north ? 

E. A point moves S ft. along one side of an equilateral triangle, then 
6 ft. parallel to the second, and flnall; S fL parallel to the third aide. 
What is the distance from the starting point ? 

5. The from of the projections of the aides of any closed polygon on any 

T. If three forces acting on a particle are parallel and proportional to 
the sides of a triangle, the forces are In equiUbriuni, i^. their resultant is 
zero. Similarly for any closed polygon. 

8. Find the resultant of the forces OPi, OFt, OFt, OP,, OPt, if 
the coordinates of Pi, Ft, P„ Pj, i^, with as origin, are (3, 1), 
(1, 2), (-1, 8), (-2, -2), (2, ~2). (Besohe each force into its 
components along the axes.) 

9. If any number of vectors (In the same plane), applied at the ori- 
gin, are given by the coordinates x, y of their eKtremitles, the length of 



the resultant is = v'(2x)'-H(Stf)' (where Se means the sum of the ab- 
scissas, Sy the sum of the ordinates), and its direction makes with Ox an 
angle a such that tan a = "Ly/Xx. 

10. Find the horizontal and vertlt^ components of the velocity of a 
ball when moving 200 ft. /sec. at an angle of 30° to the horizon. 



20 PLANE ANALYTIC GEOMETRY [I, § 20 

II. Six forces of 1, 2, 3, 4, 5, 6 lb., making tingles of 60° e&ch with 
the next, are applied at tbe same point, in a plane ; find tbeir reniltant. 

U. A particle at one vertex of a aquare is acted upon by three forces 
represented by the vectors from the particle to the other three vertices; 
find the resaltant. 

21. Geometric Propositions. la using aiial3rtic geometry 
to prove general geometric propositions, it is generally conven- 
ient to select as origin a prominent point in the geometric 
^nie, and as axes of coordinates prominent lines of the figure. 

Example. In any right triangle, the distance from the 
vertex of the right angle to the midpoint of the hypotenuse 
is equal to half the hypotenuse. 

Since this theorem is true, if at all, when the triangle is in 
any position, we may place the vertex of the right angle at the 
origin and the adjacent sides along the positive axes. Then the 
coordinates of the vertices are (0, 0), (a, 0), (0, 6), where a and 
b are the lengths of the two sides about the right angle. 

The length of the hypotenuse is Va' + H The midpoint of 
the hypotenuse has the coordinates (a/2, 6/2), by § 11. Hence 
the distance from this point to the vertex of the right angle 
(0,0) is V(a/2)'+(6/2)* = ^V^+3*. Since this is half the 
length of the hypotenuse, the theorem is proved. 

Sometimes greater symmetry and elegance is gained by tak- 
ing the coordinate system in a general position. 

HISCELLAKBOUS EXERCISES 

I. A regular hexagon of side 1 has its center at the origin and one 
diagonal coincident with the axis Ox ; find the coordinates of tiie vertices. 

t. If a square, with each side 6 units iu leng:th, is placed with one 
vertex at the origin and a diagonal coincident with the axis Ox, what are 
the coordinates of the vertices ? 

3. If a rectangle, with two sides 3 units in length and two sides 
3v^units in length, is placed with one vertex at the origin and a diagonal 
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along the ts^ Ox, what are the coordinates of the verUoM F There are 
two possible poaltloDS of the rectangle ; give the anaweia in both cuee. 

4. Show that the points (0, - 1), (- S, 8), (.6, 7), (8, S) are the 
vertices of a pamUelogram. Prove that this parallelogram is a netangU. 

5. Show that the points (1, 1), (-1, -1), ( + ^8, -VI) are the 
vertices of an equilateral triangle. 

«. Show that the points (6,6), (3/S, -8), (-8, IS), <-Vt8)ue 
the vertices of a parallelograni. 

7. Find the radius and the coordinatea of the center of the circle pass- 
ing through the three poinla (2, 8), (— 2, T), (0, 0). 

8. The vertices of a triangle are CO, 6), (4, - 3), (— 6, 6). Find the 
lengths of the mediaos and the coordinatee of the txtitroid of the triangle, 
i.e. of the intersection of the medians. 

Prove the following propositions i 

9. Hie diagonals of an; rectangle are equal. 

10. The distance between the midpoints of two sides of any triangle la 
equal to half the third side. 

11. The distance between the midpoints of the non-parallel sides of a 
trapezoid is equal to half the sum of the parallel sides. 

IS. The line s^ments joining the midpoints of the adjacent sides o{ a 
qnadrilateral form a parallelogram. 

13. If two medians of a trianglB are equal, the triangle is Isosceles. 

U. In an; triangle the sum of the squares of an; two sides Is equal 
to twice the sqnare of the median diawn to the midpoint of the third side 
plus half the square of the third side. 

IS. The line segments joining the midpoints of the oppoeile sides of 
any quadrilateral bisect each other. 

K. The sum of the sqoares of the sides of a quadrilateral is equal to 
the stun of the squares of the diagonals plus four times the square of the 
line segment joining the midpoints of the diagonals. 

17. The difference of the sqoares of any two sides of a triangle la equal 
to the difference of the squares of their projections on the third side. 

18. The vertices (xi, yi), (Z2, pt), (zs. v) "t ^ triangle being given, 
find the centToid (intersection of medians). 
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THE STRAIGHT LUTE 

22. line Parallel to an Axis. When the coordinates x, y 
of a point P witli reference to given axes tte, Oy are known, 
the position of P in the plane of the axes is determined com- 
pletely and uniquely. Suppose now 
that only one of the coordinates is 
given, say, x = 3; what can be eaid 
about the position of the point P? 
It evidently lies somewhere on the -! ^ -i | j , / i g i« m a 
line AB (Fig. 22) that is parallel to 
the axis Oy and has the distance 3 
from Oy. Every point of the line AB 
has an abscissa a? = 3, and every point 

whose abscissa is 3 lies on the line AB. For this reason we 
say that the equation 



represents the lirte AB; we also say that x s: 3 is the eqttation 
of the tine A3. 

More generally, the equation xssa, where a ia any real 
number, represents that parallel to the axis Oy whose distance 
from Oy is a. Similarly, the equation y = b represents a 
parallel to the axis Ox. 



Dran the licea represented b; the equationa : 
1. *=-2. 4. Si = 7, 



7. 8a: + l = ( 

8. 10-Sj) = 
». » = ±2. 
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S3. Line tiiroui^ the Origin. Let us next consider any 
line* throQgli the orif^in 0, such as the line OP in Fig. 23. 
The points of this line have the pro|>- 
erty that the ratio y/x of their coordi- 
nates is the same, irhereTer on this 
line the point P be taken. This ratio 
Ib equal to the tangent of the angle a 
made by the line with the axis Ox, Fw. 23 

i.e. to what we shall call the stopt of the line. Let us put 

tana»m; 

then we have, for any point P on this line : y/x = m, i.e. : 

(1) y=mx. 

Moreover, for any point Q, not on this line, the ratio y/x 
must evidently be different from tan a, i.e. from m. The equa^ 
tion y = mx is therefore said to repreaent the line through 
whose dope is m; and y = mx is called tlie equaHon of thit line. 
We mean by this statement that the relation y^mx ia satis- 
fied by the coordinates of every point on the line OP, and only 
by the coordinates of the points on this line. Notice in partic- 
ular that the coordinates of the origin 0, i.e, x = 0, y = 0, 
satisfy the equation y = mx. 

24. Proportional Quantities. Any two values of x are 
prc^porlio'nal to the corresponding values of y if y = mx. For, 
if (x,, ^,) and (Zj, y^ are two pairs of values of X and y that 
satisfy (1), we have 

hence, dividing, 

yjvi = ^^i/^- 

* For the Bake of brevity, a, ilraight litM will here In general be spohen of 
^roply aa a tine; aline that 1b not straight will be called a cures. 
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The constant quantity m ia called the factor ofproportifmality. 

Many metances occur in mathematicB and in the applied 
sciences of two quantities related to each other in this man- 
ner. It is often said that one quantity y varies as the other 
quantity x. 

Thus Hooke's Law states that the elongation £ of a stretched 
wire or spring varies as the tension t ; that is, E = kt, where k 
is a constant. 

Again, the circumference c of a circle varies as the radius r j 
that is, 



1. Dnw each of tbe tinea : 

{b)y = -Sx. (d) 5^ = 81. (/) v = !t. (A) x-9 = 0. 

I. Show that the equation ax + hjf = can be reduced to the fonn 
y = mx, if 6 gfc 0, and therefore representa a line through the origin. 
S. nnd the slope of the lines : 

{tt)* + V = 0. (c)3x--f^y = 0. 

(6) x-y = 0. (d) V2x + y = 0. 

4. Draw a line to represent Hooke's Law E = kt, it k = 10 (see Ex. T, 
p. 14) . Let f be represented as horizontal lengths (as is z in § S3} and let 
f be repreflented by vertical lengths (aa is ^ in § 23). 

5. Draw a line to represent the relation c = 2 rr, where c means the 
circumference and r tbe radius of a circle. 

6. Tbe number of yards y in a given length Tories as the number of 
feet /in tbe same length; In particular, /=3v. Draw a figure to 
represeot this relation. 

7. If 1 in. = 2.64 cm., show that i; = 2.&lf, where e is tbe number of 
centimeters and i is the number of inches in the sune length. Draw a 
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26. Slope Fram. Finally, consider a line that doea not pass 
throi^h the or^in and ia not parallel to either of the axes of 
coordinates (Fig. 24) ; let it intersect the axes Ox, Oy at A, 
B, reapectively, and let P (x, y) be any other point on it. The 
figure shows that the slope m of 
the line, i.e. the taug^ent of the 
angle a at which the line is in- 
clined to the axis Ox, ia 

BS' 
or, since RP=QP—QR=QP'- 




-0B= 



FiQ. 24 
-&andBB=OQ= 



that is, 

(2) y = mx + b, 

where h = OB is called the intercept made by the line on the 

axis Oy, or briefly the y-intercept. 

The slope angle a at which the line ia inclined to the axis Ox 
ia always understood as the smallest angle through which the 
positive half of the axis Ox must be turned coimterclockwiae 
about the or^in to become parallel to the line. 

26. Equation of a line. On the line AB of Fig. 24 take 

any other point P' ; let ita coordinates be a^, y', and show that 

y" = ma/ + b. 

Take tiie point P (x,' y') outaide the line AB and show that 
the equation y = mx + 6 is not satisfied by the coordinates x', 
y of such a point 

For these reasons the equation y = vue -f- ft is said to represenl 
the line whose y-intercept is b and whose slope is m; it is also 
called Gie equation, of this line. The y-intercept OB = b and 
the slope m = tan a together fully determine the line. 
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Every Une of the plane can 6e represetUtd by an elation of the 
form 

y = mx + 6, 

excepting the lines parollel to the axis Oy. When tlie line be- 
comes parallel to the axia Oy, both its slope m and its y-inter- 
cept b become infinite. We have seen in § 22 that the equa- 
tion of a line parallel to the axis Oy is of the form x = a. 

Keduce the equation 3z—2y =5 to the form y = mx-\-b and 
sketdi the line. 



1. Sketch the lines whose y-intercept is 6 := 2 and whose slopes are 
m = i, 8, 0, — ) i write down their equations. 

5. Sketch the lines whose slope la m = 4/3 and whose ^intercepts are 
0, 1, 2, 5, — 1, — 2, — 6, — 12.2, and write down theii equations. 

3. Sketch the hnes whose eqaattons are : 

(a) 9=2x+3. (c) v=z~k. (e) x-y=\. (y) 7a;-v+12=0. 

(6) !/ = -l*+l. {^x-\-y = \. (/) i-2!,+2=0. (ft) 4a!+Ss + 5=0. 

4. Do the points (I, 6), (-2, -1), (3, 7) lie on the lines=2a+S ? 
B. A cist«m that already contained 300 gallons of water is filled at the 

rate of 100 gallona per hour. Show that the amount A of waUr in the 
cistern M houiB after filling begins is .1 = 100«+S00. Draw a figure to 
repreaeut this relation, plotting the values of A verticall;, with 1 vertical 
space = 100 gallons. 

6. In experiments with a pulley block, the poll p in lbs., required to 
lift a load J in lbs., was found to be expressed by the equation ji=. 15 1+2, 
Draw this Une. How much pull is required to operate the pulley with no 
load ((.«. when 1 = 0)? 

7. The readings of a gas meter being tested, T, were fonnd in compaii* 
son with those of a standard gas meter S, and the two readings satisfied 
the equation T = 300 + 1.2 5. Draw a figure. What was the reading 
T when the reading S was zero ? What Is the meaning of the slope ol 
the line in the figure ? 
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27. Parallel and Perpendicular lines. Two lines 

are obviously parallet if they hare the same elope, i.e, if 

(3) m, = m. 

Two lines y = mjps + bi,y = m^ + b^ are perpendieutar if the 
slope of one is equal to minus the reciprocal of the slope of 
the other, i.e. if 

(4) m,»n, = -l. 

For if Ml = tan Ki , m, = tan a, , the condition that m,m, = — 1 
gives tan Oj ^ — 1/tan O] = — cot a^ , whence at = tti + ^r. 



1. Write down the equation ot any line : (a) parallel to y = 8 x — 2, 
(6) perpendicular to y = 3 x — 2, 
S. Show that the parallel to y = Sx — 2 through the origin is y = Sx. 
3. Show that the perpendicular to y = 3 x — 2 through the origia ]a 

A. For what value of b does the line y = 3z + b pass tlirough the 
point (4, ])P Find the parallel to y = S X - 2 through the point (4, 1). 

5. Findtheparalleltoy = 6x4- lthroughthepoint(2,3). 

B. find the perpendicular to y = 2z — 1 through the point (1, 4). 
7. What ifl the geometrical meaning of &i = bg in the equations 

y = mix + 6i , y = mji + &j ? 

a. Two water meters are attached to the same water pipe and the water 
iiB allowed to flow steadily through the pipe. The readings £i and Bj of the 
two meters ■&!« found to be connected with the time ( by means of the 
equations Bi = 2.6t, Bi = 2.6t + 160, 

where Si and Sj are measured in cubic feet and I is measured in seconds. 
Show that the lines that represent these equations are parallel. What 
is the meaning of this fact f 

9. The equations connecting the pull p requited to lift a bad w is 
found for two pulley blocks to be 

Pi = .06w + 2, Pj= .05 w+ 1.5 
Show that the lines representing these equations are paralleL Explain. 
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10. He equations connecting the pall p required to lift a load te is 
found for two pulley blocks b> be 

pi = .1610 + 1,5, p, = .06w + 1.6, 

Show that the Hues represeuting these equations are not parallel, Int 
that the values of pi and pi are equal wbeu u = 0. Explain. 

28. Linear Function. The equation y^mx-^b, vhen m. 
and b are given, assigns to every value of x one and only one 
definite value of y. This is often expressed by saying that 
mx + & is a function of x ; and as the expression mx-^h ia of 
the first degree in x, it is called e,fuwAi<m of thejirti degree or, 
owii^ to its geometrical meaning, a linear function of x. 

Examples of functions of x that are not linear are 3 a^ — d, 
oa^ + be + c, x{x — \), 1/x, sinx, lO*, etc. The equations 
ysaSa? — 6, y = a3? + bx + c, etc., represent, as we shall see 
later, not straight lines but curves. 

The linear function y = mx-i-b, being the most simple kind 
of function, occurs veij often in the applications. Notice that 
the constant b is the value of the function for x = 0. The con- 
stant m is the rate of change of y with respect to x. 

29, Illustrations. Example 1. A man, on a certain date, 
has $ 10 in bank ; he deposits $ 3 at the end of every week ; 
how much has be in bank x weeks after date ? 

Denoting by y the number of dollars in bank, we have 

Hia deposit at any time a; is a linear function of a;. Notice 
that the coefficient of x gives the rate of increase of this de- 
posit; in the graph this is the slope of the line. 

Example 2. Water freezes at 0° C. and 32* F. ; it boils at 
100° C. and at 212° F. ; assuming that mercury expands uni- 
formly, i.e. proportionally to the temperature, and denoting 
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by X any temperature in Geatigrade degrees, by y the same 
temperature iu Fahrenheit d^reea, we have 

If the line repreeented by this equation be drawn accarately, 
on a sufficiently large scale, it could he nsed to convert centi- 
grade temperature into Fahrenheit temperature, and vice versa. 

Example 3. A rubber band, 1 ft. long, is found to stretch 
1 in. by a suspended mass of 1 lb. Let the suspended mass 
be increased by 1 oz., 2 oz., etc., and let the corresponding 
lengths of the band be measured. Plotting the masses as ab- 
scissas and the lengths of the band as ordinates, it will be 
found that the points (x, y) lie very nearly on a straight tine 
whose equation is y = ^x + l. The experimental fact that 
the points lie on a straight line, t.e. that the function is linear, 
means that the extension, y— 1, is proportional to the tension, 
i.e. to the weight of the suspended mass aj (Hooke's Law). 

Kotice that only the part of the line in the first quadrant, 
and indeed only a portion of this, has a physical meaning. 
Can this range be extended by using a spiral steel spring ? 

Example 4. When a point P moves along a line so as to 
describe always equal spaces in equal times, its motion is called 
■uniform. The spaces passed over are then proportional to the 
times in which they are described, and the coefficient of pro- 
portionality, i.e. the ratio of the distance to the time, is called 
the vdoeitif v of the uniform motion. If at the time t = the 
moving point is at the distance Sq, and at the time t at the dis- 
tance a, from the origin, then 

ThuB, in uniform motion, the distance s is a linear function of 
the time t, and the coefficient of ( is the speed : w = (« — »a)/t. 
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EXERCISES 

1. If the constants m and b (g 28) are giren nnmeTic&ll;, anj namber 
ot points of the line can be located by arbitrarily assigning to the ab- 
scissa X an; series of values and computing from the fancUon the corre- 
sponding values of the oidinates. This process Is known as plotting a 
line by point*. Two poiata are sufBcient to determine the. line. 

Plot by points the following functions ; 

(a) v = ix, (6) jp-2a-5, (c) i,=-3x + 5, 

(d) j(=-J»;-4, le) y = x(x-l), (/) y = i»?, . 

(?) v = ''; Wy = 2: 

1. Draw the line represented by the equation y = {z + S2 of Ex- 
ample 2, § 28. What is its fliope ? What is the p-intercept ? What is 
the meaDiug of each of these quAntities if v and x represent the tempera- 
tures ia Fahrenheit and in CenUgrade measure, respectively ? 

8. Represent the equation y = ^x + lot Example 3, § 29, by a figure. 
What is the meaulDg of the ^-intercept 7 

4. Draw the line s^t^ + vt of Example 4, $ 29, for the values (g = 10, 
V = S. What is the meaning of e ? Show that the speed o ma; be 
thought of as the rate of increase ot s per second. 

6. If, in the preceding ezeicise, v be given a value greater than 8, 
how does the new line compare with the one just drawn ? 

e. If, in Ex. 4, V is given the value 3, and a„ several different values, 
show that the lines represented by the equation are parallel. Explain. 

7. In experiments on the temperatures at various depths in a mine, 
tiie temperature (Centigrade) T was found to be connected with the 
depth d by the equation r = 60 + . 01 d, where d ia measured in feet. 
Draw a figure to represent this equation. Show that the rate of increase 
of the temperature was 1° per hundred feet. 

8. In experiments on a pulley block, the pull p (in lb.) required to 
lift a weight M (in lb.) waa found to be p = .08 w + 0.5. Show that the 
rate of increase of ji Is 3 lb. per hundredweight increase in w. 

9. The velocity u ot a body falling from rest is proportional to the 
time t v = gt, where ? is a constant (about 32 in English units) . If the 
body is throwi down with an Initial velocity v„, the velocity at any time 
(is v = t)o+gt. 
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Draw » figure to represent thlg equatiott lor |r = S2, Vg = 10. Show 
IhM g is the rate o/incrtate of the velocitg (called the acceleratioii). 

30. General Linear Equation. The equation 

in which A, B, C are any real nnml^ers, is called the general 
equation ofthefira degree in x and y. The coefficients A, B, C 
are called the constants of the equation ; x, y are called the 
variables. It is assumed that A and B are not both zero. 
The terms Ax and By are of the first degree; the term C is 
said to be of degree zero because it might be written in the 
form CV ; this term C is also called the constant tern. 

Every equation of the first degree, 
(5) Ax + By+C = 0, 

in which A and B are not both zero, repreeerUa a straight line; 
and conversely, every straight line can be r^nvsented by such an 
equation. For this reason, every equation of the first degree 
is called a linear equation. 

The first part of this fundamental proposition follows from 
the fact that, when B is not equal to zero, the equation can be 
reduced to the form y =smx+ b by dividing both sides by B; 
and we know that y = mx+b represents a line (S 25). When 
B is equal to zero, the equation reduces to the form x^a, 
which also represents a^line (§ 22). 

The second part of the theorem follows from the fact that 
the equations which we have found in the preceding articles 
for any line are all particular cases of the equation 
Ax + By+ (?=0. 

This equation still expresses the same relation between x 
fuid y when multiplied by any constant factor, not zero. Thus, 
any one of the constants A, B, C, if not zero, can be reduced 
to 1 by dividing both sides of the equation by this constant. 
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The equation is therefore said to contain only two (not three) 
esaential eoTiatants. 

31. Conditioiis for ParBUelism and for Perpendicularity. 
It is easy to recog^nize whether two lines whoae equations are 
Ax + By + C=0 and A'x + B^y + C ^0 are parallel or per- 
pendicular. The lines are parallel if they have the same slope, 
and they are perpendicular (S 27) if the product of their slopes 
is equal to —1. The slopes of our lines are — A/B and 
— A'/ff ; hence these lines are parallel if — A/B =■ — AfBt, 
^e-if A.B = A::S; 

and they are perpendicuiar if 

|.^^ = _1, f.e. if AA' + BB'^O. 

82. Intercept Fonn. If the constant term in a linear 
equation is zero, the equation represents a line through the 
origin. For, the coordinates (0, 0) of the origin satisfy the 
equation Ax + Bs = 0. 

If the constant terra C is not equal to zero, the equation 

Ax + Bii+ Gs=0 can be divided by C; it then reduces to the 

iona A B ^ „ 

l^+fj 4-1=0. 

If A and B are both different from zero, this can be written : 

^^C/a'^ ~G/B^^' ' ^Jl 
oi-putting -C/ A = a, ~C/B = b: ^ \ 
(6) 1 + 1= >. ..^^ ^-' 

The conditions A4=% B # mean Fia. 2S 

evidently that the line is not parallel to either of the axes. 
Therefore the equation of any line, not passing through the 
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or^in, and not parallel to either axis, can be written in the 
form (6). With y = this equation gives x = a; with x = 
it gives J = 6. Thus 

A' B 

are the intercepts (Fig. 25) made by the line on the axes Ox, 
Og, respectively (aee S 25). 



1. Writ« down the eqnatione of tb« Hue whose Intetcepla on the 
Axes Oz, Op Kre 6 and — S, leftpectivelj ; the line whose intercepts are 

— I and T ; the Une whose intercepts are — t uid — {. Sketch e»ch of 
the Unes and reduce each of the eqiuttiooa to the fonn .^+£|r+ C=0, ao 
that A,B,C«t% int^en. 

1. find the intercepts of the lines : 3x-2y = l, x + T|r + l = 0, 

— 3z+{y~6 = 0. T17 to read off the nines of the inteicepis directly 
from these equations as they stand. 

S. In Wi . 2, find the idopes of the lines. 

4. Prove (6), j 32 h; eqoalit; of areas, after clearing of fractions. 
I. What is the equation of the axis Oy ? of the axis Ox 7 

II What is the valoe of B such that the line represented by the eqoa- 
tiou ix-\- By — 1A = Q pases Ihrongh the point (— S, IT). 

7. What is the value of A such that the litte ^ -J- 7 |t = 10 has its 
2-iDteTcept equal to — 8 7 

5. Bednce each of'the following equations to the Intercept form (6), 
and draw the lines : 

(o) 3x-5p-16 = 0. (6) x + ip + 7 = 0. 



(c) I 



(d) bx = Zz + y~ 



9. Bedvce the equations of Ex. 8 to the slope form (2), j 26. 
10. Find the equation of the line of slope 6 passing through the point 
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IJ, Show that the polnto (- 1, - 7), (f, - 3), (2, 2), (- 2, - 10) 
lie on the MDie Una. 

IS. Find tbe area of tike triangle lonned by the Ilnea z -|- jf = 0, 
x~9 = li,x -a = 0. 

U. Show that the line 4(x-~a)4-6(y— b) = la perpendicular to the 
line 6x — 4|r— 10 = and paaaea through the point (a, b). 

14. A line has equal poelUve Intercepts and passea through (— G, 14). 
Wlkat is Ita equation 7 Its slope ? 

IB. If a line tlirougli the point (6, T) has the slope 4, what is its 
y-interceptr ICaz-intercept f 

15. The B^umur ibermometer Is gradoated so that water freezes at 
0° and bolls at B(r. J>raw tbe line that represents the reading B of the 
RtemnuT thermometer as a funoUon of tbe correaponding reading (7 of 
the Centigrade thermometer. 

IT. Express the value of a note of 9 1000 at tbe end of the first year as 
a fonction of the rate of interest. At 6 % simple Interest its value is what 
function of tbe lime in years ? 

33, lioe through One Point To find the line of given 
slope mi thiougli a given point ^1(111, yi), observe that the 
equation must be of the form (2), viz. 

y = miX + b, 
since this line has the slope mj. If this line is to pass through 
the given point, the coordinates x,, jh must satisfy this equa- 
tion, i.e. we must have 

y, =m,aH + 6. 
This equation determines b, and the value of 6 so found might 
be substituted in the preceding equation. But we can eliminate 
b more readily between the two equations by subtractii^ the 
latter from the former. This gives 

V-Vi = »»i(« - aa) 
as the e^fuatwn of the line 0/ slope mi throtu/h Pi(xu Pi). 
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The problem of finding a Une through a given point paralM, 
or perpendicular, to a given line is merely a particular case of 
the problem j«st solved, since the elope of the required line can 
be found from the .equation of the given line (5 27). If the 
slope of the given line ia ibi = tan a,, the slope of any parallel 
line is also mu and the slope of ajiy line perpendicalar to it is 

mj = tan(«,+4ir) = — cot iit"= . 

34. Line throo^ Two Points. To find the line throngb two 
given points, Pi{x^ yCi, Pt(^ yt), observe (Fig. 26) that the 
slope of the required line is evi- 
dently 

Xt~ X, Ax' 
if, as in § 9, we denote by Aa;, Ay 
the projections of Pi/", on Ox, Oy; 
and as the line is to pass through (z,, y,), we find its equation 
by S 33 as 




y-yi 



.*?. 



ix-x,). 



The equation of the line through two given points (xi, y,), 
(xt, yi) can also be written in the determinate forTu 



k yi 1 =0, 

which (§ 14) means that the point (x, y) is such as to form 
with the given points a triangle of zero area. By expandii^ 
the determinant it can be shown that this equation ^rees with 
the piecedii^ equation. 
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1. Find the eqnaUon of the line throngh the point (—7, S) parallel to 
the line f = Sx. 

t. Show that the pt^ts (4, - 8), (- 6, 2), (6, 20} ate the vertices of 
a right triangle. 

a. Find the eqaation of the line through the point (— 6, — 3) wliich 
makes an angle of 80° with the axle Ox ; 30° with the axis Oy. 

4. Does the line of slope ( through the point (4, 8) pees through the 
point(-6, -4)? 

5. Ilnd the eqaation of the line through the point (— 2, 1) parallel to 
the line tbroogh the polnte (4, 2) and (- 3, - 2). 

6. Find the eqnatione of the llnee through the origin which trisect 
that portion of the line S x — 8 y = 60 wlilch lies In the fourth quadrant. 

7. What are the intercepts of the line through the polnla (2, — 3), 
(-6,4)? 

8. Show that the equation of the line throu^ Ute point (o, b) per- 
pendicular to the line Ai: + By+C = Qis(x — a)/ A = (p - b)/B. 

t. Find the equations of the diagonals of the rectangle formed I>t the 
lines z + a = 0, x — b = 0, y + e = 0, y — d = 0. 

10. Find the equation of the perpendicular bisector of the tine joining 
the points (4, - 6) and (- 3, 3}. Show that an; point on it is equaUf 
distant from each of the two given points. 

11. Find the equation of the line perpeudicnlar to the liDe4 x— 3 y-t-6=0 
Uiat passes through the midpoint of (- 4, 7) and (2, 2). 

U. What are the coordinates of a point equidistant from the points 
(2, — 8) and (— 6, 0) and such that the line joining the point to the origin 
has a dope 1 ? 

U. In an experiment with a pnlley-Uock it is assumed that the rela- 
tion between the load J and the pull p required to lilt It is linear. Find 
the relation If ji = 8 when I = 100, andp= 12 when I = 200. 

14. In an experiment in stretching a brass wire it is assumed that the 
elongation disconnected with the tension t bymeans of a linear relation. 
Find this lelation If t = IS lb. when E = .l in., and t = 68 lb. when 



CHAPTER III 

BELAnOITS BETWEEN TWO OR MORE LINES 

36. Intersection of Two Lines. The poita of mtatection 
of any tiao lines i» found hy aoiving the equattona of the line* a» 
aimultcmeotu equations. For, the coordinates of the point of 
intersection must satisfy each of the two equations, since this 
point lies on each of the two lines ; and it is the only point 
having this proper^. Thus, by solving the equations 
4»-3y + 3 = 0, 
3x + By-Ai = 0, 
we find X = 3, jf = 6 ; hence (3, 5) is the point of intersection 
of the two lines represented by these equations. 

36. Particular Cases. The equations of any two lines being 
given, say 

(1) aiX + ba = K 

we find by the usual method, that is, first multiplying by bt, &i 
aod subtracting, then multiplying by Oj, Oi and subtracting : 

(2) (a,bt-aj>i)x = hb,-kj,^ 
(Oift, — a,6i)y = aykt - a^,. 

The expression a,6, — ajfti is called the determinant of tt« 
equations. Two cases must be distinguished according as this 
determinant is ^ or = 0. 

(a) If afit — aj}i ^ 0, which means by § 31 that the lines are 
not parallel, we can divide the equations (2) by this determi- 
nant and thus find x and jr. If, in particular, k^ and ftj are both 
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zero, that is, if the equations (1) &re TioiJiogeTteoua and hence 
lepresent two linee through the origin, we find from (2) x = 
and y = 0, as was to be expected. 

(&) If afit — Otbi = 0, that is, if the lines (1) are parallel, we 
cannot in (2) divide by afi^ — aibi ; the equations (2) then 
become 

<}-y=a,kt~a^i, 
and cannot be satisfied by any values of x and y unless the 
right-hand members are both zero. In the latter case we have 

kt~at 6,' 
that is, the second equation is merely a multiple of the first 
In this case the two equations (1) represent the same line and 
have therefore all points in common. 

EXERCISES 

1. Tlni the coordinates of tbe points of inteiaection of the foUowiog 
lines ; and check hj a sketch ; 

(a^ t6«-7j, + ll=0, ,,, f 8a! + 2v=0. ,, 1 2.4t+8.1 p= 4.5, 
■■ -^ \Sx+2v-U=0. ^' \6x-iy+4=0. ^^ \ .Sx + 2v = 03. 
t. Do the following pain of lines int^tsect, or are they parallel or 
odncideutr 

^ -^ I a-3i(+l = 0. ^ ■' 1 x-3y-2=0. *■ ' |2a + ay = 0. 

8. Show that tbe condition Uiat the three lines Ax + Bjf + C = 0, 
A'x + B'v+C' = 0, A"x + B"y +C" = meet at a, point is 



& C ="■ 



4. Show that the straight lines 3x + ]f-l=0, «-8v + lS = 0, 
3x — v+6 = have a common pt»nt. 
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1. Show tluit the llnea joining Ute midpolata ot the aidM of any tri- 
angle divide the triangle Into font equal triangles. 
.& Show that the altitudes of any triangle meet In a point. 

T. Show that the mediaoa of any triangle meet In a point. 

a. Show that the line throngh the origin perpendicular to the Una 
throogfa the points (a, 0) and (0, b) meets the lines throng the points 
(a, 0), (- b, b) and (0, b), (a, - u) In a common point. 

ST. An^e between Two lines. We shall undentand by 
the angle (1, 1")= $ between two lines { and V the least angle 
through which I must be tamed conn- 
tetclockwise abont the point of inter- 
section to come to coincidence with I'. 
This angle B is equal to the differ- 
ence of the slope angles a, a' (Fig. 27) 
of the two lines. Thus, if a' > a, we 
have tf = «' — a, since a' is the exterior *^°- 27 

angle of a triangle, two of whose interior angles are a and 0. 
It follows that 

(3) tantf = tan(«'-<»)= ,*^"'~'^" ■ 

^ ' ^ ' 1 -I- tan « tan a* 

If the equations of I and V are 

y = mx + b, y = m'x + b', 

reBpeetively, we have tan a = m, tan a' = m' ; hence 

m' -- w> _ 

1 -H mm' 

If the equations of I and I' are 

Jx + By+ 0=0, 

A'x+B-y + C^ 0, 

respectively, wo hare tan a=— A/B, tan «' = — A'/^ ; hence 

AB' - A'B 

AA' + BB' 



(i) 



(6) 



tanfl = 
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88. It follows, in particular, that the two lines I and /', S 37, 
are peraUel if and only if 

m' = m, OT AB" ~A'B = 0; 
and the; are perpendicular to each other if and only if 

m' = --, or AA' + BB =0. 
m 

(Compare |§ 27, 31.) Hence, to write down the equation of 
a line paraOd to a given line, replace the constant term by an 
arbitrary constant; to n^ite down the equation of a line per- 
pendicular to a given liue, interchange the coefficients of x and 
y, changing the sign of one of them, and replace the constant 
term by an arbitrary constant. 

SZBRCISES 

1. Detormiiie wliether the following pain □{ lines are parallel or per- 

peDdicoloT : 3a + 2B-a = 0, 2i-3if + 4 = 0; $x + 3y~6f=(i, 

%. Find the point of intersection of the line5z + Sjf + IT = withila 
t>erpeDdicalar through the origin. 

S. Find the point of Interaecdoa of the lines tlirongh the points (fl, — 2) 
and (0, 2), and (4, 6) and (- 1, -4). 

4. Find the perpendicular Idsector of the Ilne^egment joining the 
point (3, 4) to the point of intersection of the lines 2z — y + l = and 
331 + ^-16 = 0. 

5. Find the lineetluough the point of Inteisedion of the lines 5x—v=C> 
gs-t-Ty — 9 = and perpendicular to them. 

•. Find tlie area of the triangle formed hy the lines 3 x -|- 4 y = 8, 
6z-&tr = 80, andx = 0. 

T. Find the area of the triangle formed by the lines x + t—l = t>, 
2i: + y + 6 = 0, anda!-3v-I0=K0. 

8. Find the point of intersection of the lines 
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■. nnd tlM area of Hie trliuigle formed b7 the lines y = nnx + bi, 
y = in»x + 6) aud the axis Ox. 

10. The verticesof atrianglesre (G, — 4), (— 3, 2), (T, 6). X^dthe 
equations of the medians and their point of intersection. 

11. Findtheanglebetween theline94ii!~8>— 6=0 and x— 7 ir+0=O. 
U. Find the tangent of the angle between the lines (a) i x— 3 |r+S=0 

and9x + 2v-8 = 0; (6) 3x + 0y -11 =Q atidx + Sy — S = 9. 

13. Find the two lines throng the point (6, 10) inclined at 46° to 
theUnB8(>;-2y-12 = 0. 

U. Find the lines through the point [ — 3, T ) such that the tangent of 
the angle between each of these lines and the line 6x — 2|r-fll = 01a{. 

U. Show that the angle between the llnea Ax + Bg + 0=0 and 
IA + B)x -(A- B)y + D = OiB 46". 

U. Find the lines which make an an^e of 45° with the line 
4x — 7 If + 6 = and bisect the portion of it Intercepted b; the axes. 

17. llie hypotennse of an isoHceles right-angled triangle lies on the line 
SuS'-Oif— 17 = 0. The origin is one vertex ; what are the otheis? 

39. Polar Equation of Line. The position of a line in the 
plane is fully determined by the length p = ON (Fig. 28) of the 
perpendicular let fall from the origin on 
the line and the angle j3 = xON made by 
this perpendicular with the axis Ox. 

Then p and /3 are evidently the polar 
coordinates of the point 2f (§ 16). Let 
P be any point of the line and OP=r, 
xOP=^ its polar coordinates. As the 
projection of OP on the perpendicular 
ON is equal to ON, and the angle NOP = ijt — fi, we have 
(6) rco8(0-^=^. 

This is the equation of the tine NP in polar coordinates. 
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40. Nonnal Fonn. The last equation can be transformed to 
Carteaian coordinates by expanding the cosioe : 

rco8^coB/3 + rsin^sin|8=p 

and obeerring ($ 17) thatrcoa ^ = x,rBin^ = y; the equation 
then becomes 

(7) xeoafi + yatnfi=p. 

This equation, irhich is called the normiU form of the equation 
of the line, can be read off directly from the figure ; it means 
that the sum of the projections of x and y on the perpendicular 
to the line ig equal to the projection of r (§ ^). 

Observe that in the normal form (7) the number;) is always 
positive, being the distance of the line from the origin, or the 
radius vector of the point ^ Hencaxcos^ + ysiu/S is always 
positive ; this also appears by considering that z cos ^ + ^ sin j9 
is the projection of the radius vector OP on Oy, and that this 
radius vector makes with O^an angle that cannot be greater 
than a right angle. 

The angle p = x02f is, as a polar angle (§ 16), always under- 
stood to be the angle through which the axis Ox must be turned 
counterclockwise about the origin to make it coincide with Olf; 
it can therefore have any valne from to 2 >-. By drawing the 
parallel to the line NP through the origin it is readily seen 
that, if a is the slope angle of the line NP, we have 

j8 = a + ix or /S=!a + f » 

according as the line lies on one side of the origin or the other, 
angles differing by 2 r being regarded as equivalent. Thus, in 
Fig. 28, a = 120°, /3 = a + f «■ = 120° + 270° = 390=, which is 
equivalent to 30°. For a parallel on the opposite side of the 
origin we should have ^ - « + ^ »■ = 120" + 90° = 210°. 
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41. Reduction to Nonnal Form. The equation 
Ax+By+C=0 
is in general not of the form (7), since in the latter equation 
the coefficients of x and y, being the cosine and sine of an 
angle, have the property that the sum of their squares is equal 
to 1, while in the former equation the sum of the squares of 
A and B is in general not equal to 1. But the general equation 

Jx + By+C=0 
can be reduced to the normal form (7) by multiplTii^ it by 
a factor k properly chosen ; we know (g 30) that the equation 

JiAx + kSy + kC=0 
represents the same line as does the equation Ax+B!/+ C=0. 
"Saw if we select k so that 

kA=eoafi, &B=sinj8, hO=—p, 
the equation Ae-\-By-\-C=0 reduces to the normal form 
X cos P + y sin fi~p = Q. The first two conditions give 
ft?^' + ft^S* = cos' + sin' /3 = 1, 

whence ft = ± — . 

y/A' + S^ 
Since the right-hand membetp in the normal form (7) isposi- 
tive, the sign of the square root must be selected so that kO 
becomes negative. We have therefore the rule : 

To reduce t?ie general equation Ax + By +C=:=0 to the normal 
form 

xcoBp+yamff — P=" 0, 

divide by ■— V^' + B* when C is positive and by +V!il*+ff 
when C is Tiegative. 

Then the coefficients of x'and y will be cosjfi, sin/3, respec- 
tively, and the constant term will be the distance p of the line 
from the origin. 
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ThuB, to reduce Zz + 2y + B=0to the normal foim, divide 
by - VS'TS* = - VT3 i this gives 



,8in/S ^,-p = ^; 

Vi3 Vis 



i.e. the normal form is 



V13 Vl3 Vl3 
The perpendicular to the line from the origin has the length 
6/V13 ; and as both cos /3 and sin ^ are negative, this perpen- 
dicular lies in the third quadrant Draw the line. 
Reduce the equation 3n;-|-2i/ — 5 = 0to the normal form. 

42. Distance of a Point from a Line. If, in Fig. 28, we 
take instead of a point P on the line any point P, (x„ y,) 
not on the line (Fig. 29), the expression 
Xi cos ^ + ^1 sin /3 is still the projection on ' 
0^ (produced if neoessary) of the radius 
vector OPi- But this projection OS differs 
from the normal 02f = p to the line. The 
figure BbowB that the difference 

x,cmp + yismp-p=OS-ON=NJS 
is equal to the distance N,Pi of the point Pi/rom the line. 

Thus, to find the distance of any point P, (x,, y,) from a line 
whose equation is given in the normal form 
a: cos ;3 + y sin j8 — p = 0, 
it BufBoes to Bubatitute in the left-band member of thia equa- 
tion for X, y the coordinates aiu yi of the point Pi- The expression 

XiCosj8-HT/iSin^-jj 
then represents the distance of Pi from the line. 

If this expression is negative, the point P, lies on the same 
side of the line as does the origin; if it is positive, the point 
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Pi lies on the opposite side of the line. Any line thus dirides the 
plane into two regionB vhich we may call the positive and Q^a- 
tivfl regions ; that in which the origin lies is the negatlTe re^on. 
To find the distance of a point P, (a^ y,) from a line given in 
the general form 

we have only to reduce the equation to tiie normal form (f 41) 
and then apply the rule given above. Thus the distance is 
A>>,+By, + C ^^ Ax,+ Byt+C 
-y/A' + B' V^+ff ' 

according as (7 is positive or negative. 

13. Bisector of an Aofije. To find the bisectors of the 
angles between two lines given in the normal form 
!ceoB^ + y ain^— p = 0, 
« cos ^' + y sin j8' — ;/ = 0, 
observe that for any point on either bisector its distances from 
the two lines must be equal in absolute value. Hence the 
equations of the bisectors are 

a; cos /3 + 9 sin ^ -~p = ± (xcos j8' + y sin ^' —p')- 
To distinguish the two bisectors, ob- 
serve that for the bisector of that pair ' 
of vertical angles which contains the 
origin (Fig. 30) the perpendicular dis- 
tances are, in one angle both positive, 
in the other both negative ; hence the ' 
plus sign gives this bisector. 

If the equations of the lines are 
given in the general form ^°- ** 

Ax-\-By + C = fi, A'x+Sy-^C = 0, 
first reduce the equations to the normal form, and then apply 
the previous rule. 
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1. Dnw tti« Unea leprweated by the following equationB : 
(o) rc«C#-i,) = 6. (e) r«»(# + |»)=a 

(6)rco.(#-,)=4. (/) rainC*-t,)=ft 

(c) roo*f = lQ. ((,) faln(# + j,) = 7. 

(d) ri^^ = 6. (A) rcoBC#-|r) = 0. 

I. In polar ooordiiutM, find the equations of the Unea -. (a) paralle] to 
and at the distance G from the polar axia (above and below) ; (b) per- 
pendleulat to the polar axia and at the distance i froin the pole (to the 
Tight and left) ; (e) Inclined at an angle of } r to the polar azla and at 
the distance 12 from the pole. 

9. Eq>Tesi In polar cooidlnatea the sidea of the reotan^e OASOit 
0A = 9 and AB=9,0A being taken as polar axis. 

A. What Unea are repreaented by (T) when p Is constant, while p 
varies from zero to 2 r T What linea when p varlee while p remains con- 
stant f 

S. The perpendicular from the origin to S line is G units in length and 
makea an angle tan~'^ with the axis Ok. Find the equation of the line. 

•. Beduce the equations of Ex. 8, p. 33, to the normal form (7). 

T. Find the equations of the Unea whose slope angle is 150° and which 
are at the distance 4 from the origin. 

S. What is the equation of the line through the point (— 3, G) whose 
perpendicular from the origin makes an angle of 120° with the axis Ox ? 

9. For Ibe line 7z — 24y — 20 = find the intercepts, slope, length 
of perpendicular from the ori^ and the sine and coeine of the angje 
which this perpendicular makes with the axis Ox. 

10. Find by means of sin ^ and coe/J the quadrants crossed by the line 
4x-6v = 8. 

11. Put the following equations in the form (T) and thus find p, sin p, 
OMp: 

(o) j, = mx + b. (6) ^+f = l- CO 3x = iv 

IS, Is the p<dnt (3, — 4) on the podtire or negative side of the line 
■through the points (- 6, 2) and (4, 7) ? 
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IS. Is the txdnt (-1, - |) on tlia poaitiTe or negMiTe Me of tbe line 
4i:_»y_8 = 0? 

14. Find bf meaiiB of an altitode uid » aide the uea of the triangle 
formed b; the lines Sx + 2y + lQ = 0, 4j;-3y-|-lS = 0, 2z + |r-4 
= 0. Check the reeult with another altitade and side. 

15. Find the distance between the parallelllnea (a) Sx— 5 v— 4 = 
andez-10v+T = 0; (b) 5x+ T V + 9 = and 16x + 2Iy- 8 = 0. 

U. What 18 the length of Qie perpendicular from the origin to the line 
ttuongh the point (— 6, — 4) nhoae slope angle Is 60° f 

17. What are the equations of the Unes wboee diatanoee from lb« 
origin are 6 units each and whoee slopee are [ ? 

18. Find the points on Qie axis Ox wboee peipendicnlar diatanMs tcom 
the line 24z-Tv— 16 = 0aTei;6. 

n. Find the point equidistant from the points (4, - 8) and (- 2, 1), 
and at the distance 4 from the line 3z — 4y — 6 = 0. 

M. Find the line parallel (ol2z-5v-S=:0iHidattha aame dlstanoe 
from the origin ; farther from the origin by a distance S. 

11. Find the two lines through the point (1, -V) auch that the perpen- 
dicnlarH let fall from the point (0, 6) are of length 6, 

tL Find the line perpendicular to4x — Tv — 10 = whlchcrooaee the 
axis Oz at a distance S from the point (— 2, 0). 

SS. Find tbebiaectoiB of the angiee between the lines: (a) x— y— 4=0 
andSx-|-8y + T = Ol W 6z-12y— 10 = and 24x + Tii + 60 = 0. 

M. Find tlie bisectors of the angiee of the triangle formed by the lines 
6x + Uy + ^=Q,ix — S]i -e = 0,3x-4y + 6 = 0andtheoentarof 
the oircie Inscribed in the trianj^. 

IS. FIndtheblsectorofthat angle between the lines 8 z — VSv-l- 10=0, 
V2x + p-8 = 0in which the origin lies. 

SC If two lines are given in the normal form, what la represented by 
Uieir sum and what by their difference T 

S7. Show that the angle between the linra x + y = and z — y = la 
90° whether the axes are rectangolar or oblique. 
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M. PNlcils of Lines. All lines through one and the same 
point ar« said to form a pencil; the point is called the center of 
the pencil. If 

,j,, (Ax + By+C^O, 

^' \A'x + B'y+C? = 

are any two different lines of a pencil, the equation 
(9) Ae + By+C + k(A'x + B'y+Cr)=0, 

where k is any constant, represents a line of the peacil. For, 
the equation (9) is of the first degree in x and y, and the coeffi- 
cients of X and y cannot both be zero, since this would mean 
that the lines (8) are parallel. Moreover, the line (9) passes 
through the center of the pencil (8) because the coordinates of 
the point that satisfies each of the equations (8) also satisfy 
the equation (9). 

All lines parallel to the same direction are said to form a 
pencil of paraUeU. It is readily seen that if the lines (8) are 
parallel, the equation (9) represents a line parallel to them. 

EXERCISES 

1. Find the line : (a) through tJie point of iuteraectlon of the lines 
4a; — 7y+6 = 0, 6^ + 11^ — 7 = and the origin; (6) through the 
point of intersection of the linee 4 z — 2 y — 8 =0, x + y — 6 = and 
the point (—2, 3)i (c) throngli Uie point of iDtersection oC the lines 
4a: — 6v + = 0, |r— z — 3 = 0, of slope 3; (<f) through the inteisectlou 
of 6a;- 6y + 10 = 0, 2x + 3y-12 = 0, perpendicular to 4p + a; =0. 

I. Find the line of the pencil x— 6 = 0, p-f2 = that is inclined to 
the axis Ox at 30°. 

8. Determine the constant h of the line y = S x + b so that this line 
shallbeloogto thepencilSx — 4y + 6 =0, z = 5. 

4. Find the line joining the centers of the pencils z — 3 y = 12, 
5a!-2y = landx + v = 8, 4a!-6y = 8. 

5. Fhid the line of the pencU 4x-5y - 12 = 0, 3z + 2p — 16 = 
tiiat makes equal intercepts on the axes. 
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46. Non-linear Equations representing Lines. When two 
lines are given, say 

A'x+ffy+C' = 0, 
then the equation 

(AX + 3S + 0)(A'x + B'ff + (7) = 0, 
obtained by multiplying the left-hand membera (the right-band 
members being reduced to zero) is satisfied by all the points 
of the first given line as well as all the points of the sectmd 
given line, and by no other points. 

The product equation which is of the second degree is there- 
fore said to represent the two given lines. Similarly, by equat- 
ing to zero the product of the left-hand members of the equations 
of three or more straight lines (whose right-hand members are 
zero) we find a single equation representing all these lines. 
An equation of the nth d^ree may therefore represent n 
straight lines, viz. when its left-hand member (the right-hand 
member being zero) can be resolved into n linear factors, with 
real coef&cients. 

EXERCISES 

1. Find tbe common equation of the two axes of coordinates. 

1. Show that n lines throogh the origin are represented by a homo- 
geneout equation (I.e. one in which all t«rms are of the same degree in 
X and y) of the nth d^ree. 

S. Draw the lines represented by the following equations : 

(a) (x~aXv-b) = 0. (_f)xy-ax=0. 

(6) 8i»-ip-4^ = 0. (j7) jfl-^y' + eysO. 

(C) ^~9j«=0. (ft) a^-iy = 0. 

(i) oa* -H 6v» = 0. CO y'-6Kv"-l- lla:^~fla^ = 0. 

(e) »:*-a!-12 = a 

4. What relation must hold between a,h,b,il the linM represented 
hy aa? + % hxy + bjfi = ore to be real and distinct, colnddent, imag- 
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MISCSUJUIBOPS EXERCISES 

1. find the angle betirseii the lines repreaented hj the eqiiatioa 
01? + 2 Kef + by* = 0. What is the conditioD for theae lines to be per- 
pendicular 7 G«iiiddeDt ? 

S. Beduce the genera] eqoation ^ + ^+(7 = to the normal 
form xcoa^ + |pain^=phy coiuidering Ui&t, if both eqaations represent 
the jnune tine, the Intercepts must be the same. 

S. Find the line through (zi , yO maUng equal intercepts on the axes. 

4. Find the area ot the triangle formed b; the lines y = m\X + b\, 
y = mt + 6i , K = 6. 

B. What does the equation ^ = const, represent in polar coordinate f 

•. Find the polar equation of tlie line through (6, r) and (4, } r). 

7. Derive the determinant expression for the area of a triangle (£ 14) 
by multlplTing one side b7 half the altitude. 

8. The weights vi, W being suspended at distances if, D, rcspectiTely, 
from tlie fulcrum of a lever, we have by the laie of the lever WD = tod. 
If the weights are shifted along the lever, then to every value of d cor- 
responds a definite value of D ; i.e. S is a function of d. Bepresent this 
function graphically ; interpret the part of the line in the third quadrant. 

9. A train, after leaving the station A, attains in the first 6 minutes, 
1] miles from A, the speed of 30 miles per honr with which it goes on. 
How far from A will it be 60 minutes after starting f (Compare Ex- 
ample 4, § 20.) Illustrate graphically, takiug s in miles, t in minutes. 

10. A train leaves Detroit. at 8 br. 26 m. a.h. and reaches Chicago at 
4 hr. 6 m. p.h. ; another train leaves Chicago at 10 hr. 30 m. i.M. and 
arrives in Detroit at 6 tir. 30 m. p.m. The distance is 284 miles. Regard- 
ing the motion as uniform and neglecting the stops, find graphically and 
analytically where and when the trains meet. If the scale of distances 
(in miles) be taken 1/20 of the scale of times (in hours), how can the 
velocities be found from the slopes ? 

11. A stone is dropped from a l>alloon ascending vertically at the rate 
of 24 ft./sec.; express the velocity as a function of the time (Example S, 
g 2fl). What is the velodty after 4 sec. ? 

U. How long will a ball rise if thrown vertically upward with an 
initial velocity of lOO'ft/Bsc. ? 



CHAPTER IV 



THE CIRCLE 

46. CircleB. A circle, in a given plane, is defined as the locus 
of aU those points of the plane which are 
at the same distance from ajixedpoint. 

Let C (ft, k) be the center, r the radius 
(Fig. 31) ; the necesBaiy and sufficient ' 
condition that any point P (», y) ia at ■ 
the distance r from C (ft, k) is that 

(1) (ir -»)«+(!/ _fc)s=r*. 

This equation, which is satistied by the coordinates x, y ot 
every point on the circle, and by the coordinates of no other 
point, is called the equation of the circle of center C (ft, ft) and 
radivs r. 

If the center of the circle is at the origin (0, 0), the equation 
of the circle is evidently 

(2) ^ + ^ = 1'. 



Write doim the equations of the lollowing clniles : 

(a) center (3, 2), radius 7 ; 

(b) center at origin, radius 3 ; 

(c) center at (— a, 0), radina a ; 

(<i) circle of any radius touching the axis Ox at the ori^n ; 
(e) circle of any radius touching the axis Oy at the origin. 
JlluBtrate each case \>j a sketch. 

51 
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47. Equation of Second Degree. Ezpanduig the equatdon 
(1) of g 46, we obtain the equation of the circle in the new fonu 

<^ + y'~2hx-2ks + h' + i*-i* = (i. 
This is an equation of Ike second degree in x and y. But it is of 
a particular form. The genertU equation qf the second degree 
iQ X and y is of the form 

(3) J3? + 2JIxy + By' + 2Ox + 2Fy+C=0; 

i.e. it contains a constant term, C; two terms of the first de- 
gree, one in x and one in y ; and three terms of the second de- 
gree, one in o?, one in xg, and one in y*. 
If in this general equation we have 

S=0, B = A^O, 
it reduces, upon division by ^, to the form 

which agrees with the form (1) of the equation of a cirele, ex- 
cept for the notation for the coefficients. 

We can therefore say that any equation of the aecoTid degree 
tohich contains no xy4eTin, and in which the coeffidenta of a^ and 
y* are equal, may represent a circle, 

48. Detennination of Center and Radius. To draw the 
' cirele represented by the general equation 

(4) Aix^ + Ay* + 2 Gx + S Fy + C = 0, 

where A, Q, F, C are any real nninbers while ^ =#: 0, we first 
divide by A and complete the squares in x and y; i.e. we first 
write the equation in the form 

[^+j)+{y+2)=A*-^A^-A 

The left-hand member represents the square of the distance of 
the point (x,y) from the point (—0/A, —F/A); the right- 
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hand member is constant. The given eqaation therefore repre- 
sents the circle whose center has the coordioates 

and whose radios is 

This radius is, however, imaginary UGP + F' < AC; in this 
case the equation is not satisfied by any points with real co- 
ordinates. 

If CP + F* = AC, the radius is zero, and the equatioD is satis- 
fied only by tiie coordinates of the point (— G/A, — F/A). 

If G*+F* > AC, the radius is real, and the equation repre- 
sents a real circle. 

Thus, the general equation of the second degree (S), § 47, reprt- 
aenta a drde if, and only if, 

A = B^O,H=0, CP + F*>AC. 

49. Circle detenmned by Three Conditions. The equation 
(1) of the circle contains three constants k, k, r. The general 
equation (4) contains fonr constants of which, however, only 
three are essential since we can always divide through by one of 
these constants. Thus, dividing by A and putting 2 Q/A =s a, 
2 F/A = &, C/A = c, the general equation (4) assumes the form 
(5) a^ + y* + («! + 6y + c = 0, 

with the three constants a, h, c 

The existence of three constants in the equation corresponds 
to the possibility of determining a circle geometrically, in a 
variety of ways, by three conditions. It should be remembered 
in this connection that the equation of a straight line contains 
two essential constants, the line being determined by two 
geometrical conditions (S 30). 
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1. Draw tbecirclMnptewntad by the following eqnatioDa: 
(o) 2a* + 2^-8!E + 6v+l=0. (6) 8i^ + 3j* + 17!e- 16 j-6=0. 
(e) 4»« + 4>»-6i-10tf +4 = 0. (d) a» + j« + * -4 j = 0. 
(«) 2i? + 2^-7x = 0. (J) a:» + »»-8i:-6=0. 

1. What is the equatton of the circle of center (A, t) that toach«s the 
axis Ox 7 that tonchei the axis Oy ? that pawea thion^ the orlgia F 

S. What ia the equation of any clicle whose eeater lies on the axis 
Oz? on the axis Oy? on theline v= zr on theUne y = 2x7 on the line 

4. find the equation of the oircle whose center is at the point ( — 4, 6) 
and which puees throoi^ the point (2, 0). 

B. Find the circle tlut has the points (4, — 8) and ( — 9, — 1) as ends 
of a diameter. 

K. A swing moving in the vertical plane of the oheerrer Is 48 ft. away 
and is suspended from a pole 27 ft. high. If Die seat when at rest is 2 ft. 
above the ground, what ia the eqoatlon of the path (for the observer as 
origin)? What is the distance of the seat from the observer when the 
rope ia inollned at 46" to Uie vertical ? 

7. Find the locos of a point whose distance from the point (a, b) in ■ 
times its distance from the origin. 

Let P (x, y) be any point of the iociu ; then tlie condition ii 

V{z-a>> + (y-6y=«Vi» + y*; 
npon aqnaring and rearranging Uiis becomee : 

(,1 - K^-)3? + (1 - ic»)if" -2M-2 6y+a« + 6» = 0. 
Hence for any vaine of i except ic = 1, the locos ia a circle whom center la 
a/(l - «"), 6/(1 - I*) and whone radlna is « Va* + 6V(1 - ji*). What 
is the locos when < = 1 ? ' 

8. Find the locos of a point twice as far from the orl^ as from the 
point (6, -3). Sketch. 

9. What is the locns of a point whose distances from two points Pi, 
Pi are In the constant latb k f 
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10. Determine the locos ot tbe poJnU which are k times ss fmr from 
the point (— 2, 0) as from the point (2, 0). Assign to i the Tftloea 
v'6, v'3, v^, )VS, )v^, iV2 snd iliastrste with sketdies drsm with 
respect to the ume axes. 

11. Determine the ioona of a point whose distance Irom the line 
3z— 4y+l=0is equal to the aqoare of Its distance from the origin. 
nioBtrate with a sketch. 

U. Determine the locus of a point If the square of its distance from 
th6 line x-t-|r~a = is eqnal to the product of its distances from the 

50. Circle in Polar Coordinates. Let us sow express tbe 
equation of a cirde in polar coordinates. If C(r|, ^) is the 
center of a circle of radiofi a (Fig. 32) 
and P{r, 'f>) any point of tlie circle, 
then by the cosine law of trigo- ^- , ^- 

□ometty p*"^ ffi^ 

»^ + r,' — 2 TjT cos (^ — ^) = a 
This Is tile equation of the circle since, for given values of r^ 
tpi, a, it is satisfied by the coordinates r, ^ of every point of 
the circle, and by the coordinates of no other point. 

Two special cases are important: 

(1) If the origin Obe taken on the circumference and the 
polar axis along a diameter OA (Fig. S. 
the equation becomes 

r* + a' — 2 ar cos ^ = o*; 
i.e. r = 2 a cos ^ 

This equation has a simple geometrical 
interpretation : the radius vector of any 
point Pod the circle is the projection of the diameter OA = 2 o 
on the direction of the radius vector. 

(2) If the origin be taken at the center of the circle, the 
equation is r = a. 
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1. Draw the following circles in poUr coordinates : 

(a) r = 10co«*. C&) r = 2<icoh (« - Jt). (c) r = dn#. 

id) r = «. CO r = 78ii»C*-ix). (/) r = 17co«*. 

S. Write the eqnatioa of the circle in polu oooidiDotes: 

(a; vrlth center at (10, ) r) and ladlue & ; 

(6) with center at (6, } ■-) and touching tbe polar aads ; 

(c) with center at (4, Jt) and pui^ng through tbe origin ; 

(d) with center at (3, t) and passing through the point (4, } r). 

S. Change the equationa of Ex. (1) and (3) to reetangnlar coordioKtes 
with Uie origin at the pole and the axle Ox coincident with tbe polar axis. 

4. Determine In polar coordinates the locus of tbe midpoints of the 
chords drawn from a fixed point of a circle. 

SI. Intersection of Line and Circle. To solve two equar 
tions in x and y of which one ia of the first degree (linear) 
while the other ia of tbe second degree, it is genetally most 
convenient to solve the linear eqvation for either x or y and to 
svb^itute the value so found in the equation of the second degree. 
It &en reTnaina to solve a quadratic equation. 

The method for solving a quadratic equation consists in 
completing the square of the terms in 3? and x. The equation 

has the roots 

_ -b± -^b^-Aac 



2a 

The quantity 6* — 4ac is called the discriminant of the 
equation. According as the discriminant ia positive, zero, or 
negative, the roots are real and different, real and equal, or 
imaginary. 

An equation of the first degree represents a straight line. 
If the given equation of the second degree be of the form 
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described in $ 47, it will represent a circle. By solving two 
sach gimiiltaneouB equations we find the coordinates of the 
points that lie l)oth on the line and on the circle, t.e. the pointt 
of intersection of line and circle. 

Let us find the intersections of the line 

with the circle about the origin 

Substituting the value of y from the former equation into the 
-latter, we find the quadratic equation in x : 

or (l + m')a!* + 2m&r + 6* — r* = 0. 

The two roots x^, x^ot this equation are the abscissas of the 
points of intersection ; the corresponding ordinates are found 
by substituting «„ as, in y = mic + 6, 

It is easily seen that the abscissas a^, z, are real and differ- 
ent if (1 + ms) r« - 6= > 0, 
t.e.if ^ <r. 

Since 7n= tance, and hence 1/Vl +m*= cos a, the preceding 
relation means that h cos a < r, i.e. the line has a distance from 
the origin less than the radius of the circle. If 

the roots sr,, ir, are real and equal. The line and the circle 
then have only a single point in common. Such a line is said 
to twich the circle or to be a tangent to the circle. If 

(1 + ra*) ri - 6' < 0, 
the roots are complex, and the line has no points in common 
with the circle. 
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61. The General Case. The intenections of the line and 
diele 

a? + j^ + aa + by + c = 0, 

ate found in the same way : subetitate the value of y (or x), 
found from the equatioa of the line, in the equation of the 
oircle and solve the resulting quadratic equation. 

It us often desired to determine merely whether the line is 
tangent to the cirde. To answer this question, substitute y 
(oi x) from the linear equation in the equation of the circle 
and, withovt solving the qvadratic equation, write down the con- 
dition for eqnal roots (b* = 1 oc, S 51). 



1. Eind Ihe iDteraections of the line 3x + |r— 5 = and the circle 
a^ + B* — 22a!-4p + 25 = 0. 

1. Find the InMrsections of the line 2x — Tf + 6 = utd the ciide 

2ii;» + 2B" + 9z + 9p-ll=0. 

4. Find the equations of the tangents to the circle i* + y* = 10 that 
are parallel to the line sf =— 8 X + 6. 

■. Show tMt the eqnatioDS of the tangents to the oircle a^ + ]^ = f' 
witi slope m are y = mx± rVl + to*. 

■. For what value ol r will the line 3x — 2ir — 6 = 0be tangent to the 
drcle t? + ^ = i'? 

7. Und the equations of the tai^ents to the circle 23^ + 2v* — 3x 
.(. Bjr — T s that are perpendicular to the line x + 2ji + 3 = 0. 

8. Find the midpoint of the chord Intercepted hy the line 6x-'f + 9=0 
on tJie oircle a? + y* = 18. 

9. Find the eqiuitions of the tangents to the drcle 3^ + j^ = B8 that 
pass through the point (10, 4). 
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fiS. The Tangent to a Circle. The tangent to a circle (com- 
pare § 40) at any point Pmtty be defined as the perpendiculai 
through P to the radius passing through P. To find the equa- 
tion of the tangent to a circle whose center is at the origin, 

SB" + y* - r>, 
at the point P (x, y) of the circle (Fig. 34), observe that the 
distance p of the tangent from the origin 
is equal to the radius r and that the 
angle p made by this distance with the 
axis Ox is such that 

coaj8 = -, BiQ/3= "; 

substitutiog these valnes in the normal 

form X cos ^ + r Bin ^ =p of the ^o- « 

equation of a line (g 40), we find as equation of the tangent 

xX + yY= 7*, 
where z, y are the coordinates of the point of contact P and 
X, Tare those of any point of the tangent. 

64. The General Case. To find the equation of the tangent 
to a circle whose center is not at the origin let us write the 
general equation (4), % 48, viz. 
(4) ^4r> + ^y'+2Gte + 2JV+C=0, 

in the form 

where — Of A, -~ F/A are the coordinates of the center and 
G^fJ? + F*/J?— Of A is the square of the radius r (S 48). 
With respect to parallel axes through the center the same circle 
has the equation 



S-j 



A' A' A 



60 PLANE ANALYTIC GEOMETRY [IV, ! 54 

and the tangent at the point P(x, 3) of the circle is (S 63) ; 

Hence, ttansfening back to the original axes, we find as 
equation of the tangent at P(x, 3) to the circle (4) : 

AxX + Ayr + 0(x+X)+F(i,+ Y)+C=>0. 
This general form of the tangent is readily remembered if we 
observe that it can be derived from the equation (4) of the 
circle by replacing a:* by xX, s*hyyT, 2icbyie+X, 2ybyy+F; 

EZBRCISBS 
1. Find the tangent to the given circle at the given point i 
(o) ii> + p' = 41. (6, -4). 
(6) a» + V* + 6z + 6»-ia = 0, (-2,8). 

(c) 8x* + 3p' + 10z + 17p + 18 = 0, (-2, -6). 
Cd)i? + i^-<u-6j = 0, (a, 6). 
X. The equ&tlon of any circle tbrou^b tbe origin can be written in ttie 
form (5 «J ** + !»* + 3* + 6V = ; show that tlie line oz + 6y = is the 
tangent at the origin, and find the eqoation of the parallei tangent. 

t. Derive tbe equation ofthe tangent to the circle (x—A)i+(v—it)'=H. 

4. Show that the clTcles z^ + S' — 6x + 2y + 2 = and x* + ji*-~4y 
-1-2 = touch at the point (I, I). 

5. Find the tangents to the circle 3? + ifl — 2x~19s + 9 = at the 
eztremiUes of the diameter through the point (—1, 11/2). 

6. The line 2x-i-y = ViiA tangent to the circle x^ + j/' = 20; what is 
the point of contact ? 

7. What is the point of contact it Ax + 3;/+ C=0 is tai^nt to the 
circle !t> + y« = rs ? 

8. Show tlifrt at — y— 1 = la tangent to the circle a!* + y* + 4a; 
— 10 y — 3 = 0, and find the point of contact. 

ft. By 3 51, the line ji = mx + b has but one point in common yiiOi 
the circle z* + ^ = T''iI(t +m^)t'' = i^ ; show that In this caee the radius 
drawn to the common point is perpendicular to the line y st»x + b. 
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B6. Circle through Three Points. To find the equation of 
the drde passing through three points P\{xi,y{^, i'i(K), fft), 
P, (Xf , 1/,), observe that the coordinates of these poiots satisfy 
the equation of the circle (g 49) 

(6) a? + 3^ + aa! + 6y + c = 0; 

hence we must hare 



CT 



I^i' + Si' + tii"! + fiy, + c = 0, 
V + ys' + aa^ + % + e = 0, 
»i* + yi* + aar, + fry , + c = 0. 



From the last three equations we can find the ralues of a, 6, 
and c ; these values must then be substituted in the first eqnti- 
tion. 

In general this is a long and tedions operation. What we 
actuallj wish to do is to eliminate a, b, c between the four 
equations above. The theory of determinants furnishes a very 
simple means of eliminating four quantities between four 
hoTRogeneous linear equations. Our equations are not homo- 
geneous in a, b, c. But if we write the first two terms in 
each equation with the factor 1: (a^ + y)-!, (ar,* + yi*) • 1, etc., 
we have four equations which are linear and homogeneous in 1, 
a, b, c; hence the result of eliminating these four quantities is 
the determinant of their coei&cients equated to zero. Thus the 
equaiion of the circle through three points is 

V + J/i' ^ yy 
«a' + yj' 3^ yj 
^i+Vx a^ y. 
Compare g 34, where the equation of the straight line through 
two points is given in determinant form. 
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1. Find the eqoatiODs of the cirolea that paw throngh the points : 
(a) (2,8), (-1,2), (0,-8). 
(6) (0,0), (1,-4), (6,0). 
(e) (0,0), (8,0), (0,6). 



S. Find the circle through the points (2, 1), (- 1, 8} with oent«r on 
the line 8x — v + 2 = 0. 

4. Find the drde whose center is (3, — 2) and which touches the 
line 8 X + 4 v - 12 = 0. 

B. Find the circle throngh tlie origin that touches the line 

4»-5v-14 = 0at (B, 2). 

C. Und the circle inscribed in the triangle determined by the lines 

2<K_7j/ + 8 = 0,3a;-4!/-fi = 0, Ea + 12!, - 60 = 0. 
7. Two circles are said to be orthogonal 11 their tangents at a point of 
inteiSBction are perpendicular; the square ol the distance between their 
centers is then equal to the sum of die squares ot theli radii. If the 
equations of two intersecting circles are 

a;* + y» + an + 6jj/ + Ci = 0, and ** + j> + oja; + 6tf + Ci = 0, 
show that the circles are orthogonal when aids 4 6i6i = 2(ei + Cj). 

5. Find the circle that has Its center at (—2, 1) and is orthogonal to 
the circle X< -I- y''—6x+S = 0. 

B. Find the circle that has its center on the line y = 3x + i, passes 
through the point (4, — 3), and is orthogonal to the circle 
x^ + jfl+18x + 6y + 2 =0. 

D6. Inversion. A circle of center O and radius a being given 

(Fig. 86), we can find to every point P of the plane 

(excepting the center O) one and only one point P* 

on OP, produced beyond P if necessary, such that 

OP- OP' = o". 



The point P' is said to be ine 
to the circle (0, a) ; and a 
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changed b7 Interchaof^ng P and P', the point P la inTene to P*. Hie 
point is called the center of invertion. 

It is clear that (1) the ioverae of a point P within the circle ii n point 
P* wiUioat, and vice veria ; (2) the lavene of a point of the circle itaelf 
coincides with It ; (3) as P approaches the center O, its inveise P moves 
oO to inflnitj, and vice verta. 

The jne«r>e of any geometrical flgurt (line, dure, area, etc.) is the 
figure fonned by the points inverse to all the points ot the given fignra. 

ST. Inverse of a Circle. TaUng rectangular axes through 
(Fig. 30}, we find for the relations between the coordinates of two In- 
Teree poinU P(x, y), P' (x', y'). f ^« P"' OP = r, OP' = r* : 



- ^ ^ 




a n' = a* ; 



iwi eimilariy 

~ a;'* + 1/'* ' x'* + y'*' 
These equations enable us to find to an^ 
equation of the inveree curve, by simply gubetituUng for x, y their values. 

ThoB it can be shown that by fnvervion any eirele it tranffomed into 
a eirele or a ttraight line. 

For, if in the general equntion ot the drcle 

we aabsUtute for x and y the ahore values, we find 



Pio. 38 
whose equation is given the 



4-2 03'- 



^-2Fa"- 



f C = 0, 



{x'» + v'*)* x'^ + y" a:" + y'* 

that is, Aa* + 2Gah^ + 2^a^' + O(x'* + y'^)=!0, 

which ia again the equation of a circle, provided C^O. In the special 
case when (7 = 0, the given circle passes through the origin, and its in- 
verse is a Btraigbt line. Thus every circle through the origin it tran*- 
formed by tnvereion into a ttraight line. It is readily proved conversely 
that every straight line is transformed into a circle passing through the 
origin ; and in particalar that every line through the origin is tranafonned 
into itself, as Is obvious otherwise. 
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EXERCISES 

1. Find tb« COtinlinatM of the points laveree to (4,3), (2,0), (-5, 1) 
with respect to tbe circle a^ + y' = 26. 

I. Show tbftt 1:7 iDvenion every line (except a line through the center) 
Is tranatonned into a circle passing through the center of inversion. 

S. Show (hat a)1 circles with cent«r at the center of invetaion are 
transformed by Invcrdon into concentric circles. 

4. Find the equation of the oircle about the center of inversion wliicli 
is traiiBformed into itself. 

8. With respect to the circle z*+ y* = 16, find the equations of the 
curves inverse to : 

(a) x=6, (6) x-f=(}, (e) !r»+y*-6i!=0, (d) a?+j*-10v+l=0, 
(«) 8a;-4K+6=0. 

C Show that the circle Ax!*-*- Jy» + iOx + 2 Fg + a'A = Oia trans- 
fonned into itself by invettion with respect to the circle z* + p* = a'. 

7. Prove the Btatemants at the end of £ 57. 
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68. Pole and Polar. Let p, p' (Fig, 37) l 

respect to the circle (0, a) ; then the perpen- 
dicular I to OP through i' is called the polar of 
P, and P the pote of the line I, with respect to 
the circle. 

NoUce that (1) if (as in Fig. 87) Plieswithin 
the circle, its polar I lies outside ; (2) if P lies 
outside the circle, its polar luteTsecta the circle 
in two points ; (S) if P Ilea on the circle, its 
polar is the tangent to the circle at P. '"m- ^ 

Referring the circle to rectangular axes through its center (Fig. i 
that its equation is 

a? + ^ = a', 
we can find the equation of the polar { of 
any given point F{x, y). For, using 
as equation of the polar the normal - 
form X cos ^ + r sin p =p, we have 
evidently, if P* is the point inverse 
to F : Fia. 38 
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therefore the equation becomes 



or simply 

This then Is the eqwoiort of the polar I of the point P (z, y) teith r*- 
^>eet to the tdrele of radivt a about the origin. If, In pftrUcolar, tbe 
point P (x, y) lies on tbe circle, tbe same equation npreBents tbe tan- 
gent to the circle ^ + jf = efl at the point F (x , g), M shown pravionalj 
in §63. 

69. QlOrd of C<mtact The polar I of anv outiide point P aith 
respect to a given circle posset through the points of contact C\, Ct of 
the tangents draan from P to the circle. 

To prove Ibis we have only to show that if Ci is one of the points of 
intersection of the polar I of P with the circle, then the angle OCiP 
{Fig. 30) is a right angle. Now the triangles 
OCiPand OP'Ci are similar since they have 
the an^e at in common and tbe inclnding 
sides proportional owing to tbe relation 

OP- OP = <fl, I 



ie. 



OP'' 




FiQ. 39 



where a= OOj, It follows that ^ OC,P= 

OF'Ci = ir. 

Tbe rectilinear segment CiCt is sometimes called the chord of contact 
of the point P. We have therefore proved that the chord of contact of 
any outside point P lies on the polar of P. 

It follows that iJie equations of the tangents that can be drawn from 
any outside point P to a given drde can be fonnd by determining the 
intersections Ci , Cg of the polar of P with the circle ; tbe tangents are 
than obtained as the lines joining d , Ci to P. 
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60. The Genaral Case. The equation of the poUr of a. point 
P(c, y) with respect to any circle giyen In tlie general form (4), 
S 48, viz., 

(4) Ai?+Ai^+2ax+2I\ + C = 0, 

te found by the same matbod that was naoi in { 64 to generalize tbe 
equation of tbe tangent ThuB, with lespect to parallel axes tliTough tbe 
center Ibe equation of the circle la 

^ + r ^,+j, ^■ 

the equation of ttie polar of P{x', y) with respect to these axes is by 

"*' zX+yT=^ + ^-^- 

' A» A' A 

Hence, transferring back to the origlDal axes, we find aa equation of the 
polar ofP (x, y) with retpect to the eirde (4) : 

AxJr+AyT+Oi_x + X) + F(y+T)+a = 0. 
If, in pBrticnlar, the point P (x, y) lies outside the circle, this polar 
oontaina the chord of contact of P; if P lies on the circle, &a polar be- 
comes the tangent at P (j M). 

61. ConstniCtioil of Polars. y a point Pi deacribei a line I, it» 
polar I] vrith respect to a given circle (O, o) turn* afioat a fixed point, 
Tlz., the pole P of tbe line 1 (Fig. 40). 
Conversely, ^f a line li tumi about one 
of (M point* P, its pole Pj vnlh re^Ct 
to a given circle (0, a) deeeritiea a line I, 
vii. t?te polar of the point P. 

For, the line I is tranaformed by in- 
version with respect to the circle (O, a) 
Into a circle passing through O and 
through the pole P of I; as this circle 
must obviously be symmetric with respect 
to OPitmusthave OPasdiameter. Any „ 

point i^ ol f is transformed by inversion 

into that point Q of the circle of diameter OP at which this circle is in- 
tersected by OPi . Tbe polar of Pi is the perpendicalar through Q to 
OPi ; it passes therefore through P, wlierever P[ be taken on I. 

The proof of the converae theorem is similar. 
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Tbe pole Pi of any line Ii can therefore be coDstmcted m tbe iDteisec- 
tion ot the polars of any two points of li ; this ia of advantage when the 
line I| doea not meet the cirole. And the polar Ii of any point Pi can be 
constracted as the line joining the polea of any two lloea through P| ; this 
ia of advantage when the point Fi lies Inside the circle. 



1. :E^d the equation of the polar of the given point with respect to 
the given circle and sketch if poeaible : 
(a) (*,.7),a^ + B' = 8. 
(6) (0,0),3^+ j,"-Sa!-4 = (l. 
Ce) (2,l),»' + »"-4i-2j(+l=0. 

(d) (2, -8),i? + y» + 8a! + 10p+2 = 0. 

1. Find the pole of tbe given line with respect to the given circle and 
sketch if poBsilile : 

(a) * + 2^-20 = 0, »;* + y» = 20. 
(6) a + H- 1 = 0, a;* + (» = *. 

(e) 4 1 - V = 10, !» + v» = 25. 

(li) Ax + Bl/ + C=0, j:> + y" = r*. 
(e) y = DM + &, 3C" + j> = r». 

S. Find the pole of tbe line joining the points (20, 0) and (0, 10), 
with respect to the circle 3^ + p" = 26, 

4. Find the tangent lo the circle a?-)-v'-10a;+*P+0=0 at (7, -6). 

5. Find the interaection of the tangents to the circle 2 !^ + 2 p>— 15 z 
H-y- 28 = Oat the points (3, 5) and (0, -4). 

6. Find the tangents to tbe circle z* + ^— Oz-lOy + 2 = that 
pass through tbe point (8, — 3). 

7. Find the tangents to the circle ai" + p> — Sz + j-10 = that pass 
through the point (— )< — -V)' 

8. Show that the distances ol two points from the center of a circle 
are proportional to the distances of each from the polar of tbe other. 

9. Show analytically that if two points ate given such that the polar 
of one point paases tbrou^ tbe second point, then the polar of the second 
point passes through the first point. 

10. Find the poles of the lines z — y — 3 s and x + y + 8 = with 
respect to the olrde *" + y"-ei + 4|p + 8 = 0. 
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I different 




62. Power of a Point if in Uie left-band member of the equa- 
Uoa of ttie circle 

we substitute for x and v the coordiiiAtea Xi , jri of a point Pi n 
allele (Elg. 11), tbe ezpreaalon (zi — A}*-l-(j(i - 
from lero. Ita value Lb called tA« poteer 
of the point Pi (xi, Hi) teith reject to 
the circle. As (ii - A)* + {vi - 1)' is 
the square* of tbe distance PiO — d be- 
tween the point Pi (xi, |ri) and tlie 
center C(h, k), the power of tbe point 
-Pi (xi, in) with respect to the circle is 
iP — H ; and this is poslUve for points 
wlthonttheciroie (d>r),zeroforpoint8 Fia 41 

on the circle (d — r), and negative for pointa wltbin tbe circle (d < r). 
If tbe point lieswithout the circle, its power baa a simple interpretation; 
it is the square of the segment Pl r = t of tbe tangent drawn from P| to 
the circle : 

C = d> _ r> = (ii - ft)" -i- (pi ~ i)« - r*. 

Hence tbe length t of the tangent that can be drawn trom an outride 
point Pi (xi , jj) to a circle !r» + p'-foH-6|/ + c = 0ia given by 

(* = zi' + tfi' + aXi + bj/i + c. 
Kotice that t^ coeffidents of j? and ^ must be 1. Compare tbe similar 
case of the distance of a point from a line ($ 42). 

83. Radical Axis. The locus of a point whoBC powers with reepect 
to any two circles 

x'+]l* + a,x + b,y -}■ ci = 0, 
** -I- !/* 4- 0*"! + ftiV + ci = 0, 
are equal is given by tbe equation 

t)i'-i-V^ + aix+ba + ei = sfi + jfl + a^ + ba + e^ 
which reduces to 

(Oi - ai)x + (6i - 6a)V +("1 - c,) = 0, 
This locus is therefore a strtught line ; it is called the radiaU axis of the 
two circles. It always exiats unless ai = <h and bi = fij, i.e. unless the 
circles are concentric. 
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- Three circles taken in purs have three radical axes which pan through 
a common point, called the radical etnter. For, il the equation ol ths 
third circle ia a* + v' + Wt + 6.V+ c, = 0, 

the equations of the radical axes will be 

(a, - oi)a: +{6. - 6i)l' +("« - ci) = 0, 
(oi - Os)x + {6i - bt)v +<ei - c,) = 0. 
These lines inteisect in a point, ginoe the deteiminant of the coefBcieuts 
in these equations ia eqnal to zero (Ex. 3, p. SB). 
61. Family of Circles. The eqnaUon 

(8) (tf + B^ + aiz + frxy+ci) + k(z« + i/* + (Ki: + 6)Jf4(!»)=0 
represents a family, or pencil, ofdrcUt each ofahUA patH* through the 
points of tnttrseetioa of the circlet 

(0) ^ + jfl + an + 6ij + ci = 0, 

(10) x* + !/* + ttja! + 6tf + 0, = 0, 

if theee circles intersect. For, the equaUon (8) written In the form 
{1 + «>;» + (1 + Oj/* +(ai + "aa)ai +(6i + Kbt)y + e, + m» = 
repreeentB a circle for every value of k except (= — 1, as the coefficients 
of 7? and ^ are equal and there is no z^term ({ 47). Each one of the 
circles (6) passes through the common points of the clrclee (9) and (10) 
if theyhsve any, since the equation (8) is satisfied by the coordinates 
of those points which satisfy both (B) and (10). Compare § M. The 
constant « is called the parameter of the family. 

In the special case when k —— 1, the equation is of the first degree 
and hence represents a line, viz. the radical axis (§ S3) of the (wo cin:lea 
(0), (10). If the circles intersect, the radical axis contains their tom- 
moneftord. 

EXERaSBS 

1. Find the powers of the following points witb respect to the circle 
a? +v" — 3a! — 2b = and thus determine their positions relative to the 
circle : (2, 0), (0, 0), (0, - 4), (3, 2). 

S. What is the length of the tangent to the circle : (o) ** + ^ + (w; 
+ fty + c = from the point (0, 0), (6) (x- 2)' + (v - 3)^- 1 = Ofrom 
the point (4, 4) f 
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». By 5 62, f = ^ — t'=(d + r)(,d~r'); latarpret this relation 
geometrically. 

4. Find the radical axis of tbe circles :fi + il' + ax + by + c = f)aiid 
3? + j^ + bx + ay -i-e=0 and the length of the common chord. 

5. IFind the radical center of the circles x'-fy' — 8x4-iy— 7=0, 
x^ + tfi=ia, 2(zi + ^) + az + l = 0. Sketch the oiiclea and their ladi- 

•. Find the circle that passes through the inteisecUons of the circles 
x* + V* + 5x = and x? +if* + x — ^g — 6 = 0, and (a) passes thTongh 
the point (—6, 6), (b) has lia center on the line 4x-2{>-15 = 0, 
(e) has tbe radius 6. 

7. Sketch the family of circles 3^ + p' — y + i(x> + yi + S y) = 0. 

8. What family of circles does the equation Ax + By + C+ i(z* 
+ ifl + ax + hj/ -t- c) = represent ? 

9. Find the family of curves inverse to the family ol lines y = mx+ b; 
(a) with m constaat and b variable, (b) nitb ro variable and b constant. 
Diair sketches for each case. 

10. Show that a circle can be drawn orthogonal to three circles, pro- 
vided their cenl«t8 are not In a straight line. 

11. Find the locus of a point whose power with respect to the ciicle 
2x' + 2^ — 6x + lly — = 01s equal to the square of its distance from 
the origin. Sketch. 

11. Find the locus of a point if tbe sum of the squares of Its distances 
from the sides of an equilateral triangle of aide 2 a is constant, 

IS. Show that the circle through the points (2, 4), (-- 1, 2), (S, 0) is 
orthogonal to tbe circle which is the locus of a point the ratio of whose 
distances from the points (2, 3) and (- 1, 2) is 3. Sketch. 

U. Show that tbe circles throngh two fixed points, say (— a, 0), 
(a, 0), form a family like that of Ex. 8. 

IE. The locus of a point whose distances from the fixed points(— a,0), 
(a, 0) are in the constant ratio k (^ 1) is the circle 

i? + f + 2 j-^oz + o^ = 0. 

Compare Ex. 9, p. 64. Show that, whatever k(^ 1), this circle Inter- 
aeots every circle of tbe family of Ex. 16 at right angles. 



CHAPTER V 
POLTNOMIALS 

PART I. QrADRATIC FUNCTION— PARABOLA 

60. linear Function. As mentioned in S 28, aji ezpresBion 
of the form mx + b, where m and b are given real numbeis 
(m 4= 0) while x may take any real value, is called a linear 
function of a;. We have seen that this function is lepresented 
graphically by the ordinates of the straighi line 

y = mx + b; 
b is the value of y for as = 0, and m is the slope of the line, i.e. 
the rate of change of the function y with respect to x. 

66. Quadratic Function. Parabola. An expression of 
the form ox* + bx + c in which a =^ is called a guadTOtic func- 
tion of X, and the curve 

y = a3^ + bx + c, 
whose ordinates represent the function, is called a parabola. 

If the coefficients a, b, o are given numerically, any number 
of points of this curve can be located by arbitrarily assigning 
to the abscissa x any series of values and computing from the 
equation the corresponding values of the ordinates. This 
process is known as plotting the curve by poitUa ; it is some- 
what laborious ; but a study of the nature of the quadratic 
function will show that the determination of a few points la 
sufficient to give a good idea of the curve. 
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= 0,c=:0; 




67. The Fonn y = aifi. Let us first take b = 
resulting equation 

(1) S = «r« 

repiesents a parabola which passes through the origin, since 
the values 0, satisfy the equation. IJiis parabola is symmet- 
rus toith respect to the axis Oy ; for, the values of y oorrespond- 
ingto auy two eqoalaud opposite values of a; are equal. This 
line of symmetry is called the iixit of the 
parabola ; its intersection with the parab- 
ola is called the ttrttx. 

We may distinguish two cases accord- 
ing as a > or a < ; if o = O; the equa- - 
tiou becomes y = 0, which representB the 
axis 0* . ™ « 

(1) If a > 0, the curve lies above the axis Ox. For, no matter 
what positive or n^ative value is assigned to x, y is positive. 
Furthermore, as a; is allowed to increase in absolute value, y 
also increases indefinitely. Hence the parabola lies in the first 
and second quadrants with its vertex at 
the origin and opens upward, i.e. is con- 
iiave vpuKtrd (Fig. 42). 

(2) If o < 0, we conclude, similarly, 
that the parabola lies below the axis Ox, 
in the third and fourth quadrants, with 
its vertex at the origin and opens doum- 
toard, i.e. is concave downward (Fig. 43). 

Draw the following parabalas : 

y = a?,y=:3a?,y = -^!x?,y=\^. 

68. The General Equation. The curve represented by the 
more general equation 

(2) y = aa? + bx + c 

differs from the parabola y = a^ only in position. To see this 
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we use the process of compttting the square in x; 
write tlie equation in the equivalent form 

"-(-f.-)=«(-0 

If we put 

»=-.f.'— f +., 

za 4a fm. 44 

the equation becomes 

y — k='a(x~h)', 
and it is clear (S 13) that, with reference to parallel axeg 
O^ei, 0^1 through the point Oi (A, k) the equation of the 
curve is y, = a»,' (Fig. 44). The parabola (2) has therefore 
the same shape as the parabola y = a^; but its vertex lies at 
the point (h, k), and its axis is the line x = h. The curve 
opens upward or downward according as a > or a < 0. 

69. Nature of the Curve. To sketch the parabola (2) 
' roughly, it is often sufficient to find the vertex (by completing 
the square in z, as in § 68, and the intersections with the axes. 
The intercept on the axis Oy is obviously equal to c The in- 
tercepts on the axis Ox are found by solving the quadratic 
equation 

aa? + bx + e = 0. 

We have thus an interesting interpretation of the roots of any 
quadratic equation; the roots of a3? + bx + c = are the 
abscissas of the points at which the parabola (2) intersects 
the axis Ox. The ordinate of the vertex of the parabola 
is evidently the least or greatest value of the function 
y = (zx* + bx + c according as a is greater or less than zero. 
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1. Willi reapect to the same coordinate axes d»n the cmrea y = ixj? 
for a=2, I, 1, \, 0, - 1, - 1, - j, - 2. What happena to the parabola 
p = ox' u a changes ? 

1. DetenDine in each of tha following examples the value of a SO that 
the parabola y = tu* will paaa through the giren point : 
(a) (8, 8). (6) (- 4, 1). (c) (- 2, - 2). (<J) (8, _ 4). 

S. A bod; thrown Tertieall; upwaid in a Taouom with a velocity of o 
feet per seoond wlU just reach a height of A feet such that A = ^ e^. 
Draw the curre wboae ordinales cepreaent the height aa a function of the 
inlUal velocUj. 

(a) With what velod^ must a ball be thrown Tertloall; upward to rise 
to a height of 100 ft. F 

(6) How high will a bullet rise if shot vertlcallf upward with an Ini- 
tial velodtj of 900 ft. per sec, the reristance of the air being neglected ? 

4. The period of a pendulum of length I (i.e. the time of a small 
back and forth awing) ia T=2jrVl/g. Take g = S2 ft./sec. and dnw 
the curve whose ordinatea repreaeut the Length { of the pendnlum aa a 
function of the period T. 

(a) How long Is a pendulum that beats seconds (I.e. of period 2 sec.) ? 

(b) How long la a pendulum that makes one swing in two seconds ? 

(c) Find the period of a pendulum of length one ;ard. 

1. Draw the following parabolas and find their vertices and axes : 
(a) I, = Ja?-i + 2. (b) y = -i3^ + x. (c) v = 5a;»+ 16* + S. 
(d)v = 2--x~A («) |,=a?-9. (/)if = -9-A 

((f) V = 3a?-6i + 5. (h) y = i^ + 2x-a. {() 3? -2x~f = 0. 

<. What is the value of b if the parabola p = z> + bz — 6 pasaea 
through the point (1, 6)? at c if the parabola t = 3?~6x + c paaaea 
' through the same point ? 

7, Suppoae the parabola y = ox^ drawn ; how would yon draw y = 
a (1+2)'? t = a(x~7y? f = ra" + 2?p = iM?-7? y = <a!'+2x + Sf 

8. What happens to the parabola $ = iKc^ + bx + e aa 'c changes T 
For example, take the parabola j/ = :^ — x + e, where c=— 8, —2, — 1, 
0, 1, 2, 8. 
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9. What happens to (he parobda y = wfi + &x + e tx a changes ? 
For eiample, take p = «" - a; - 6, where ffl = 3, 1, \, 0, - J, - 1, - 2. 

10. (a) If the parabola y — aa? + 6z Is to pass through the points 
(1,4), (— 2, 1) irhatmuHtbe tbavaloeHOlaand b? (b) Determine the 
parabola y = ox* + l)x + e so as to pass through the points (1, ^), (8, 2), 
it, i) i sketch. 

11. The path of a piojecUle in a Tacuum is a parabola with Tertlcal 
asis, opening downward. With the starting point of the projectile as 
origin and the axis Ox horizontal, the equation ot the path mnst bs of the 
form y = ox* + bx. If the projectile is observed to pass thiongh the points 
(30, 20) and (60, 30), what is the equation of the path ? What is the 
highest point reached ? Where will the projectile reach the ground t 

U. Find the equations of the parabolas det«rmiued b; the following 
conditions : 

(a) the axis coincides with Og, the vertex Is at the origin, and the 
cnrve passes through the point (— 2, — 3) ; 

(b) the axis Is the line sr = 3, the vertex Is at (S, — 2), and the curve 
passes tltroDgh the origin ; 

(e) the axis is the line x =— 4, the Tertex is (—4, 6), and the oorva 
passes through the point (1, 2). 

IS. Sketch the following parabolas and lines and find the coordinates 
of their points of interaecUon : 

(a) y = 6x^,y = Tx + 8. ib) y = 2a*-Sx, y = x + 6. 

(e) V=2-3a^, p = 2a; + 3. (dj j = 3 +1- a?, 3! + j-4 =0. 

U. Sketch the following cuttm and find their intersections : 
(a) 3? + ^ = 25, » = lx*. (6) a!*4^-8y = 0, p = j3;'-23: + 6. 

U. The ordinate of every point of the line y = ix + i is the sum of 
the corteq>onding ordinates of the lines y = ) z and y = 4. Draw tiie last 
two lines and from them conHtmct the first line, 

IC The ordinate of every point of the parabola y = i^+ix—l is 
tlie sum of the corresponding ordinat«8 of the parabola y = ^x^ and the 
line y = \x — 1 . Prom this fact draw the former parabola. 

17. The ordinate of every point of the parabola y = J-i* — i + 3 is the 
difference of the corresponding ordinates of the parabola y = ^i? and the 
line y = x — 3. In this way sketch the former parabola. 
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70. Symmetry. Two points P, , P, are said to be situated 
aymmetricaHy with respect to a line I, if I is the perpendiciilar 
bisector of PjP,; thi^ is also espreeaed by saying that either 
point is the reflection of the other in the line t. 

Any two plane figures are said to be symmetric with respect 
to a line / in their plane if either figure is formed of the reflec- 
tions in I of all the points of the other figure. Each figure is 
then the reflection of the other in the line I. Two such figures 
are evidently brought to coincidence by turning either figure 
about the line I through two right angles. Thus, the lines 
y = 29!-|-3 and j/ = — 2ii5 — 3 are symmetric with respect to 
the axis Ox. 

A line I is called an axis of symmetry (or simply an axis) of 
a figure if the portion of the figure on one side of I is the 
reflection in I of the portion on the other side. Thus, any 
diameter of a circle is an axis of symmetry of the circle. 
What are the axes of symmetry of a square ? of a rectangle ? 
of a parallelogram? 

In analytic geometry, symmetry with respect to the axes of 
coordinates, and to the lines y= ±3;, is of particular importance. 

It is readily seen that if a figure is symmetric with respect 
to both axes of coordinates, it is symmetric wUh respect to the 
origin, i.e. to every point Pi of the figure there exists another 
point Pi of the figure such that the origin bisects PiPf A 
point of symmetry of a figure is also called center of the 
figure. 

EXERCISES 

1. Give the coordinates of the reflection of the point (a, b) in the 
axis (Kc ; in the axis (^ ; in the line j/ =Xi ia the line y = 2 z ; in the 
line s =— X. 

>. Show that when x is replaced by — x in the equation of a given curve, 
we obtain the equation of the ceflecUon of the given curve in the v-azis. 
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5. Show that when x and j> are replaced b; y and z, respectivelr, in 
the equation of a ^ven cnire, we obtain the equation of the reflection of 

tbe given curve in the line y = x. 

4. Sketch the linee y = — 2x+ 6 and x=— 2^ + 6 and find their 
point of intersection. 

6. Sketch the parabolas ]f = ziandz = if>and find their point* of 



S. Find the equation of ttte reflection of the line Sz — 3p + 4 = 0in 
the line y = x;m the axis Ox ; in tba axis Oy ; in the line y = — x. 

7. What ie the reflection of the line x s a in the line p = z ? in the 



8. Find and sketch the circle which is the reflection of the circle 
1? + ^ — 3z — 2 = in the line y = x, and And the points In which the 
two circles intersect. 

9. Find the circle which is the reflection of the circle z* + ^ — 4x + 3 
= in the line y = x; in the coordinate axes. Sketch all of these 

10. What is the general equation ol a circle which is its own reflection 
in the line y = z ? in the axis Ox? in the axis Oy ? What circle is its 

own reflection in all three of these lines ? 

11. What is the equation of tbe reflection of the parabola y =— x^-l-l 
in the line jr = x ? in the line p = — z ? Are these reflections parabolas ? 

U. What is the reflection of tbe parabola ]/ = 3z' — 5z4-0 in the 
axis Ox 7 in the axis Oy ? Are these reflections parabolas ? 

IS. If the cartesian equation of a curve Is not changed when x is re- 
placed by — z, tbe curve is symmetric with respect to ^; if it is not 
changed when y Is replaced by — y, the curve is symmetric with respect 
to Oz ; if it ia not changed when x and y are replaced by — z and — jr, 
respectively, tbe curve is symmetric with respect to the origin; if it is 
not changed when z and y are interchanged, the curve is symmetric with 
respect to p = x. 
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71. Slope of Secant Let P(x, y) be any point of the 
parabola 

(1) )-<^. 

If Pi (xj, yi)be any other point of 

this parabola so that 

(2) yi = aa!i', 

the line PP, (Fig. 45) is called a 

teeant. 

Eor the liope tan tci of this secant 
we have from Fig. 46 ; 




(3) tan «i = 

or, Bubetituting for y and t/i their values : 



w 



tana, 



^ a(3;,'-x^ 



= a(a; + ii). 



73. Slope of Tangent Keeping the point P (Fig. 4S) 
fixed, let the point Pi move along the parabola toward P; the 
limiting position which the secant PPi assumes at the instant 
when /*i passes through P is called the tangent to the parabola 
at the point P. 

Let us determine the slope tan a of this tangent. As the 
secant turns about P approaching the tangent, the point Q, ap- 
proaches the point Q, and in the limit OQi = a!i becomes OQ=x. 
The last formula of § 71 gives therefore tan n if we make 
Xi=s x: tan a ^2 ax. 

The slope of the tangent at P which indicates the "steep- 
ness " of the curve at P is also called the slope of the parabola 
at P. Thus the slope of the parabola y = ax' at any point 
whose abscissa is x is =2 ax; notice that it varies from point 
to point, being a function of x, while the slope of a straight 
line is constant all along the line. 
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The knowledge of the slope of a curve is of great assistance 
in sketching the curve because it enables ub, after locating 
a number of points, to draw the tangent at each point. Thus, 
for the parabola j/ = } a^ we find tan a = | x ; locate the points 
for which z = 0, 1, 2, — 1, — 2, and drav the tangents at these 
points ; then sketch in the curve. 

73. Derivative. If we think of the ordinate of the parab* 

ola y = aa? s,s representing the function aa?, the slope of the 
parabola represents the rate at which the function varies with 
X and is called the derivative of the function oi*. We shall 
denote the derivative of y by y'. In S ^2 we have proved that 
the derivative of the function y = as^ iai/ = 2ax. 

The process of finding the derivative of a function, which is 
called differentiation, consists, according to §§ 71-72, in the 
following steps: Starting with the value y=a3? of the func- 
tion for some particular value of x (say, at the point P, Fig. 46), 
we give to a; an increment Xi—x = Ax (compare § 9) and 
calculate the value of the corresponding increment yi-~y = Ay 
of the function. Then tke derivative y' of the function y is the 
limit that Ajr / Aa; appnMichea as Ax approaokea zero. In the 
case of the function y = oa:* we have 
A3=y,-y=:a(xt*-a^ = al{x + Axy-n?}=ai2x&x + iAxy\; 

hence — ^ = a(2 x + Ax). 

Ax 

The limit of the right-hand member as Ax approaches zero 
gives the derivative : 

y' = 2aa!. 

Thus, tbe area y of a circle in terms of its radius x^y = m?. Hence 
the derivative y', that iB the slope of the tangent to tbe curve that rep- 
resents the equation y = rz% is y' = 2rx. This represenls (§ 72) tbe 
ratt of increase of the area y with inspect to x. Since 2 rx is the length 
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of thB ciTcumfereDce, we see that the late of iucreMe of the area y 
with respect to the radius x ia eqoal to the ctrcuinfeTeitc« of the ch«te. 

74. Derivative of General Qtiadratic Function. Bj thia 
process we can at once find the derivative of the general quad- 
ratic function y=a3? + bx + c (S 66), and heooe the slc^ of 
the parabola represented by this equation. We have here 
a.y = a(x + ^*+b{x+'^)+c-(aa? + bx + c) 
= 2 oxAx + a(Aa!)* + b&x ; 
hence -^ = 2 ax + b+a&x. 

The limit, as Ax becomes zero, is 2ax+b; hence the deriva- 
tive of the quadratic function y =asfi + bx + c is y' = 2 ax + b. 

76. Mazimum or Minimum Value. It follows both from 
the definition of the derivative as the limit of Aj//Ax and from 
its geometrical interpretation as the slope, tantc, of the curve 
that if, for any value of x, the derivative is positive, the function, 
i.e. the ordinate of the curve, is (algebraically) increasing; if 
the derivative is negative, the function is decreasing. 

At a point where the derivative ia zero the tangent to the curve 
is paraMel to the axis Ox. The abscissas of the points at which 
the tangent is parallel to Ox can therefore be found by equat- 
ing the derivative to zero. 

In this way ive find that the abscissa of the vertex of the 
parabola y=aa?+bx + cis x = —b/2a, which agrees with §68. 

We know (§ 68) that the parabola y= an^+bx + c opens 
upward or downward according as a is > or < 0. Hence the 
ordinate of the vertex is a minimum ordinate, i.e. algebraically 
less than the immediately preceding and following ordinates, if 
a > ; it is a maximum ordinate, i.e. algebraically greater than 
the immediately preceding and following ordinates, if a < 0. 

This enables us to determine the maximum or minimum of 
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a qaadratic functioa ox* +bx + c\ the value of x for which the 
function becomes greatest or least is found by equating the 
derivative to zeio ; the quadratic function is a maximuia or a 
tninimum for this value of x according as a < or > 0. 

Thus, to determine tite greatest recUngnlar area that can be inokMed 
bj a boundaiy {e.ff. a fence) of given length 2 k, let one aide of the 
rectangle be called x ; then the other ride 1b jt — x. Hence the area A of 
the rectangle is A = x(,k — x) =kx~ :fi. 

Conaequently the derivative ot A ia t-ix. If we tet thia equal to 
zero, we bave 2x = k, wbence x = k/2. It followa that k—x=k/i; 
hence the rectangle of greatest area is a aqnare. 

EXERCISES 

1. Locate the points of tite parabola y = 3?~ 4 z + 1 whoae absclseaa 
are — 1, 0, 1, 2, 8, 4, draw the tangents at these points, and then sketch 
hithecnrre. 

I. Sketch the parabolas 4y= — z3 + 4z and y = z* — 3 by locating 
the vertex and the intenections with Qe and drawing the tangenta at 
these points. 

3. Is the hincUoQ y = 6(3? — ix + Z) increasing or decreasing as x 
Increasee from x = } 7 from x = { ? 

4. Fbid the least or greatest value of the quadratic functions : 
(a)2x»-8x + e. (6) a-ex-x". Ce)x"-6x-5. 
((f) 2-2X-X*. (e) 4+x-li'. (/) 5»i'-20x+ 1. 

5. Find the derivative of the linear fanction y = nti + 6. 

t. Tlie curve of a r&ilroad track is represented by the eqnatjon 
y = } z*, the axes Ox, 0\i pointing east and north, respectively ; in what 
direction is the train going at the points whose abscissas are 0, 1, 2, — } f 

7. A projectile describes the parabola y = } x — 3 x', the unit being the 
mOe. What Is the angle ol elevation of the gun ? What is the greatest 
height ? Where does t^e projectile strike the ground ? 

B. A rectangular area is to be inclosed on three sides, the fonrth elde 
being bounded 1^ a straight river. If the length ot the fence is a con- 
stant it, what la the maximum area of the rectangle ? 



82 



PLANE ANALYTIC GEOMETRY [V, § 76 




PAKT IL POLYNOMIALS 

76. The Cubic FunctioiL A function 
of the form a^ + a,z*+atx + a, is called a 
ctiWc function of x. The curve repre- 
sented by the equation 

y =atf^ + a,^ + OjX + flj 
can be sketched by plotting it by points 
(§66). 

For example, to draw the curve repre- 
sented by the equation 

S = 3f — 23?—5x + 6, 
we Belect a number of values of x and com- 
pute the oorresponding values oty: 

0!= _ 3 _2 -1 1 2 3 4 ■ . . 
S= -24 860-40 18... 
These points can then be plotted and connected by a smooth 
curve which will approximately represent the curve corre- 
sponding to the given equation (Fig. 46). 

77. Derivative. The sketching of such a cubic curve is 
again greatly facilitated by finding the derivative of the cubic 
function ; the determination of a few points, with their tan- 
gents, will suffice to give a good general idea of the curve- 
To find the derivative of the function y = a^ + a^^ + a^ 

+ Ob the process of § 73 should be followed. The student 

may carry this out himself ; he will find the quadratic function 

y' = 3 a^ -f- 2 OiX + Oj. 

78. Maziinuin or Minimum Values. The abscissas of 
those points of the curve at which the tangent is parallel to 
the axis Ox are a^in found by equating the derivative to 
zero ; they are therefore the roots of the quadratic equation 
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Sa,fi? + 2a,x + at = 0. 
If at such a point the derivative passes from positive to nega- 
tive valaes, tlie curve is concave downward, and the ordinate 
is a maximum; if the derivative passes from negative to posi- 
tive values, the cnrve is concave upward, and the ordinate is 
a minimum. 

79. Second Derivative. The derivative of a function of 
X is in general ^ain a function of x. Thus (or the cubic 
function y = a^+aia? + afi + ag the derivative is the quad- 
ratic function y' = 3a^ + 2a,x + ar 

The derivative of the jirat derivative is called the second deriva- 
tive of tlie original function ; denotii^ it by y", we find (g 74) 

y" = 6(itfB + 2a.. 
As a positive derivative indicates an increasing function, 
while a negative derivative indicates a decreasing function 
(§ 76), it follows that if at any point of the curve the second 
derivative is positive, the first derivative, t'.e. tlie slope of the 
curve, increases ; geometrically this evidently means that the 
curve there is concave vpuiard. Similarly, if the second de- 
rivative is negative, the curve is concave downward. We have 
thus a simple means of telling whether at any particular point 
the curve is concave upward or downward. 

It follows that at any point where the first derivative van- 
ishes, the ordinate is a minimum if the second derivative is 
positive ; it is a maximum if the second derivative is negative. 

80. Points c^ Inflexion. A point at which the curve 
changes from l>eing concave downward to being concave up- 
ward, or vice versa, is called a point of inflexion. At such a 
point the second derivative vanishes. 

Our cubic curve obviously has but one point of inflection, 
viz. the point whose abscissa is a; = — aj/(3 a^. 
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I. find the flnt ud Mcood deriTatlT«e of p nben : 

(a) p = 8i*-7a!»-ie + 2. (6) p =20 + 4!e-6a« - A 
Ce) 10y = ie«-5K» + 3x + 0. (d) y = {i-l)(i-2)C*-8). 

S. Sketch the curve y = (x— 2)(z + l)(x + 8), otwerving tiie sign of y 
between the intersectionB with Ox, and determluiig the roinimnm, maxl' 
mtuii, and point ot inflection. 

S. In the cnrre y = OoZ* + OiX* + ait + <h, wbjit is the meaning ot a* f 

4. Sketch the currea : 

(a) 6v=(x-l)(l + 4)>. (6) V={*-8>». 

(c) 6» = 6+* + z«-a^. (tf) v = '^-**. 

(0 8p = 6«*-x». (/) p = *»-3a:* + 4x-6. 

1. Dnw the currea v = x, p = x^, v = ^i "ilt> their tangents at the 
points whose abscissas are 1 and — 1. 

5. Find the equation of the tangent to the onrre liji = bi^ — 2a^ 
+x — 20 at the point whose abscissa is 2. 

7. At what points ot the cnrre p = £■ — fix' + 8 are the tangents 
parallel to the line y=-3x+6? 

B. Are the following curves ooncare npward or downwatd at the 
indicated points f Sketch each of them. 

(a) I/ = 4x»-ax, atx=3. (6) 3p = 5x-8a*, at «=- 3. 

(c) s = a^-2x* + 5, ata; = i. (d) 2^ = x'-3ii;*, at » = 1. 
(e) y = l-x~if,Atx = 0. C/) 10v=*»+x'-I6x+6,atx=-l. 
9. Show that the parabola y = ax'' +bx + e is coucaTe upward or 
concave downward for ail values of x accoiding as a is positive or negative. 
10. The angle between two curves at a point of intersection is the 
angle between their tangents. Find the angles between the curves y = 3fi 
and jr = x* at their points of intersection. 

II. Find the angle at which the parabola p = 23^ — 3x — 6 intersects 
the curve p = x" + 3 x - 17 at the point (2, - 3). 

U. The ordinate of every point of the curve y = x* + 2 rf ia the Bum of 
the ordinatea of the curves jf = x* and y = 2i?. From tlie latter two 
carves construct the former. 
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IS. From the ciirTep = «'ooii»tniet the following ciUTM! 
(,a)tl = *^. m »' = (|)'- («) v = «'-2. (d) »=a»^+4. 

14. Draw the cnrre 2ji=::fi — Sx' and Its reflection in the iine y = x. 
What Is the equation of thia reflected ciure 7 What le the eqaation of the 
reflection In the axis Of t 

If. A piece of cardboard 18 inches sqoare It need to make a box b; 
catting equal squarea from the four comen and taming up the Mm, 
Draw the curve whoee ordinates repre«ent the volume of the box as a 
function of the side of the square cut out. Find its maximum. 

1(. The strength of a rectangular beam cut from a log one foot In 
diam^er is proportional to ((.e. a constant times) the width and the 
square of the depth. Find tbe dimeosiomi of the strongest beam which 
can be cut from the log. Draw the curve whose ordlnates represent the 
strongUi of the beam as a function of the width. 

IT. Find the equation of the curve in the form ji = aaf + bifi + ex-i-d 
which passes throagh the following points : 

(a) (0,0), C2, -1), C-1, 4), (3,4); 
(6)(1, 1). (8, -1), (0, 6), (-4,1). 

U. Show Uiat every cubic curve of the form j/ =ai)X* + OiT? + ate + at 
is tqimmetric with respect to Its point of inflecUon. 

61. Polyncoiiials. The methods ased in studyii^ tbe quad- 
ratic and cubic fimctioua and tbe curves represented by them 
can readily be extended to the general case of the polynomial, 
or rationai integral function, of tbe nth degree, 

y=a^ + a,a!^» + a^-* + ■■■ 4 a.-ia! + a^ 
where tbe coefiBcients a,, a„ — a. may be any real numbers, 
while the exponent », which is called the degree of tbe poly- 
nomial, is a positive integer. 

We shall often denote such a polynomial by the letter y or 
by the symbol f(x) (read : function of x, or f oi x); its value 
for any particular value of x, say ir = asj or » = A, is then de- 
noted 'by f(xi) OT /(h), respectively. Thus, for x = we have 
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82. Cftlcnlfttion of Values <tf a PolynomiaL In plotting 
the curve y =«/(a!) by points (S§ 66, 7^ we have to calculate 
a number of ordinates. Unless /(z) is a very simple poly- 
nomial this is a rather laborious process. To shorten it ob- 
serve that the value /(x,) of the polynomial 

/(a;)= <VE"-|- Oiiir-' + - + a, 
for xtmx, can be written in the form 

f(x,) = ( - (((o^ -H a,)Xi + 00*1 + «,)!<!. + - + a^t)'^ + a,- 
To calculate thia expression begin by finding o^ + Oi ; mul- 
tiply by Xj and add Oj ; multiply the result by or, and add Oj ; 
etc This is best carried out in the following form : 



". 


«t 




O, -I 




arfBi 




((Vi + OiK 




<V.+ 


o. 


((Vi + a.)^ + Oi — 


inatajice, 


if 








/W = 


.2i'_3a?-12« + 6 






KC2 


a, -3). -12)1 + 6, 



to find /(3) write the coefficients in a row and place 2x3 = 6 
below the second coeflieient ; the sum is 3, Place 3x3 = 9 be- 
low the third coefficient ; thesumis -3. Place 3x(-3)=-9 
below the last coefficient ; the sum, — 4, is =/(3). 
2-3-12 6 
6 9-9 



This process is useful in calculating the values oty that cor- 
respond to various values of x, as we have to do in plotting a 

curve by points. 
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I. If /(a;) = 6««-J8x + 2, what 1b meuit by /(a)? by/(i + A)? 
What id the value or/(0)f ot/(2)f of/(-3/6)? al/(-l)? 

t. Find the ordinates of the curve y = j*-i« + 3i»-12z + 3 for 
x = S, -9, -l 

S. Findtheordinateaof2v = x<-t-3x»-20T-26for» = l,2,8,-l,-2. 

4. Suppose the curve y =/(x)dnwn ; how would 70a ebetcb : 
la}y=nx-2)? (6) v=/(j;+8)? (<,)y=f(iz)t {d) v=f{-x)t 
M »=/(f)p C/) ?=/(x)+6f (i?) |r=/(x)-2x? 

83. Derivative of the Polynoniial. We have seen in the 
preceding sections how greatly the sketching of a curre and 
the inveetigation of a function is facilitated by the use of die 
derivatives of the function. Thus, in particular, the fint 
derivative y' is the rate of change of the function y with x, 
and hence determines the slope, or steepnees, of the curve 
y =f(x). We begin therefore the study of the polynomial by 
determining its derivative. The method is essentially the 
same as that used in §§73, 74 for finding the derivative of 
a quadratic function. 

The firtt derivative y" of any function 1/ of z is defined, as 
in § 73, to be the limit of the quotient Aj/A« os Hx approaches 
zero, Ay being the increment of 
the function y corresponding to 
the increment Ax of z ; in symbols : 

,'_lim^. 

Geometrically this means that y" 
is the slope of the tangent of the 
curve whose ordinate is y. For, AyjAz 
PP, (Fig. 47) : 




Fia. 4T 
I the slope of the secant 
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and the limit of this quotient as Az approaches zero, i.e. as Pt 
moves along the curve to P, is the slope of the tangent at P: 

rf = tan a = lim— *!• 
AMiAa; 

If the &QetioQ y be denoted by/(x), then 
&y=f(x + ^)~f(x); 
hmoe 

Si. Calculation (rf the Derivative. To find, hj means of 
the last formula, the derivative of the polynomial 

y =/(«)= V^ + ai!e"-» + ... + a^ 
we should have to form first /(as + Aai), i.e. 

(a; + Ai)- + a, (I + Ax)-' + - + a^ 
subtract from this the original polynomial, then divide l^ Ax, 
and finally put Aa; = 0. 

TMs rather cumbersome process can be avoided if we 
observe that a polynomial is a sum of terms of the form oaf 
and apply the followii^ fundamental propositions about 
derivatives : 

(1) the derivative of a sum of terms is the sum of the deriva- 
tives of the terms ; 

(2) the derivative of oas" is a times the derivative of a?"; 

(3) the derivative of a constant is zero; 

(4) the derivative of 3^ is mr*^'. 

The first three of these propositions can be regarded as 
obvious i a fuller discussion of them, based on an exact defi- 
nition of the limit of a function, is given in the differential 
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calculus. A proof of the fourtli propoBition is giTen in the 
next article. 

On the basis of these propositioos we find at once that the 
derivative of the polpiomial 

y = c^iB" + a,itf^' + a,ar-» + - +a._ia! + o, 
is 

y' =: <v«^' + ai(n - l)ai^ + a,(n - 2'yr~* + ... + a..,. 

86. Derivative of a;*. By the definition of the derivative 
(g 83) we have for the derivative of ymjf: 
y'=lim^+M:^l^. 

Kow by the binomial theorem we have 
(a: + ia!)-= af + nar-'Sx +^^~^g^{^* + ... +{Ax)', 
and hence 



Dividii^ by Aa; and then letting Aa; become zero, we find 
y* = war-'. 

BZESCISES 

L Find the derivstiveB of the following fnnctioDB ot x hj means of 
the fandunent&l deOnitlon (£ S3) and check by $ S4 : 

(a) !E«. (6) ** + !. (c) i* + flr". 

(d) -az". («) i»-3a». CO mx+b. 

t. Find the derivatives of the following Itmclionfi ; 
(a) 63*-Sx' + 6x. (6) l-x+Jaf-Ja!". (e) (z - 2)». 

(d) {2« + 3)'. (e) 8(4x-l)'. (/) a- + ai»-i+ 63f->. 
S. For the following functiooa write the derivative indicated ; 

(a) 6 a!" -8*, find j'". (6) osc" + 6a + c, find y'". 

(e) 3*, find V'. (<*) <"* + fw:* + lia; + d, find y", 
(e) Ja^.flnd,". (/) ija:", find y-«. 

(ff) ^-gpfi, And ^'". (ft) (2 1 - 3)», find j'". 



lation \ 
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86. Properties ci the General Polynomial Carve. In plot- 
ting the curve 

y = a,!i!" + a,ar-> + (m!--«+ ... +a, 

obserre that (Fig. 48) : 

(a) the intercept OB od the axis ( 
is equal to the constant term a, ; 

(&) the intercepts 0A„ OA^, ■■ 
the axis Ox ace roota of the equation 
y = 0, i.e. 

a^ + att^'+ — +o, = 0; 

(c) the abscissas of the least and greatest ordinates are 
found by solving the equation y' = 0, i.e. (S 84) 

n<i,a!^i+ ... +a^, = 0, 

every real root giving a minimum ordinate if for this root y" 
is positive and a maximum ordinate if y" is n^ativej 

(d) the abscissas of the points of inflection are found by 
solving the equation y" =a 0, i-e. 

every real root of this equation being the abscissa of a point 
of inflection provided that y"'^0. (K y'" were zero, y* might 
not be a maximum or minimum, and further investigation 
would be necessary.) 

87. Ctmtintuty of Pcdynomials. It should also be ob- 
served that the function y = Oi/ir + o,*^' + — + a, is one- 
valued, real, and finite for every x ; i.e. to every real and finite 
abscissa x belongs one and only one ordinate, and this ordinate is 
real and finite. Moreover, as the first derivative y' = no^af^^ 
+ — +a^i is again a polyuomial, the slope of the curve is 
everywhere one-valued and finite. 



V,S88] 



POLYNOMIALS 



Thus, BO-called discontinuities o£ the ordinate (Fig, 49) or of 
the slope (Fig. 60) cannot occui ; the curre y = a^ + •■■ + a, 
is continuous. 



'4 



T\ 




Strictly defined, the conlinuHg of the function y^ a^ + — 
•fa, means that, for every value of le, (Ae limit of the function 
is equal to the value of the Junction. The function y = a^ + — 
+ 0. has one and only one value for any value xs=Xu viz. 
a^+ — +0,. The value of the function for any other 
value of X, say for % + Ax, is Onixi + &x)' + — + o, which can 
be written in the form a^," + ••■ + a, + terms containing Ax 
as factor. Therefore as Ax approaches zero, the function 
approaches a limit, viz. its value for a! = a^. 

88. Intermediate Values. A continuous function, in 
varying from any value to any other value, must necessarily 
pass through all intermediate values. Thus, our polynomial 
y = a^+ — +a., if it passes from a negative to a positive 
value (or vice versa), must pass through zero. It follows 
from this that between any two ordincUes of o^osite sign the 
curve y = aoiB"+ — +o, must cross the axis Ox at least once. 

It also follows from the continuity of the polynomial and 
its derivatives that between any two intersections with the aarfs 
Ox there must lie at least one maximum or minimum, and be- 
tween a maximum and a minimum there must lie a point of 
infiection. 

Ordinates at particular points can be calculated by the pro- 
cess of g 82. 
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1. SlceUIi tbe following cnrvM ; 
(o) j=(x-l){x-2)(i_3). (6) Ijzz*'-!. Cc> 10, = a^. 

(<i) 10j = x' + 6. (e) 4i,=(«+2)«C«-3). CO S=ix~iy*. 

I. When is the curve y = <««■ + OiS^' + — + flu symmetric with 
respect to Oy f 

8. DetenDine the coefflcienta bo that the cuire y = a*x* + Oiz* + Oi^ 
+ Oix + m shall touch Ox at (1, 0) and at (—1, 0} and pass through 
(0, 1), and sketch the curre. 

4. Find the coordinates of the maxima, minima, and points of inflec- 
tion and then sketch the curre 4 y = x< - 2 z^. 

B. Are the following ciures concave upward or downward at tbe indi- 
cat«d points ? 

(a) 16s = 16**-8x* + l,at*=-l, -1,0. i. 8- 

(6) v = *'^-^> ati=~2, 0, 1, 3. 

(e) If = X', at any point; dlstingaish the cases when n is a positiTB 
even or odd integer. 

•- What happens to the curres y = ox' and y = ox* as a changes f 
For example, take a = 2, 1, |, 0, - }, - 1, - 2. 

7. Find the values of x for which the following relations are true ; 
(a) X* - 6 sr» + 9 So. (6) (x -l)«(x»-4)So. 

8. Those cnrree whose ordioates represent the valnen of the first, 
second, etc., derivativea of a given polynomial are called tbe first, second, 
etc., derived curves. Sketch on .the same coordinate axes the following 
curves and their derived curves : 

(a) 6b = 2z>-8i»-13x. (6) y =(x- 2)'Cx + 1). 

(c) i,=fx + l)'. (d)2p = ar' + x» + l. 

•. At what point on Ox must the origin be taken in order that tha 
equation of tbe curve y = 2 «"- 3 x* - 12 x - 6 shall have no term In x> f 
no term in X ? 

10. Find, to three signiflcant figures, the roots of the equation 
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THE PARABOLA 

89. The Parabola. The parabola can be defined aa the 
locits of a point whose dittanoe from ajixed point u equai to its 
distance from a fieed line. The fixed point is called the focu$, 
the fixed line the directrix, of the parabola. 

Let P (Fig- SI) be the fixed point, d the fixed line; then 
ereij point P of the parabola must satis^ 
the condition 

FP=PQ, 

Q being the foot of the perpendicular from 
P to d. Let U8 take F as origin, or pole, and .*y 
the perpendicular FD from F to the directrix 
as polar axis, and let the given distance FD 
= 2a. Then FP =r and i'Q = 2a-roos^ 
The condition FP ^PQ becomes therefore 
,.g r=.2a-rcos^ 

This equation, which expresses the radius vector of i' as a 
function of the vectorial angle tft, is the polar equation of the 
paro&oJa, when the focua is taken as pole and the perpendicular 
from the focus to the directrix as polar anns. 

90. Polar Construction of Parabolas. By means of the 
equation (1) the parabola can be plotted by points. Thus, for 
^ = we find r=a as intercept on the polar axis. As ^ 
increases from the value 0, r continually increases, reaching 




94 
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the value 3 a for <^ = ^w, and becoming infinite as ^ ap- 
proaches the value w. 

For any negative value of ^ (between and — w) the radtns 
vector has the same length as for the corresponding positive 
value of ^ ; this means that the parabola ia symmetric with 
respect to the polar axis. 

The intersection A of the curve with its axis of symniietry 
is called the vertex, and the axis of 
symmetry FA the axis, of the parab- 
ola. The segment BB' cut off by 
the parabola od the perpendicular to 
the axis drawn through the focus is 
called the tatui rectum; its length 
is 4 a, if 2 a is the distance between 
focus and directrix. Notice alsothat 
the vertex A bisects this distance 
FD so that the distance between focus ^"^ "^ 

and vertex as well as that between vertex and directrix is a. 

In Fig. 62 the polar axis is taken positive in the sense from 
the pole toward the directrix. If the sense from the directrix 
to the pole is taken as positive (Fig. 62), we have again with 
fas pole FP= t, but the distance of P from the directrix is 
2a + r cos ^, so that the polar equation is now 

(2) '"r^- 

1 — cos 
We have assumed a as a positive number, 2 a denoting the 
absolute value of the distance between the fixed point (focus) 
and the fixed line (directrix). The radius vector r is then 
always positive. But the equations (1) and (2) still represent 
parabolas if a is a negative number, viz. (1) the parabola of 
Fig. 52, (2) the parabola of Fig. 61, the radius vector r being 
negative (§ 16). 
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1 thus be traced, 



91. Mechanical Construction. A mecbanism for tracing 
an arc of a parabola consista of a right- 
angled triangle (shaded in Fig. 53), one of 
whose sides is applied to the directrix. 
At a point R of the other side RQ a 
string of length £Q is attached; the other 
end of the string is attached at the focus ' 
F. As the triangle slides along the di- 
rectrix, the striug is kept taut by means 
of a pencil at P which traces the parabola. 
Of course, only a portion of the parabola c 
since the coive extends to infinity. 

92. Transfonnation to Caitesiaii Coordinates. To obtain 
the cartesian equation of the parabola let the origin be taken 
at the vertex, i.e. midway between the fixed tine and fixed 
point, and the axis Ox along the axis of the parabola, positive 
in the sense from vertex to focus (Fig. 64). Then the focus 
FhaB the coordinates a, 0, aud the equation of the directrix is 
x = ~a. The distance FP of any point 
P(x, y) of the parabola from the focus is 
therefore V(a' — a)' + y\ and the dis- 
tance QP of P from the directrix is 
a-\-x. Hence the equation is 

(a:_a)' + y' = (a-)-a;)* 
which reduces at once to 
(3) v« = 4«a;. 

This then is the caHesian equation of the parabola, referred 
to vertex and axis, i.e. when the vertex is taken as origin and 
the axis of the parabola (from vertex toward focus) as a^is Ox. 

Notice that the ordinate at the focus («, 0) is of length 2a; 
the double ordinate ^B at the focus is the latus rectum (5 90). 
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9S. Negative Values of a. In the last article the ooostant 
a Tag ^ain regarded aa positive ; but (compare 5 90) the equa- 
tion (3) still represents a parabola Then a is an^atire number, 
the only difference being that in this case the parabola turns its 
opening in the negative sense of the axis Ox (toward the left 
inFig.64). Thuathe parabolas y'=4arandy'=—4aa;are sym- 
metric to each other with respect to the axis Oy (Ex. 14, p. 77). 

The equation (3) is very convenient for plotting a parabola 
by points. Sketch, with respect to the same axes, the parab- 
olas: y' = 16x,f=:-16x,y> = x,y' = -x,y^ = 3x,f = -ix. 

M. Axis VerticaL The equation 
(4) a? = 4 ay, 

which differs from (3) merely by the interchange of x and y, 
evidently represents a parabola whose vertex lies at the origin 
and whose axis coincides with the axis Oy. The parabolas (3) 
and (4) are each the reflection of the other in the line y = a; 
(Ex. 14, p. 77). The equation (4) can be written in the form 



"4o~ 



3*. 



As 1/4 a may be any constant, this is the equation discussed in 
S67. 

86. ITew Origin. An equation of the form (Fig. 55) 
(6) (j,-ky=ia(je-h), 



i$: 



..v^_ 



or of the form (Fig. 66) 

(6) (x-h)* = ia(j,-k). 
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evidently represents a parabola whose vertex is the point (k, k), 
while the axis is in the former case parallel to Ox, in the latter 
to Og. For, b; taking the point (ft, k) aa new origin we can 
reduce these equations to the forms (3), (4), respeotirely . 

The parabola (5) turns its opening to the right or left, the 
parabola (6) upward or downward, according as 4 a la positiTS 
or nc^tire. 

96. General Equation. The equations (6), (6) aa well as 
the equations (3), (4) are of the second degree. Now the 
general equation of the second degree (§ 47), 

A»?+2Hxif + By' + 2Ox + 2I'^ + C=0, 
can be reduced to one of the forms (5), (6) if it contains no 
term in xy and only one of the terms in a^ and y*, i.e. if ff = 
and either .dl or fi is =0. This reduction is performed (as in 
S 48) by completing the square in y or a; according as the equa- 
tion contains the term in y* or z*. 

Thus any equation of the second degree, containing no term in 
sey and only one of the squares z*, y*, represents a parabola, whose 
vertex is found by completing the square and whose axis is 
parallel to one of the axes of coordinates. 

BXERCISBS 

1. Bhetch the followiog parabolas : 

t. Sketch the following curves and find their Intereections : 



S. Sketch the following [orabohiB : 
(o) (, - !)• = 8(1 - 6). (S) (. + 3)> = HS - «■ 

Cc)«» = «Cir+l). (<l) C» + 8)" = -8«. 
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4. Sketch each of the tollowlug panbolas knd And the coordinates of 
the Tertez and focus, and the equations of the directrix and axis : 

(e) «'-4« + 3H-l = 0. (d) Sa;«-fla:-f = 0. 

(e> 8r»-16|f + a! + 6 = 0. (/) ^ + y-^x = 0. 

(g) tf-x~Sy + i = 0. (fc) 8r»-3x+3=0. 

1. Sketch the following loci and find their Intenectioaa : 

(o) |r = ax. |f = *». (6) v» = 4ai, i+» = 8a. 

(c) p» = x + 8, |« = 6-a!. (d) i^+4«; + 4=0, ^ + i/«=41. 

f. Sketch the parabolai with the following lines and points aa direc- 
tricea and foci, and find th«r equations : 

(0) 1-4 = 0, (6, -a). (6) j+8 = 0, (0, 0). 

(c) 2H-6 = 0, (0, -I). (i) x = 0, (2, -»). 

(0 3y- 1=0, (-8,1). C/)x-2<i = 0, (a, 6). 

T. Find the parabola, with axis parallel to Ox, and pasung throogfa 
the poiDtB : 

(a) (1, 0), (5, 4), (10, -6). (6) (V, -6), (J, 0), (1, -8). 

>. Find the parabola, with axis parallel to Of, and pasdng throngb 
tlte poinU ; 

(a) (0, 0), (-2, 1), (8, 8). O) (1,4), (4, -1), (-8, 20). 

•. Find the parabola whose directrix ia the lineSx — 4ii — 10 =Oand 
whose focus is : (a) at the origin; (b) at (5, — 2). Sketch each curve. 
When does the equation of a parabola contain an xy term ? 

10. Find the parabolas witii the following points aa vertices and foci 
(two solutions) : 

(a) (-3,2), {-«, 5). (6) (2, 5), (-1, 6). 

(e) (-1, -1), (1, -1). (<J) (0, 0), (0, -a). 

IL U t denotes the distance (in feet) from a point F in the line of 
motion <A a falling body, at a time ( (in seconds), 

where g is the gravitational constant (32.2 approximately) and (^ la Ibe 
distance fiom i> at the time („ show that this equation can tie put in the 
standard form 
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where i denotes the distuice from eome other fixed point In the Una of 
motion and ( is the tJine since the body wm at that point 

IS. The melting point t (In degrees Centigrade} of ftn alloy of lead and 
zinc is found to be 

t = 1S3 + . 676 z+. 01126 x>, 

where x ia the percentage of lead in the alloy. Bednce Um eqiiatioti to 
standard form r=ifc?; and show that z = a; — h, t= t — i, where A Is 
the percentage of lead Uiat gives the lowest melting point, and k is the 
temperature at which that alloy melts. 

U. Show that tJie locus of the center of the circle which panes 
through a fixed point and is tangent to a fixed line la a parabola. 

U. Show that the locus of the center of a circle which is tangent to a 
fixed line and a fixed circle is a parabola. Find the directrix of this 
parabola. 

97. Slope of the Parabola. The slope tan a of the parabola 
y' = iax 
at any point./* (a;, y) (Fig, 67) can be found (comp. j 72) by 
first determining the slope 

x, — x 
of the secant PP, , and then letting 
Pi(Xi, y,) move along the curve up 
to the point P(ie, y). Now as P, 
comes to coincide with P, x^ becomes 
equal to x, and y^ equal to y, so that _ 
the expression for tan oi loses its 
meaning. But observing that P and ""' "' 

P, lie on the parabola, we have i^ = iax and y^^iaxi, and 
hence y^ — ^siia(Xi — x). Substituting from this relation 
the value of a^ — a; in the above expression foe tan a,, we find 
for the slope of the secant : 

tan«, = 4ai^ni^ = -i^. 

y*-3' S\ + y 




y 'a! 
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If ve now let P, come to coincidence with P so that ^i becomes 
say, we find for the a/ope of the tangettt&i P(x, y): 

(7) tan« = ^. 

This slope of the tangent at P is also called the ^ope of the 
parabola at P. The ordinate y of the parabola is a function of 
the abscissa x; and the slope of the parabola at P{x, y) is the 
rate at which y increases with increasing x at P; in other words, 
it ia the derivative y* of y with respect to x (compare § 73). 

As by the eqoation of the parabola we have y = ± 2-^ax, we 
find: 

(8) 

The donble sign in the last expression corresponds to the fact 
that to a given value of x belong two points of the curve with 
equal and opposite slopes. 

98. Equatioaof the Tangent. As the slope of the parabola 
y" =iax 
at the point P(x, y) is 2 a/y (g 97), the equation of the tangent 
at this point is 

where X, Tare the coordinates of any point of the tangent, 
while a;, y are the coordinates of the point of contact This 
equation can be simplified by multiplying both sides by y and 
observiug that i^ = 4ax; we thus find 
(9) yT=2aix + X). 

Notice that (as in the ease of the circle, § 64) the equaticm 
of the tangent is obtained from the equation of the curve, 
y» = 4aa!, by replacing y* by yF, 2a!by as + X 
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The segment TP (Fig. 68) of the tangent from its inteneo- 
tion T with the axis of the 
parabola to the point of contact 
P is called the length of the 
tangent at Pi the projection TQ 
of this segment TP on the asls ' 
of the parabola is called the 
tubtangent at P. Now, with 
r= 0, eqnation (9) gives X = -~x, i.e. TO = OQ; hence the 
gubtangent is bisected by the vertex. This furnishes a simple 
construction for the tangent at any point P of the parabola if 
the axis and vertex of the parabola are known. 




99. Equation of the IfoniuL The normal at a point P 
of any plane curve is defined as the perpendicular to the tan- 
gent through the point of contact. 

The slope of the. normal is therefore (S 27) minus the recip- 
rocal of that of the tangent. Hence the equation of the normal 
to the parabola is : 

r-y MX-x), 



(10) 



j/X + 2aT=i2a + x)y. 



The segment PIf of the normal from the point P{x, y) 
on the curve to the intersection N of the normal with the axis 
of the parabola is called the length of the normal at P; the 
projection Q^of this segment PNoa the axis of the parabola 
is called the subnormal at P. 

Now, with T=0, equation (10) gives X = 2a + x, and as 
x=OQ, it follows that QN=2a; i.e. the subnormai of the 
parabola is coTistant, viz. equal to half the latus rectum. 
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100. IntersectionB of a line and a Parabola. The iuter- 
BectiOQS of the parabola 

with the straight line 

y^mx + b 

aie found by substituting the value of y from the latter in the 
former equation : 

01, reducing: 

mV + 2 (m* - 2 a) a: + 6" — 0. 

The roots of this quadratic in x are the abscissas of the 
points of intersection ; the ordinates are then found from 
y =■ mx + b. 

It thus appears that a straight line cannot intersect a parabota 
in more than ttao points. If the roots are ima^narj, the line 
does not meet the parabola; if they are real and equal, the 
line has but one point in common with the parabola and is 
a tangent to the parabola (provided m ^ 0). 

101. ^ope Equation of tiie Tangent. The condition for 
equal roots is 

(6m-2a)' = &^», 
which reduces to 



The point that the line of this slope has in common with the 

parabola is then found to have the coordinates 

_ 2 a — bm J* „ , , n . 

X = ^ — , « = mx 4-6 = 20. 

to' a 

As the slope of the parabola at any point (x, y) ia (5 97) 

■^ = 2a/y, the slope at the point just found is y* — a/6 = m ; 

t.e. the elope of the parabola is the same as that of the line 

y = 7ax + h; this line is therefore a tangent. Thus, the line 
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(11) s = mJ!+£L 

is tangent to the parabola j^ = iaix whatever the value of m. 

This may be called the dope-form of the equation of Ike tangent. 
Equation (11) can also be deduced from the equation (9), by 
putting 2a/y=m and observing that y'=iase. 

102. Slope Equation of tiie Normal. The equation (10) of 
the normal can be written in the form 

or since by the equation (3) of the parabola x = j^/i a : 

2a ^"^Sa' 
If we denote by n the slope of this normal, we have: 
" = — 91 y = — 2an, ^-^ = — an\ 

so that the equation of the normal assumes the form 

(1^ r=nX-2a7i-a7i» 

This may be called the slope-form of the equation of the riormal. 

tos: Tangents from an Exterior Point The slope-form 
(11) of the tangent shows that Jrom any point (x, y) of the plane 
not more than tioo tangents can be drawn to' the parabola j/' = 4ax. 
For, the slopes of these tangents are found by substituting in 
(11) for X, y the coordinates of the given point and solving the 
resulting quadratic in m. This quadratic may have real and 
different, real and equal, or complex roots. 

Those points of the plane tor which the roots are real and 
different are said to lie outside the parabola ; those points for 
which the roots are im^nary are said to lie within the parab- 
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ola; tho6e points for which the roots are equal lie on the 
parabola. The quadratic in m can be written 

ron* — yi» + o = 0, 

so that the discriminant is y* — 4 oa;. Therefore a point (x, y) 
of the plane lies within, on, or outside the parabola according a» 
y' — i ax it less than, equal to, or greater than xero. 

Similarly, the slope-form (12) of the normal shows that not 
'more than three normala can be drawn from any point of lAe 
plane to the parabola, since the equation (12) is a cubic for » 
when the coordinates of any point of the plane are sabstitnted 
for X, T. As a cubic haa always at least one real root there 
always exists one normal through a given point; but there 
may be two or three. 



lOi. Geometric PnqtertieB. Let the tangent and normal 
at P (Fig, 59) meet the axis at T, N; let Q be the foot of the 
perpendicular from P to 
the axis, D that of the per- 
pendicular to the directrix 
d ; and let O be the vertex, 
F the focus. 

As the subtangent TQ is 
bisected by (§ 98) and 
the subnormal QN is equal 
to 2 a (S 99), while OF = 
a, it follows that F lies 
midway between T and 2f. 

The triangle TPN beit^ 
right-angled at P, and J" being the midpoint of its hypotenuse, 
it follows that jy^ FT=FN. 
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Hence, if axis and focus are giveD, the tangent and the normal 
at any point P of the parabola are found by describing about 
F a circle through P which will meet the axis at T and N. 

As FP=DP, it follows that FPDT is a rhombus; the 
diagonals PT and FD bisect therefore the angles of the 
rhombus and intersect at right angles. As TP (like TQ) is 
bisected by the tangent at the vertex, the intersection of these 
diagonals lies on this tangent at the vertex. The properties 
just proved that ike tangent ai P bisects the angle betioeen the 
focal radius PF and the parallel PD to the axis and that the 
perpendicvlar from the focHS to the tangent meeta the tangent on 
the tangent at the vertex are of particular importance. 

106. Diameters. It is known from elementary geometry that 
in a circle all chords parallel to any given direction have their 
midpoints on a straight line which is a diameter of the circle. 

Similarly, in a parabola, ffte loe^ta of the midpoints of ail ckordt 
parailel to any given direction is a Mraight line, and this line 
which is parallel to the axis 
is called a diameter of the 
parabola. To prove this, take 
the vertex as origin and the 
axis of the parabola as axis Ox 
(Fig. 60) so that the equation 
is ^ = 4 ox. Any tine of given 
slope m has the equation 

y = ma! + ft, Fio. 60 

and with variable 6 this represents a pencil of parallel lines. 
Eliminating x we find for y the quadratic 
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The rcK^ ^i, yt are the ordinates of the points Pt, P, at 
whieh the line intersects the parabola. The snm of the roots is 

S, + J. = ifi 

hence the ordinate ^(y, + y,) of the midpoint P between P, , P, 
is oonBtant (i.e. independent of x), viz. =2a/m, and independ- 
ent of b. The midpoints of all cbords of the same slope m 
lie, therefore, on a parallel to the axis, at the distance 2 a/m 
from it. The condition for equal roots (S 101) gives b = a/m. 
That one of the parallels which passes through the point where 
the diameter meets the parabola is, therefore, 

y = »nar +— ; 
m 

by S 101 this is a tangent. Thus, tfte tangent at the end of a 
diameter is parallel to the chords biaeded by the diameter. 

BZERaSBS 

1, Find and aketch the tangent and normal of the following parabolas 
at the glTen points : 

{a)2tf» = 26as(2,5). (6) 3j^ = 4i, (3, - 2), (c) j> = 2«,(i.l). 
(d) 6if» = I2«;, (S,-2). («) j^ = «,{l, 1). (/) 46ir« = i, (5,1). 

5. Show thai the secant through the points P(z, y) and Pi(xi , Vi) 
of the parabola y' = 4ax has the equation iaX—(v+yi)T + jfvi = 0, 
and that this reduces u> the tangent at P when Pi and P coincide. 

3. Find the angle between the tangents to a parabola at the vertez 
and at the end of the Utoa rectum. Show that the tangents at the ends of 
the lacus rectum are at right angles. 

4. Find the length of the tangent, anbtangent, normal, and Bubnormal 
of the parabola y*=; 4 a; at the point (1,2). 

6. Find and sketch the tangents to the parabola p' = 8 z from each 
of the following points : 

(a) (- 2, 3). (6) (- 2, 0). (c) {- 6, 0). (d) (8, 8). 
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C Drawthe tangents to the parabola ^=8zthmtu« iiioUn«d to tbe 
aris Oa; at the angles ; (a) 80°, (6) 45% (c) 186°, (d) 160° ; and find 
their equations. 

7. Find and sket«h the tangents to the parabola y* = 4x tlurt pMi 
tbrongb the point (— 2, 2). 

8. Find and sketch the nonnals to the parabola y* = 6k that pMi 
through the points ; 

(a) (i,0). WW. -8)- {<!)(V.-I>- Wd.-D- (<) (0.0). 
•. Are the following points indde, outside, or on tlie paabola 
8y» = *f (a) (8,1). (6) (2,4). (c) (8, i). W (10, i). 

10. Show that an; tangent to a parabola intersects the directrix and 
latos lectom (prodnoed) in points eqiutl^ distant from the looua. 

11. Shov QaX the tangents drawn to a parabola from aaj point of the 
directrix are perpendicular. 

IS. Show that the ordinate of the Interaeotion of any two tangents to 
the parabola j/* = tax \b the arithmetic mean of the ordlnales of the 
points of contact, and the abeclssa is the geometric mean of the abscissas 
of the points of contact 

13. Show that the snm of the slopes of anj two tMigents of the parab- 
ola j/' = iaxia equal to the slope F/Xof the radios lector of the point of 
intersection (X, T) of the tangents ; find the product of the slopes. 

14. find the locus of the intersection of two tangents to the parabola 
y* = 4 ax, if the sum of the slopes of the tangents la constsiit. 

15. Find the locus of the intersection of two perpendicular tangents to 
a parabola ; of two perpendicular uormalB t4) a parabola. 

II. Show that the angle between anj two tangents to a parabola is 
bait the angle between the focal radii of the points of contact. 

17. From the vertex of a parabola any two perpendicular lines are 
drawn ; show that the line joining their other Intersections with the 
parabola cuts the axis at a fixed point 

IS. Find and sketch the diameter of the parabola y* = x that bisects 
the chords parallel to 3z — 2^-1-6 = 0^ give the equation of the focal 
chord of this system. 

10. Find the system of parallel chords of the parabola p* = 8 X bisected 
by the line V = S. 
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M. Sbow thftt the tangents at the extremities of any chord of a parab- 
ola Intersect on the diameter biaectlng this chord. Compare Ex. 12. 

II. Fiod the length of the focal chord of a parabola of given slope m. 

tl. VlaA the ui|^eB at which the parabolas j/* = 4ax and x* = 4 a|r 
Intersect. 

IS. Two eqaal confocal parabolas have the same axis but open In op- 
posite sense ; show that they Interaect at right an^ea, 

St. If axis, vertex, and one other point of the parabola are given, ad- 
ditional points can be consUncted as follows : Let be tbe vertex, P the 
given point, and Q the foot of the perpendicular from P to the taogent 
at the vertex ; divide <jP into eqnal parts by the pdints Ai, At, ■■■ ; and 
OQ into the same number of equal porta by tbe points Bi, Bt, ■•■ ; tbe 
intersections of OAi, OAt, — with the parallels to the axis liirough Bi, 
Bt, — are points of the parabola. 

tB. If two tangents APi, APj to a parabola with their points of con- 
tact P], Pt are given and AI\, APt be divided Into the same number of 
equal parts, the points of division being numbered from Pi to ^ and from 
A to Pi, the lines joining the points bearing equal numbers are tangents 
to the parabola. To prove tbiashow that the intersections of any tangent 
with the lines APi, APi divide the segments PiA, APt in the same 
division ratio. 

ts. The shape assamed by a nnlform chain or cable suspended between 
two fixed points P,, Pt is called a catenary ; Its equation is not algebraic 
ftnd cannot be given here. But when the line PiPi is nearly horizontal 
and the depth of the lowest point below PiPj is small in comparison with 
PiPi, the catenary agrees very nearly with a parabola. 

The distance between two telegraph poles is 120 ft. i P] lies 2 ft. above 
the level of Pi ; and the lowest point of the wire is at 1/3 the distance be- 
tween the poles. Find the equation of the parabola referred to Pi as 
origin and the horizontal line through Pi as axis Ox ; determine the poed- 
tlon of tbe lowest point and the ordinates at Intervals of 20 ft. 

17. The cable of a suapenuon bridge assumes the shape of a parabola 
if the weight of the suspended roadbed (together with that of tbe cables) 
is uniformly distributed horizontally. Suppose the towers of a bridge 
240 ft. long ore 60 ft. high and the lowestpoint of the cables is 20 ft. above 
the roadway ; find the vertical distances from the roadway to the cables 
at intervola of 20 ft. 
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S8. Wten a parabola TevolTW about ita axis, It geoeratea a urfameKllcd 
a paraboloid of revolution ; all meridiaQ Bections (Beotloos tfarou^ the 
axis) are equal parabolas. If (he mirror of a reflecting telueope is such 
a soriace (the portion about Ibe vertex), all nys (A light falling in paiaUel 
to the axis are raflected to the same point ; explidn why. 

106. Parameter Equations. Instead of using the cartesian 
or polar equation of a curve it is often mote convenient to 
express X and y (or r and ^) each in terms of a third variable, 
which is then called the parameter. 

Thus the parameter equations of a circU of radius a about the 
origin as center are : 

z=acos^, ^ = asin^, 
being the parameter. To every value of ^ oorrespoiuls a 
definite x and a definite y, Bud hence a point of the curve. 
Tbe elimination of ^, by squaring and addiug the equations, 
gives the cartesian equation !x?+i^ = aK 

Again, to determine the motion of a projectile we may observe 
that, if gravity were not acting, the projectile, started with an 
initial velocity v^ at an angle t to the boiizon, would have at the 
time t the position 

x = %coa ft, y = Vo sin e ■ t, 
the horizontal as well as the vertical motion being uniform. 
But, owing to the constant acceleration g of gravity (down- 
ward), the ordinate y is diminished by | gt* in the time t, so 
that the coordinates of the projectile at the time t are 

!i! = i;tiCos ft, y = vasin ft — ^gP. 
These are the parameter equations of the path, the parameter 
here being the time (. The elimination of t gives the cartesian 
equation of the parabola described by the projectile : 

y = Vat&afX—-— ^ -a^. 
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107. PirameterSqiutioiu of a Parabola. For an; parabola 
^ B 4 ox we can also uae as parameter the angle a made by the 
tangent vith the axis Ox; we have for this angle (S 97} : 

tanas — ; 

y 

it follows that y^2a cot a and hence x = ^/4 a = a cot* a. 
The equations 

x = a cot' a, ^ = 2 a cot (c 

are parameter egvaiiona of iJie parabola y* = iax; the elimina- 
tion of cot a gives the cartesian equation. 

108. Parabola referred to Diameter and Tangent The 

equation ol the paiabtday* = loxpreserrea tbia aimple form if Instead of 
axis and tangent at the vertex ne take aa 
axes any diameter and the tangent at its end. 
We ahall show that the equation 
(AiliqQe ooordlnates is 

Vi" =s 4 aiXi , 
where ai is a new constant detennined bektw. 

To prove tills observe tlist since the t 
origin Ol (&, it) Is a point of the paraboia . 
yi = 4 02, we have by £ 107 




nbere a is the angie at which the tangent at 0| i 
Hence, transfemug to paraliei axes througti Oj, v 



inclined to the ax 
I obtain the equation 



which reduces to 



(r + 2a 



iaCx+ acotla:), 
V* + 4(icota-p = 4ax. 
The relation between the rectangular coordinates x, y and the obliqne 
coordinates Xi, pi , both with Oi as origin, is readily seen from the figure 
to be z = Xi 4- yi cos a, y = yi sin a. SubstJtotiiig these values we find 

yi> ain» a + 4 a cos a . yi = 4 (Ml + 4 ayi cos a, 
or, if we pnt a/tan* a = at, yi' = 4 , " aii = 4 ai»i. 
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llie meanlDg of the oonatuit ai appears t^ obMrving thM 

sln^ a tan> a 
ax is therefore the distance of the new origin Oi from the dliMblx, or, 

what amounts to the same, from the focus f. 



t. Show that the parameter eqoationi of a circle with center »t (A, k) 
and radius a are 

zsA-facoa^, j/ ~k + aain ^. 

S. Sketch the curves whose equatioas are : 

(a) a! = t, V = (*; (b) x = fi-l,9 = S-ifi; 

(c) as=32(- 1, y = t»-8f; (d) ii = a + 2oo«#, jf = 4 -|-2sin#; 

(e) z = 4 + S coa ^, y = 2 + G siu ^- 

S. What must he the initial veloclt; vg of a projectile if, with an eleva- 
tion of 30°, It Is to strike an object 100 ft. above Uie horizontal plane of 
starting point at a horizontal distance from the latter of 1200 It.? 

4. What must be the elevation e to strike an object 100 ft. above the 
horizontal plane of the starting point and 6000 ft. distant, if the initial 
Telocity be 1200 ft. per second F 

B. Prove that a projectile whose elevation is SO" rises tliree tlmee as 
high as when its elevation is 30°, the magnitude of the Initial velocity 
being the same in each case. 

C If a golf ball lie driven from the tee horizontally with Initial speed 
= 300 ft./seo., where and when would it land on ground 10 ft. below the 
tee if resistance of air and rotation of hall could be neglected ? 

7. A man standing 16 feet from a pole 150 ft. high aims at the top of 
the pole. If the bullet just misses the top, where will it strike the ground 
if 00= 1000 ft. /sec. ? 

5. The ends jI, £ of a straight rod of length 2 a move along two pei^ 
pendicular lines ; find the locus of the midpoint of AB. 

9. Four rods are jointed so as to form a paraUelogram ; if one side is 
fixed, find the path described by any point rigidly connected with the op- 
posite side. 
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109. Area of Parabolic Segment A parabola, together with 
tm; chord peipendicalu' to its axis, bounds an area OFF' (shaded In 
Fig. 02). It was shown by Arcbimedea (about 
S60 B.C.) that this area is two thlids the area 

' of the rectangle PPQ'Q that has the chord 
fP as one side and the tangent at the vertex 
as opposite side. ^o. ^ 

This rectangle Pi'Q'Q is ollen called (somewhat Improperly) the cir- 
cumscribed rectftngle so that the result can be expressed briefly by saying 
that the area of tht parabola ia SIS of that of the circumacribed rectangle. 

This statement Is of course equivalent to saying that the (non-shaded) 
arta OQP l» 1/S of the area of the rectangle OQPB. In this form the 
proposition is proved in Che next article. 

110. Area by Ai>proziniaticm Process. To obtain first an ap- 
proxtmate value {A) for the area OQP (Fig. 63) we may subdivide the 
area into rectangular strips of equal width, 
by dividing OQ into, say, n equal ports 
and drawing the ordinates ^i, Vi, "■ jr.. 
It the width of these strips is Ax so that 
OQ = nAx, we have as approximate vaJue 
of the areft : 

(J) = Ax- Jii + 4x-ViH -(- Ai- J.. 




FiQ. 63 



Now gi is tlie ordinate corresponding to the abscissa Az ; j/^ corresponds 
to the abscissa 2 Ax, etc. ; y. corresponds to the abscissa nAz = OQ. 
Hence, if the equation of the curve is a^ = 4 ay, we have : 



"-J 


-(Al)", 


"=ra< 


M) = 


we find: 


1 + 2"+. 
hence (4)= 





Now nAz = OQ = Xn, the abscissa of the terminal point P, whatever the 
nnmber n and length Ax of the subdivisions. Hence, if ire let the nam- 
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ber n Increase indefinitelj, i 
the area OQP: 



! find in the limit the exact exprMidon A for 



where y^ = x^yi a is the ordinate of the terminal point P. As a^. la 
the area of the lectangle O^PB, Archimedes' proposition ({ 109) is 
proved. 

111. Aiea e^)re8Bed m Terms ot Ordinates. The area 
(shaded in Fig. 04) between the parabola x> = 4 op, the azia Ox, and the 
two ordinates yi, f^, whose abscissas diSer by y 

2 Ax is evidently, by the formula of § 110, 



12 



- (»,' - «.') = ^ K^^t + 2 ix)»-x,') 
• (e xi» + 12 XiAx + 8 (Ai)») . - 



PlO. 64 

TblB expression can be given a remarkably 

simple form by introducing not only the ordinates yi = 3riV4 a, y* = 
(zi ■+■ 2 Az)^/i a, but also the ordinate pi midway between fi and y,, 
whose absciaaa ia a;i + Ax. For we have : 

»i + 4ft + ?a=^[3;i"+4Ca!i + Aa;)*+(ii + 2Ai)»] 
= ± [6 a.,1 + 12 xiiz + 8(4zJ']. 

We find therefore : A = i Ai(ffi + 4 p, + p,)- 

This formula holds even if the vertex of 
the parabola is at any point (A, k), pro- 
vided the axis of the parabola is parallel to 
Og. For (Fig. Sfi), tofind the area under 
the arc PiPgPa we have only to add to 
the doubly shaded area the simply shaded 
rectangle whose area is 2 itAx. We find 
therefore for the whole area: **■ 

J Azdfi + 4 »» + if») -h 2 tir = 1 ixCid + iy, + s, + 6k) 

= JAi[(y, + ft)4-4(!,j + i) + Cjft + A)], 



¥ 




jM. - 






m ■ 
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where vi , Vt , Vi uv the ordinatis ot the parabola referred to ii» vertex, 
aod hence Vi + t, y^ + k, j/t + k the ordinates for the origin 0. 
We have therefore for an; parabola whose azts ia parallel to Oy : 

112. ^iiiroziinatioii to any Area. Simpson's Rule. The 
last formula is sometimea lued to find an appTvuimait ttUut for the ana 
mdtr ang eunt (I.e. the area bounded 

by the axla Oi, an arc AB of the corre, 
and the ordinates of A and B, Fig. 66) . 
Thia method Ib particularly convenient 
If a number of equidistant ordinates 
of the curve are known, or can be 
found graphically. 

Let ^ be the distance of the ordl- 
naUs, and let Vi , Vi t V' ^ ''dj three 
oonsecntive ordinat«8. Then the donbly shaded portion of the required 
area, between ^i and ^i, will be (if Ax is sufBciently small) very nearly 
equal to the area under the parabola that passes through Pi , i^, Ft and 
has its axis parallel to Oy. This parabolic area is by § 111 

= t4»;(iri+4lf, + !ft). 
The whole area under AB Is a sum of sucb ezpressioDB. This method 
for finding an approximate eipreasion for the area under any curve ia 
known aa Smpson's rule (Thomas Simpson, 1743) although the funda- 
mental idea of replacing an arc of the curve by a parabolic arc bad been 
suggested previously by Newton, 

113. Area of any Parabolic Segment As the equation of a 

parabola referred to any diameter and the tangent at ite end has exactly 
the same form as when the parabola is 
referred to its axis and the tangent at 
the vertex (§ 108) it can easily be shown 

that the area of any paraboUe iegment ia 
S/S of the area of the eCreumscribert paral- 
lelogram formed 6y the chord, the parallel 
tangent, and the two parallels to the axis 
through the extremities of the chord '"*■ ^ 

(Pig. 87). 
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With the aid at thU propoaiilon Simpson's rule can be proved very 
simply. Tor, the aiea of the parabolic segment FiPtPa (Fig- 67) is then 
equal to 2/3 of the parallelogram formed b; the chord PiPi, the taugent 
at P], and the otdinatea yi, Vs (produced if necessary). This parallelo- 
gram has a height = 2 Ax and a base = MPi = Vi—i(yi+ Vi) ; hence 
the area of PiP,P, is } AlC2j(,-yi-y,)= i i3![4h- 2CVi + l/i)]. 

To And the whole shaded area we have only to add to this the area of 
the trapezoid Qi^iP.Pi, which is i3!(yi+Vi). 

Hence A^ Ci«aP.PaP| = Jic[4 Vi - 2Ch + W)+8(Bi + V>)] 



1. Show that the area of any parabolic segment is 2/3 of the area 
of the circumscribed paratlelogiam. 

S. In what ratio does the parabola y* = 4 oz divide the area <A the 
circle (i- a)» + i/»= 4a»? 

3. Find the area bounded by the parabola y^ = iax and a line of 
elope in through the focus. 

C Find and sketch the curre whose ordinates represent the area 
bounded by : (a) the line y = jx, the axis Ox, and any ordinate, (6) the 
parabola y = Ja;^, the axis Ox, and any ordinate. 

S. Find an approximation to the areas bounded by the following 
curves and the axis Ox (divide the interval in each case into eight or 
more equal parte) : 

{a)4y = lfi-A (6) y =(x + S)(x-2)K (c) !/=a'-a^. 

f . The crofls-sectione in square feet of a log at intervala of 9 ft. are 
3.25, 4.2T, 6.34, 6.02, 6.S3 ; find the volume. 

T. The cross-sections of a vessel in square feet measured at intervals 
of 3 ft. are 0, 2250, 6800, 8000, 10300 ; find the volume. Allowing one 
ton for each 36 cu. ft., what is the displacement of the vessel ? 

8. The half-widths in feet of a launch's dech at intervals of 6 ft. are 
0, 1.8, 2.0, 8.2, 3.3, 3.3, 2.7, 2.1, 1 ; find the area. 
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ELLIPSB AND BYPERSOLA 

111. Definition of tiie Ellipse. The ellipse may be defined 
as the loau of a point ichose diatancea Jrom tioojiaied points have 
a constant sum. 

If Fi , F, (Fig. 68) are the fixed points, which are called the 
foci, and if P is any point of the 
ellipse, the condition to be satisfied 
by P is 

The ellipse can be traced mechan- 
ically by attaching at F,, 
ends of a string of length 2 a and '^^ * 

keeping the string taut by means of a pencil. It is obvious 
that the curve will be symmetric with respect to the line FiFj, 
and also with respect to the perpendicular bisector of FiF,. 
These axes of symmetry are called the axes of the ellipse j their 
intersection O is called the center of the ellipse. 

116. Axes. The points Ai, A,, S„ B^ (Figs. 68 and 69) 
where the ellipse intersects these axes are called vertices. 
The distance AjAi of those vertices 
that lie on the axis containing the 
foci Fi, Ft is = 2 a, the length of 
the string. For when the point P - 
in describing the ellipse arrives at 
Ai, the string is doubled along 
FjAi so that Fio. 89 

lie 
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and since, by symmetry, A^^ = -FiA > we have 
A^Ft + F^, + F^A^ = A^i = 2 a. 
The distance A^Ai = 2 a, wMch is called the major axis, must 
evidently be not less thaji the distance FjFi between the foci, 
which we shall denote by 2 <^ 

The distance BtB, of the other two vertices is called the 
minor axis and will be denoted by 2 6. We then have 

6' = a'-c»i 
for when P arrives at B, , we have S, J", = B,Fi = a, 

116. Equation of Uie £Ilq>Be. If we take the center as 
origin and the axis containing the foci as asis Ox, the equation 
of the ellipse is readily found from the condition F^P + F^P 
= 2 a, which gives, since the coordinates of the foci are c, 
and — c, : 1 

V(a:-c)' + y'+V(3: + c)> + y^ = 2a. 
Squaring both members we have 



»* + !/* + c*+V{a;^ + !^ + c2- 2cx){afl + y^ + c^ + 2cB)=2a^; 
transferring n? +y^ + t^ to the right-hand member and squar- 
ing again, we find 

(aj! + yi-|-c*)* — 4c^ = 4a'-4 a.\3i^ + y= + c*) + (a^ + y^+ c*)^, 
i.e. (a* — c«)3;* + ah/^ = «'(«= — c»). 

Now for the ellipse (§ 115) a* — c* = b\ Hence, dividing both 
members by a'ft*, we find 

as the cartesian equation of the ellipse referred to its axes. 

This equation shows at a glance : (a) that the curve is sym- 
metric to Ox as well as to Oy ; (b) that the intercepts on the 
axes Ox, Oy aie ± a, and ± 6. The lengths a, 6 are called 
the semi-axes. 
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Solving the equation for y we find 

(2) y - ± 5 v^i:^, 

which shows that the curve does not extend he^ond the vertex 
Ai on the right, oor beyond A^ on the left. 

If a and b (or, what amounts to the same, a and c) are given 
numerically, we can calculate from (2) the ordioates of as 
many points as we please. If, in particular, a = 6 (and hence 
c = 0), the ellipse reduces to a circle. 



I. Sketch the ellipse of semi-axes a = i, b — S, bj marking the ver- 
tices, conatructinK the foci, and delermining a few points of ihe cnrre 
from tUe property FiP + ftP =2 a. Write down the eqo&tion of this 
ellipse, referred to Ita axes. 

5. Sketch the ellipse z*/16 + y'/9 = 1 b; drawing the circumscribed 
rectangle and Bnding some points from the equation solved for y. 

8. SketchtbeeUipses: (a) x^+2v< = l. (b) 3x<+ 12p* = 6- 

(c) 8a" + 3s' = 20. (d) a? + 20y» = l. 
4. If in eqnation (1) a < 6, the equation represents an ellipse whose 
foci He on Oj(. Sketch the ellipses ; 

(a) 7 + ^=1- W 20«» + j(*==l. (c) 10i« + 9v« = lD. 

B. Find the equation of the ellipse referred to its axes when the foci 
are mldpohits between the center and vertices. 

6. Find the product of the slopes of chords joining anj point of an 
ellipse to the ends of the major axis. What value does this product 
assume when the ellipse becomes a circle f 

7. Derive the equation of the ellipse with foci at (0, e), (0, — c), and 
major axis 2 a. 

8. Write the equations of the following ellipses : (a) with vertices 
at (6, 0), ( - 5, 0), (0, 4), (0, - 4) ; (6) with foci at (2, 0), (- 2, 0), 
and major axis 6. 

9. Find the eqnation of the ellipse with, foci at (1, 1], (— 1, — 1), 
and major axis 6, and sketeb the curve. 
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117. Definitian of the Hj^erbola. The hyperbola can be 
defined aa tlie locus of a point whose distances Jrom two ficed 
point! have a constant difference. 

The fixed pointa F^ F^ are again called the foci; if 2 a is 
the constant difference, every point P of the hyperbola must 
satisfy the condition 

FiP-F,P=±2a. 

Kotice that the length 2 a must here be not greater than the 
distance F^^ = 2 c of the foci. 

The curve is symmetric to the line F^Fi and to its perpen- 
dicular bisector. 

A mechanism for tracing an arc of a hyperbola consists of 
a straightedge F^Q (Fig. 70) which turns about one of the 
foci, F)-, a string, of length F,Q — 2a, is fastened to the 




straightedge at Q and with its other end to the other focua, 
f,. As the straightei^ turns about F„ the string is kept 
taut by means of a pencil at P which describes the hyperbolic 
arc Of course only a portion of the hyperbola can be traced 
in this manner. 

118. Equation of the Hyperbola. If the line F^^ be taken 
as the axis Ox, its perpendicular bisector as the axis Oy, and if 
FtFi = 2 (^ the condition F^P- FiP= ±2 a becomes (Fig. 71) : 

■V{(e+cy + f-V(!e-cy + y' = ±2a. 
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Squaring both members we find 

a*+y*+o*- V(a:' + y* + c*~2ca;)(a!' + i/» + c* + 2c3!)=2a»; 
squaring again and reducing as in S 116, we find exactly the 
same equation as in § 116 : 




Fig. 71 
But in the present case c> a, while for the ellipse we had 
e<a. We put, therefore, for the hyperbola 

c'-a' = &"; 
the equation then reduces to the form 

which is the cartesian equation of the hyperbola referred to its atxes. 

119. PropertieB of the Hyperbola. The equation (8) shows 
at once: (a) that the curve is symmetric to Ox and to Oy; 
(J>) that the intercepts on the axis Oa; are ± a, and that the 
curve does not intersect the axis Oy. 

The line F^F, joining the foci and the perpendicular bisector 
of FfFx are called the axes of the hyperbola; the intersection 
O of these axes of symmetry is called the center. 

The hyperbola has only two vertices, viz. the interseotioos 
Ai, Ai with the axis containing the foci. 
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The shape of the hyperbola is quite diSereDt from that of 
the ellipse. Bolving the equation for y ve have 

(4) y = ±^V^^^, 

which shows that the curve extends to infinity from Ai to the 
right and from A^ to the left, but has no real points between 
the lines x = a, a: = — o. 

The line fVFi containing the foci is called the transverse 
axis; the perpendicular bisector of F^F, is called the conjugate 
axis. The lengths a, b are called the transverse and conjugate 
semi-axes. 

In the particular case wheu a=b, the equation (3) reduces to 
a?-f^a\ 
and such a hyperbola is called rectangular or eguHateraL 

120. Asymptotes. In sketching the hyperbola (3) or (1) it 
is best to draw first of all the two straight lines 

a" C ' 
i.e. 

(6) !'-*!'■ 

which are called the asgn^totes of the hyperbola. 

Comparing with equation (4) it appears that, for any value 
of X, the ordinates of the hyperbola (4) are always (in absolute 
value) less than those of the Hues (5); but the difference 
becomes less as x increases, approachii^ zero as x increases 
indefinitely. 

Thus, the hjrperbola approaches its asymptotes more and 
more closely, the farther we recede fi-om the center on either 
side, without ever reaching these lines at any finite distance 
from the center. 
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EXERCISES 

L Sketch the hyperbola a?/18 — ^/4 = 1, after drawing the asymp- 
tote*, by deteiminlng a few points from the equation solved for g ; mart 
tlie focL 

I. Sketch the rectangular hyperbola 3?—j/* = 9. Why the name 
rectangular ? 

8. With leapect to the same axes draw the hyperbolae : 
(a) 20i"-y« = 12. (6) a;*-20s'=12. («) l"-p« = 12. 

4. The equation — a^/a* 4- y'/ft' = 1 repreeents a hyjierbola whoae 
foci lie on the axis Og. Sketch the currea : 

(a) -3x' + 4v» = 24. (6) a«-8(*-|- 18= 0. (^c) ^-]f + 16 = 0. 

6. Sketch to the same axes Uie hyperbolas : 

Two each hjrperbolas having the same asymptotes, but with their axes 
interchanged, are called eot^gaU. 

C. What happens to the hyperbola i^/o* -~ j^/b' = 1 as a variea ? aa 
6 varies? 

T. The eqnatlon i^/a' — y'/b' = k represents a family of similar 
hyperbolas in which k is the parameter. What happens as k changes 
from 1 to — 1 ? What membets of thhi family are conjugate 7 

8. Find the foci of the hyperbolas : 

(a) 92«-16b> = 144. (6) 8j!»-v* = 12. 

9. Find the hyperbola with fod (0, 8), (0, — 3) and transveise axis 4. 

10. Find the equation of the hyperbola referred to lis axes when the 
distance between the vertices ia one half the distance between the fod. 

11. Find the distance from an asymptote to a focus of a hyperbola. 
U. Show that the product of the diBlancee from any point of a hyper- 
bola to its asymptotes Is ocastant. 

IS. Find the hyperbola through the point (1, 1) with asymptotes 

? = ±2a. 
14. Find the equation of the hyperbola whose foci are (1, 1), 
(— 1, — 1), and transverse axis 2, and sketch the curve. 
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121. Ellqise as Projectioa of Circle. If a. circle be turned 
about a diameter A^Ai = 2 a through aa angle < (< ^ v) and 
then projected on the original plane, the projection ia an 
ellipse. 

For, if in the original plane we take the center as origin 
and OAi as axis Ox (Fig. 72), the 
ordinate QP of every point P of 
the projection is the projection of 
the corresponding ordinate QP, of 

the circle ; ».e. —j^ g — j— 

QP = QP[ COB t. Fio. 72 

The equation of the projection is therefore obtained from the 
equation 

a? + ^ = a' 

of the circle by replacing y by y/cos «. The resulting equation 

COS'c 

represents an ellipse whose semi-axes are a, the radius of the 
circle, and 6 = a cos c, the projection of this radius. 

122. Constnictioii oi Ellipse from Circle. We have just 
seen that, if a > &, the ellipse 

can be obtained from its circumscribed circle as* + j/* = a' by re- 
ducing all the ordinates of this circle in the ratio b/a. This 
also appears by comparing the ordinates 

y = ±- Va' — "? 

of the ellipse with the ordinatea y = 



- aj* of the circle. 



124 



PLANE ANALYTIC GEOMETRY [VII, § 122 



But the same ellipse can also be obtained from its inscribed 
circle a!* + y* = 6" by increasing each abscissa in the ratio a/b, 
as appears at once by solving for x. 

It follows that when the semi-axes a, b are given, points of 
the ellipse can be constructed by drawing concentric circles of 
radii a, b and a pair of perpendicnlar diameters (Fig. 73) ; if 




Fio. 73 

any radins meets the circles at P,, P,, the intersection Pof 
the parallels through P, , P, to the diameters is a point of tiie 
ellipse. 

123. Tangent to Ellipse. It follows from S 121 that if 
P(x, y) is any point of the ellipse and P, that point of the cir- 
cumscribed circle which has the same abscissa, tlie tangents at 
P to the eUipse an* at Pi to the circle must meet at a point T on 
the major axis (Fig. 74), 




Fio. 74 

For, as the circle is turned about .<i^, into the position in 

which P is the projection of Pi , the tangent to the circle at P, 

is turned into the position whose projection is PT, the point T 

on the axis remaining fixed. 
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The tai^ent!i^X+i/iF=a*to the circle at P, (xi , yO meets 
the axis Ox at the point T whose abscissa is 

Hence the equation of the tangent at P(x, y) to the ellipse is 

x-^ y \ scJ * 

at 
dividing by a^/x and observing that, by the equation of the 
ellipse, a?~a* = — (a'/6^y* we find 

(6) '^ + ^=' 

as equation of the tangent to the eUipse (1) at the point P(x, y). 

It follows from the equation of the tangent that the slope 
of the ellipse at any point P(x, y) is 

i- 6'ir. 



ISl. Eccentricity. For the length of the focal Todius F,P 
of any point P(x, y) of the ellipse (1) we have (Fig, 75), 
8ince(i'-i^ = c': 



, 6V, 



1, 



whence FiP=±fa — ~x\ 

The ratio c/o of the distance 
2 c of the foci to the major axis -^ W 
2 a is called the (numerical) ec- 
ceniricit]/ of the ellipse. Denote 
ing it by « we have FiP=±(a — ex), 
and similarly we find FjP= ±(a + ex). 
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For the hyperbola (3) we find in the same way, if we E^^in 
put e = c/a, exactly the same expressions for the focal radii 
FiP, F,P(in absolute value). But as for the ellipse c" =a*- 6» 
while for the hyperbola c' = a.*-t-6' it follows that the ecceTiiric- 
Uy of the dlipae ia (dtaayg a proper fraction becoming zero only 
for a circle, while the eccentricity of the hyperbola is alumys greater 
than one. 

136. Equation of Normal to Ellipse. As the normal to a 
curve is the perpendicular to its tangent through the point of 
contact, the equation of the normal to the ellipse (1) at the point 
P(x, y) is readily found from the equation (6) of the tangent as 



The intercept made by this normal on the axis Ox is there- 
fore 

ON=:-x=eh!. 



From this result it appears by § 125 that (Fig. 76) 
FjN= c + e'x = e(a+ex)=e- F^P, 
FiN= c-e*x = e(a-ex) = e- F^P; 
hence the normal divides the dis- 
tance FtF, in the ratio of the 
adjacent aides F^P, FiP of the 
triangle F^PF,. It follows that 
the normal bisects the angle between '^*'- ^ 

the focal radii PF^ , PF^ ; in other words, the focal radii are 
equally inclined to the tangent. 
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126. Constructiaii of any Hyperbola from Rectangular 
Hyperbola. The ordinates (4), 



of the hyperbola (3) are hi a times the correspODcUiig ordinates 

y = ±v'a:*— a' 

of the equilateral hyperbola (end of % lid) having the same 
transverse axis. When 6 < o, wo can put 6/a = cos « and re- 
gard the general hyperbola as the projection of the equilateral 
hyperbola of equal transverse axis. When 6 > a, we can put 
ajh = cos ( so that the equilateral hyperbola can be regarded as 
the projection of the general hyperbola. 

In either case it is clear that the tangents to the general and 
equilateral hyperbolas at corresponding points (i.e. at points 
having the same abscissa) must intersect on the axis Ox. 

127. Slope of Equilateral Hyperbola. To find the slope of 
the equilateral hyperbola 

observe that the slope of any secant joining the point P(x, y) 
and Pi(iCi,yi) is (yi — y)/{^—x), and that the relations 

y> = !C» - a', ;/,• = »,» -a> 
pve y'-y^ = !^-x^\ i.e. (y-y,)(j' + yi)=(a!-a!,)(a; + a!i), 

whence .Viiyi = ^±^. 

x-x, y + y, 

Hence, in the limit when P, comes to coincidence with P, we 
find for the 82ope o/ tAe taiufent at P(x, y) : tancc=a!/y. Hence 
the equation of the tangent to the equilateral hyperbola is 

T-y = -{X-'x),oixX~yT=a\ 
since »* — y* = o'. 
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188. Tugmt to the Hyperbola. It follows aa in § 123 that 
the tangetU to the general hyperbola (3) has the equation 

(7) ^-Sl=.l. 

The slope of the hyperbola (3) is therefore 

tan a = ^5. 
a'y 

Notice that the equations (6), (7) of the tangents are obtained 
from the equations (1), (3) of the curves by replacing 3?, j* by 
xX, yY, respectively (compare gg 54, 98). 

It is readily shown (compare § 126) that for the hyperbola 
(3) the tangent meets the axis Ox at the point T that divides 
the distance of the foci F,F, proportionally to the focal radii 
^1^1 PiPf 3*' '•hat the tangent to the hyperbola bisects the angle 
bettceen the focal radii. 

EXERCISES 

1. Show that a right cylEnder whoaa cross-section [i.t. lecCion at 
right angles lo the generator) U an ellipse of semi-axes a, b b&s two 
(oblique) circular sections of radius a ; God theii iaclinatioaa to the 
croBe-aecUon. 

1. Derive the equ&tion of the normal to the hyperbola (3). 

3. Find the polar equations of the elllpee and hyperbola, with the 
center aa pole and the major (transTerae) vtie aa polar axis. 

<- Find the lengths of the tangent, mibtangent, normal, and aub- 
nornial in terma of the coordinates at any point of the ellipoe. 

B. Show that an eilipee and hyperbola with common foci are 
orthogonal. 

6. Show that the eccentricity of a hyperbola Is equal to the secant 
of half the angle 1>etweeD the Bsymplotea. 

T. Express the cosine of the angle between the asymptotes of a 
hyperbola In terms of its eccentricity. 

8. Show that the tangents at tbe veitices of a hyperbola intersect the 
asymptotes at points on the circle aboat the center through the foci. 
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I. Show that tbe poiot of contact of a tangent to a hn>eil>oIa ia tbe 
midpoint between its intersections with the asymptotes. 

10. Show that the area of the triangle formed by the asymptotes and 
an; tangent to a hyperbola Is constant. 

11. Show that the product of the distances from the center of a hyper- 
bola to the inteiaections of any tangent with the asymptotea Is constant. 

U. Show that the tangent to a hyperbola at any point bisectsthe angle 
between the focal tadli of the point. 

13. As the Bum ol the focal radii of ever; point of an ellipse Is con- 
stant (S 110) and the normal blBects the angle between the focal radii 
(§ 126), a Bonnd ware issuing from one focus is reflected by the ellipse 
to the other focus. This is the explanation of "wblspering galleries." 
Find tbe semi-azea ol an elllptlo gallery in which sound Is reflected from 
one focus to the other at a distance of 69 ft. in 1/10 seo. (the Telocity of 
sound Is 1090 ft./sec.). 

14. Show that tbe distance from any point of an equilateral hyperbola 
to its center is a mean proportional to the focal radii of the poinL 

IB. Show that the bisector of the angle formed by joining any point 
of an equilateral hyperbola to its vertices is parallel to an asymptote. 

15. Bbow that the tangents at the extremities of any diameter (chord 
through the center) of an ellipse or hyperbola are parallel. 

• 17. Let the normal at any point Pof an ellipse referred to its axes out 
the coordinate axes at Q and Ji ; find tbe ratio PQ/PS. 

18. Show that a tangent at any point of the circle clrcumacritied about 
an ellipse is also a tangent to the circle with center at a focus and radius 
equal to the focal radius of the corresponding point of the elllpee, 

U. Show that the product of tbe t'-lut«rcept of the tangent at any 
point of an ellipse and the ordinate of the point of contact is constant. 
SO. Find the locus of the center of a circle which touches two fixed 
g circles. 



II. Find the locus of a point at which two sounds emitted at an 
interval of one second at two points 2000 ft apart are heard slmol- 
t&neonsly. 
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129. Intersections of a Strai^t line and an Blaise. 

The interaections of the ellipse (1) with any straight line are 
found by solving the simultaneous equations 

Eliminating y, V9 find a quadratic equation in a:: 

(m*a* + 6*)a^ + 2 ntJca'x + (i? - 6')a' = 0. 

To each of the two roots the corresponding value of y results 
from the equation y = mx + k. 

Thus, a straight line can intersect an eUipse in not more than 
two points. 

130. Slope Foim of Tangent Equations. If the roots of 
the quadratic equation are equal, the line has but one point in 
common with the ellipse and is a tangent 

The condition for equal roots is 

m'JM = (w V + fiQCtf - 60» 
whence k = ± -Vm^a^ + 6*. 

The two parallel lines 
(8) y = 'mx±Vmhi* + l^ 

are therefore tangents to the ellipse (1), whatever the value of • 
fli. This equation is called the sl<y)e form of the equation of a 
tangent to the ellipse. 

It can be shown in the same way that a straight line cannot 
intersect a hyperbola in more than two points, and that the 
two parallel Hues 

i/ = mx± y/m'a* — 6* 
have each but one point in common with the hyperbola (3). 

131. The condition that a line be a tangent to an ellipse or 
hyperbola assumes a simple form also when the line is given 
in the general form 

Ax + By + C=0. 



VII, S 1321 ELLIPSE AND HYPERBOLA 131 

Subatituting the value of y obtained from this equation in 
the equation (1) of the ellipse, we find for the abscissas of the 
points of intersection the quadratic equation : 

(-4V + B'6»)3!' + 2 ^ax*a! + (C* - B-ftOa" = 0; 
the condition for equal roots is 

^><?a» = {A'a? + :EPb'){C - IPb% 
which reduces to 

The line is therefore a tangent whenever this condition is 



When the line is given in the normal form, 
X cos fi-^-ysmfi^p, 

the condition becomes 

J)* = a' cos* jS 4- ft* sin' /3- 

132. Tangents from an Exterior Point By % iso Oie line 
S = wx + Vt»^' + 6" 
IB tAQgent to the ellipse (I) whatever the valae of m. The condition that 
thi« line pass through any given point (xi , Vi) >s 

pi = mxi + Vm^a' + 6* ; 
tianeposing the t«rm inxi, and Bqoaring, we find the following quadratic 
equation for m ■■ 

U. (zi" - <i')ms - 2xism + !/i^ - 6* = 0. 

The roots of this equation are the slopes of those lines through (Zi , ^i) 

that are tangent to the ellipse (1). 

ThoB, not mtire than two tangetOa can be drawn to an ellipse from any 
point. Moreover, these tangents are real and different, real and coin- 
ddent, or imaginary, accoiding as 

a!iW = («i»-a=)(yi"-'^)- 
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Tlus condition cni also be written In the form 

<■'■ %'+^-'|«- 

Hence, to see whether real tangents can be drawn bom a point (xi, fi) 
to the elllpee (1) we liaTe only to eobstitute the coorduiat«a of the point 
(or 0, |r In the eipreaslon 

U the ezpres^on is zero, the point (xi, pi) lies on the ellipse, and onljr 
one tangent is ponlble ; if the exprenlon is poaitive, two i«al tuigents 
can be drawn, and the point is said to lie outddi the ellipse ; if tlie expree- 
don is negaUve, no real tangents exist, and the point is said to lie wtfAtn 
the ellipse. 

These definitions of inside and outside agree with what we would 
naturallj caJl the inride or outside of the ellipse. But the whole discus- 
sion applies equally to the hyperbola (8) where the distinction between 
inside and outside is not so obvious. 

133. Symmetry. Since the ellipse, as well aa the hyperbola, 
has two rectangular axes of symmetry, the ofxes oi the curve, 
it has a center, the iotersectioD of these axes, >'.«. a point of 
symmetry such that every chord through this point is bisected 
at this point {compare § 70). Analytically this means that 
since the equation (1), as well as (3), is not changed by replac- 
ing a: by — x, nor by replacing y by — y, it is not changed by 
replacing both x and y by — a; and — y, respectively. In other 
words, if (x, j/) ia a point of the curve, so is (— aj, — y). This 
fa«t is expressed by saying that the origin is a point of sym- 
metry, or center. 

134. Ccmjugate Diameters. Any chord through the center 
of an ellipse or hyperbola is called a diameter of the curve. 
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Jiiat as in the case of the circle, so for the ellipse the Ukub 
of the midpoints of any syntem of parallel chords is a diameter. 
This follows from the corresponding property of the circle 
because the ellipse can be regarded as the ptojeetion of a 
circle (§121). But this diameter is in general not perpen- 
dicular to the parallel chords ; it is said to be conjugate to the 
diameter that occurs among the parallel chords. Thus, in Fig. 
77, P'Q' is conjugate to PQ (and vice versa). 




To find the diameter conjugate to a given diameter j = ma; 
of the ellipse (1), let y = ma: + fc be any parallel to the given 
diameter. If this parallel intersects the ellipse (1) at the real 
points (asi, j/,) and (a;,, y^, the midpoint has the coordinates 
^i^h + ai)) i(yi + yi)- The quadratic equation of § 129 gives 

2 ^ ^ m'tt' + y 
If instead of eliminating y we eliminate x, we obtain the quad- 
ratic equation 

(mW+ft*)^* - 2 A*V + (&"- m*a')6* = 0, 



whence 



fc'fc 



Eliminating k between these results, we find the equation of the 
locus of the midpoints of the parallel chords of slope m. : 
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(9) j, = --^ai. 

If m = tan a is the slope of any diameter of the ellipse (1), 
the itope oftlte conjugate diam^er is 

mi = tan Oi = j« 

The diameter conjugat« to this diameter of slope 1% has there- 
fore the slope 

_ b* M 



wiia' 



V may 



i.e. it is the original diametet of slope m (Fig. 77). In other 
■words, either one of the diameters of elopes m and mi is conjugate 
to the other ; each bisects the chords parallel to the other. 

139. Tangents Parallel to Diameters. Among the parallel 
lines of slope m,y='mx+k, there are two tangents to the 
ellipse, viz. (§ 130) those for which 

k = ± VrnW + b*, 
their points of contact lie on (and hence determine) the conju- 
gate diameter. This is obrious geometrically; it is readily 
verified analytically by showing that the coordinates of the 
intersections of the diameter of slope — t^/mcf with the 
ellipse (1) satisfy the equations of the tangents of slope m, viz. 



ff = WW ± VmV + 6*. 

The tangents at the ends of the diameter of slope m mnst of 
course be parallel to the diameter of slope nti- The four tan- 
gents at the extremities of any two conjugate diameters thus 
form a circumscribed parallelogram (Fig. 77). 

The diameter conjugate to either axis of the ellipae is the 
other axis ; the parallelogram in this case becomes a rectangle. 
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136. Diameters of a Hyperbola. For the hyperbola, the 
same formulas can be derived except that 6* is replaced 
throughoat by — &*. But the geometrical interpretation is 
somewhat different because a line y = mx meets the hyperbola 
(3) in real points only when m < b/a. 




Fio. 78 
The solution of the simultaneous equations 
y = mx, 6*3? — aV = aV 
gives: 



These values are real if m < b/a and imaginary if m>b/a 
(Fig. 78). In the former case it is evidently proper to call the 
distance PQ between the real points of intersection a dfamelw 
of the hyperbola ; its length is 



PQ = 2 V?+7 =2ab -yj^ 



If 'm>b/a, this quantity is imaginary ; but it is customary to 
speak even in this case of a diameter, its length being defined 
as the real quantity 






By this convention the analogy between the properties of the 
ellipse and hyperbola is preserved. 
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1ST. Conjugate Diameters of a HTperbola. Two diameters 
of the hyperbola are called conjugate if their slopes m, i»i are 
such that 



One of these lines evideatly meets the carve in real points, the 
other does not. 

If m< 6/a, the line y=mx, as well as any parallel line, 
meets the hyperbola (3) in two real points, and the locus of the 
midpoints of the chords parallel to y s= flw is found to be the 
diameter conjugate toy = mx, viz. 

6* 
y = m^ = —-x. 

If m > bfa, the coordinates Xi, y, and a^, yj of the intersec- 
tions of y='mx with the hyperbola are imaginary; but the 
arithmetic means -^ (x^ -f ^)i \ (yi + Vt) are real, and the locas 
of the points having these coordinates is the real line 



It may finally be noted that what was in S 136 defined as 

the length of a diameter that does not meet the hyperbola 

a* 6* 

in real points is the length of the real diameter of the hyper- 
bola 

two such hyperbolas are called conjugate. 
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138. Parameter Equations. Eccentric Angle. Juat as the 
parameter equations of the cimle ^ -\-y* =<^ are (g 106) : 

x = a cos 6, y = a sin 6, 
80 those of the ellipse (1) are 

X = a cos 0, y=hs\n9, 
and those of the hyperbola (3) ace 

a; = a sec tf, y =b tan B. 
In each ease the elimination of the parameter 6 (by squaring 
and then adding oi subtracting) leads to thecartesian equation. 

The angle $, in the case of the 
circloj is simply the polar angle of 
the point P (x, y). In the case of the 
ellipse,, as appears from Fig. 79 
(compare § 122), is the polar angle 
not of the point P(x, y) of the ellipse, 
but of that point ^i of the circum- 
scribed circle which has the same 
abscissa as P, and also of that point "'' 

P, of the inscribed circle which has the same ordinate as P. 
This angle B = xOP, is called the eccentric angle of the point 
P (x, y) of the ellipse. 

In the case of the hyperbola the eccentric angle 6 determines 
the point P{x, y) as follows (Fig. 80). Let a line through O 
inclined at the angle 6 to the trans- 
verse axis meet the circle of radius 
a about the center at A, and let the 
transverse axis meet the circle of 
radius 6 about the center at B. I 
the tangent at A meet the transverse 
axis at A and the tangent at B meet ""' *" 

the line OA at jff. Then the parallels to the axes through A! 
and B' meet at P. 
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139. Area of ffllipse. Since any ellipse of semi-axes a, b 
can be regarded as the projection of a circle of radius a, 
inclined to the plane of the ellipse at an angle c such that 
cos c H b/a, the area A of the ellipse is ^ = ra* cos t = rab. 



1. Find the tangenta to the ellipse x< + 4 p* = IS, which pass through 
the following poiotB : 

(a) (2,v^), (6) (-8,1VT), (e) (4,0), (d) (-8.0). 
«. Knd the taogenU to the hyperbola 2 a? - 8 v» = 18, which pa» 
Utrough the following points : 

(a) {-8,8-^), (6) (-3,0), (c) (4. -v^), (d) (0,0). 

5. Find the iDl«raeatioiu of the line x~iy = l and the hyperbola 

4. Find the Intersections of the line Sx + i/ — 1=0 and the ellipse 

«* + 4 ir" = 66. 
B. For what valne of k will the line y = 2x-|-jtbea tangent to the 
hyperboU z>-4y<-4 = 0? 

6. For what TaJues of ni will the line y= mx + 2 be tangent to the 
eIUpMz9-|-4v9-l=0r 

T. Find the conditions that the following lines are tangent to the 
hyperbola z'/o* - jfl/tl' = 1 : 

(a) Ji + ^-H C=0, (6) xcosp + ysinfl^p. 

5. ArethefoUowlngpointson, outside, or inside the ellipse x*4-4^=4r 

{«) (M). (6) (i, -1), (c) (-1,-1). 
t. Are the following points on, out«de, or inside the hyperbola 
8a;"-i»' = 9? (a) (J, -J), (6) (1,35,2.15), (c) (1.3,2.6). 

10. Find the difference of the eccentric angles of points at the extremi- 
ties of conjugate diameters of an ellipse. 

11. Show that conjugate diameters of an equilateral hyperbola are 

U. Show that an asymptote is its own conjugate diameter. 

IS. Show that the segnenta of any line between a hyperbola and its 
af^mptotes are equal. 

' 14. Find the tangents to an ellipse referred to Its axes which have 
equal intercept*. 
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15. What is the greatest possible nomber of normalB that can be drawn 
from a given point to an Bllipse or hyperbola ? 

16. Show that tangents drawn at the extremities of nay chord of an 
ellipse {or hyperbola) intersect ou the diameter conjugate to the chord. 

17. Show that lines joining the extremities of the oxee of an ellipsa 
are parallel to conjugate diameters. 

18. Show that chords drawn from any point of an elUpee to the ex- 
tremities of a diameter are parallel to conjugate diameters. 

19. Find the product of the perpendicolarslet fall to any tangent from 
the foci of an ellipse (or hyperbola). 

90. Tbe earth's orbit is an ellipse of eccentricity .01077 with the sun 
at a focus. The mean distance (major semi-axis) between the sun and 
earth is 03 million miles. Find the distance from the sun to the center 
of the orbit. 

SI. Find the snm of the squares of any two conjugate semi-dl&meteni 
of an ellipse. Find the dlfierence of tbe squares of conjugate semi-diam- 
etere of a hyperbola. 

tl. Find the area of the parallelogram circumscribed about au ellipse 
with ddes parallel to any two conjugate diameters. 

13. Find the angle between conjugate diaraeters of an ellipse in terms 
of the semi-diameters and semi-axes. 

H. Express the area of a triangle inscribed in an ellipse referred to 
its axes in terms of the eccentric angles of the vertices. 

2t. The circle which is the locus of the intersection of two petpendiou- 
lar tangents to an ellipse or hyperbola is called the direetor-cirde of the 
conic. Find Its equation : (a) For the ellipse. (6) For the hyperbola. 

se. Find the locns of a point such that the product of its distances 
from the asymptotes of a hyperbola is constant. For what value of this 
constant is the locus the hyperbola itself ? 

IT. Find the locos of Ihe intersection of normals drawn at correspond- 
ing points of an ellipse and the circumscribed circle. 

SB. Two points A, Bot A line I whose distance is AB = a move along 
two fixed perpendicular lines ; find the patl) of any point J* of {, 



CHAPTER VIII 



CONIC SECTIONS — BQUAnON OF SECOND DEGREE 

PART I. DEFINITION AND CLASSIFICATION 

140. Conic Sections. The ellipse, hyperbola, and parabola 
are together called cotiic sections, or simply conies, because 
the curve in which a right circular cone is intersected by any 
plane (not passing through the vertex) is an ellipse or hyper- 
bola according as the plane cuts only one of the half-cones or 
both, and is a parabola when the plane is parallel to a gener- 
ator of the cone. This will be proved and more fully dis- 
cussed in g§ 148-152. 

141. General Definition. The three conies can also be 
defined by a common propeity in the plane : tlie loots of a point 
for which the ratio of Us distances from a fixed point and from 
a fixed line is constant is a conic, viz. an eUipte if the const^it 
ratio is less than one, a hyperbola if 
the ratio is greater than oue, and a . 
parabola if the ratio is equal to one. 

We shall find that this constant 
rat^o is equal to the eccentricity e = e/a 
B3 defined in § 121. Just as in the 
case of the parabola for which the 
above definition agrees with that of ^^- *^ 

S 89, we shall call the fixed line d, directrix, and the fixed 
point ^1 focus (Fig. 81). 

142. Polai Equation. Taking the focus F^ as pole, the 
perpendicular from Fi toward the directrix cl, as polar axis, 



s 

^ ^ fl 

^•-f-q . 
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and patting the given distance F^D^q, we have f,Prsr, 
PQsg— rcoB ^ r and ^ heing the polar coordinatea of any 
point P of the conic. The condition to be satisfied by the 
point P, viz. J',P/PQ = e,».c. P,P = e -PQ, becomes, therefore, 
r = e(<j(~rcos^), or r = 



f ecos^ 

This then is the polar equation of a conic if the focus is taken 
as pole and the peTpendicular from the focus toward the directrix 
as polar axis. It is assumed that q is not zero; the ratio e 
may he any positive number. 

U3. Plotting the Conic. By means of this polar equation 
the conic can be plotted by points when « and q are given. 
Thns, for = and ^ = ■■, we find eq/(X + e) and eq/(l — e) as 
the intercepts fi^, and FiA^ on the polar axis ; Ai, A^ are the 
vertices. For any negative value of <^ (between and — v) 
the radins vector has the same length aa for the same positive 
value of ^ The segment LL' cut off by the conic on the per- 
pendicular to the polar axis drawn through the pole is called 
the lotus rectum; its length is 2eq. Notice that in the ellipse 
and hyperbola, i.e. when e ^1, the vertex Ai does not bisect 
the distance FiD (as it does in the parabola), but that 
FiAi/AtD = e. 

If in Fig. 81, other things being 
equal, the sense of the polar axis be 
reversed, we obtain Fig. 82. We have 
again FiP=sr; but the distance of P 
from the directrix d^ is QP = q + 
rcos 0, so that the polar equation of 
the conic is now : 

1 — e cos ^ 
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IM. ClBBsiflcation of Conies. Foe e = 1, the equations of 
S§ 142-143 reduce to the equations of the parabola given in 
gg 89, 90. It remains to show that for e < 1 and e > 1 
these equations represent respectively an elhpse and a hyper- 
bola as defined in gS 114, tl7. 

To show this we need only introduce cartesian coordi- 
nates and then transform to the center, i.e. to the midpoint 
O between the intersections A^, Aj of the curve with the polar 
axis. 

146. Transformation to Cartesian Coordinates. The equsr 
tdon of S 142, 

r = e(q — r cos ^) 

becomes in cartesian coordinates, with the pole Fi as origin 
and the polar axis as axis Ox (Fig. 81) : 

or, rationalized : 

(1 ~ e^a? + 2 e^K + y* = eV- 
The midpoint between the vertices Ai, Af at which the 
curve meets the axis Ox has, by § 143, the abscissa 

2^\L + e 1-e) l-e»' 
this also follows from the cartesian equation, with y = 0. 

U6. Change of Origin to Center. To transform to paral- 
lel axes through this point we have to replace x by 
x — e\/(i.—^); the equation in the new coordinates is there- 
fore 

^1 ■ 



(i-o(« 



<-2,^(«-j^j + S- = ^s', 



and this reduces to 

l-e"' 



(l-e^»' + j' = «¥(l + j^'>--^- 
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(1 - e^" 1 - e" 
If « < 1 thia is an ellipse with semi-axes 

if e > 1 it is a lijperbola with semi-axes 

147. Focus and Directrix The distance c (in absolute value) 
from the center to the focus Fj is, as shown above, for the 
ellipse 

e = ja_ = »,, 

for the hyperbola 

The distance (in absolute value) of the directris from the 
center is for the ellipse, since q = a(l — e^/e = a/e — ae : 

OD = c + q = ae + --ae = -, 
and for the hyperbola, since q = ae — a/e : 

OD = c — 5 = ac~a«+-=s-- 

It is clear from the symmetry of the ellipse and hyperbola 
that each of these curves has two foci, one on each side of the 
center at the distance ae from the center, and two directrices 
whose equations are z = ± a/e. 



1. Sketch the following conies 
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1. Sketob the followiDg conies and Snd their foci and directrices: 

(a) 3? + *y' = 4, (6) 4j? + v* = *. 

(e) 16*a + a5y»=400, (/) 9 a;* - 10 »" = 144, 

ig) 0^" - 16 if> + 144 = 0, (A) ^-j/' = 2: 

S. Sboir that tlie following equations represent ellipses or hyperbolas 
and find their centers, foci, and directrices ; 

(a) 7? + 3s'-2x + 6y + l=0, (6) 12a?-4y»- 12z - 9 = 0, 
(c) 6l> + y' + 20x + 16 = 0, (d) Bz' - 4(« + 8 j + 16 =. 0. 

t. Und the length of the latus rectam of au ellipee and a hyperbola 
In terms of the semi-axes. 

5. Show that when tangents to an ellipse or hyperbola are drawn 
from any point ol a dlreotdz the line joining the points of contact passes 
through a focus. 

6. From the definition (g 141) of an eilipee and hyperbola, 9t\oyi that 
the snm and difierence respectively of the focal radii of any point of the 
conic is constant. 

7. Find the locus of the midpoints of chords drawn from one end of : 
(a) the major axla of an ellipse ; (6) the minor axis. 

8. Find the locus of { 141 when the fixed point lies on the fixed line. 

lis. The Conies as Sections of a Cone. As indicated by 
their name the conic sections, i.e. the parabola, ellipse, and 
hyperbola, can be defined aa the curves in which a right circu- 
lar cone is cut by a plane (§ 140). 

In Pigs. 83, 84, 85, V is the vertex of the cone, :^ CFC=2 a 
the angle at its vertex ; OQ indicates the cutting plane, CVC 
that plane through the axis of the cone which is perpen- 
dicular to the cutting plane. The intersection OQ of these 
two planes is evidently an axis of symmetry for the conic. 

The conic is a parabola, ellipse, or hyperbola, according 
as OQ is parallel to the generator VC of the cone (Fig. 
83), meets VC at a point & belonging to the same half-cone 
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as does (Fig. 84), or meets VC at a point C of the other 
lialf-cone (Fig. 85). If the angle 
COQ be called y3, the conic is 

a parabola if y3 = 2 a (Fig. 83), 

an ellipse if j9 > 2 « (Fig. 84), 

a hyperbola if ^ < 2 a (Fig. 85). 

In each of the three figures CC 
represents the diameter 2r of any 
cross-section of the cone (i.e. of any 
section at right angles to its axis). 
We take as origin, OQ as axis 
Ox, so that (Fig. 83) OQ = x, QP=y are the coordinates of 
any point P of the conic. 

As QP is the ordinate of the circular cioss^ection GPCP* 
we have in each of the three cases y" = QP* = CQ ■ QC. 

149. Parabola. In the 6rst case (Fig. 83), when (8 = 2 a so 

that OQ is parallel to VC, the expression 

X OQ OQ ^ 
is constant, i.e. the same at whatever distance from the vertex 
we may take the cross-section GPOP". For, QO is equal to 
the diameter OB = 2 r,, of the cross-section through O, and 
CQ/OQ = 0(7/ VC=2 r/r esc a = 2 sin a. Henoe, denoting 
the constant r, sin a by ^ we have 

|S.gc = 4r.Bin.=4y. 

The equation of the conic in this case, referred to its axis OQ 
and vertex 0, is therefore !/■ = 4 ^a;. Notice that asp = roSina 
the focus is found as the foot of the perpendicular from 
the midpoint of OB on OQ. 
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100. Hlipse. In the second case (Pig. 84), i.e. when 
/5 > 2 a, if we put Off = 2 a, it can be shown that 

«(2a-a!) OQ-QO" 
la constant. For we have Q/" = 
(7Q • Q(7 and from the triangles CQO, 
QO(y, observing that 



OQ 



ain j3 







Qf ^ sipg3in(g-2g) 
OQ • ^(7 cos' a 



y> = J^(2a 



X), or i: 



an expression independent of the position of the cross-section 
C(7. Denoting this positive constant by jfc*, we find the equation 

f-^=i, 
(*»)■ 

which is an ellipse, with semi-axes a, 
ka, and center (n, 0). 

151. Hyperbola. In the third case 
(Fig. 85), proceeding as in the second 
and merely observing that now Qff 
= — (2 a + x), we find the equation 

3/» = J*B(2a + a!), 



which represents a hyperbola, with 
semi-axes a, ka and center (— a, 0). 
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1S2. T.imiring Cases. The conic is an ellipse, hyperbola, or 
parabola Moording asy3>2a, <_ 2 a, or =2 a. Hence the 
parc^ala can be regarded as the limiting caae of either an 
ellipse or a hyperbola whose center is removed to infinity. 

If when j8 > 2 a (Fig. 84), we let /8 approach ir, or if when 
/3 < 2 a (Fig, 85), we let ^ approach 0, the cutting plane be- 
comes in the limit a tangent plane to the cone. It then has 
in common with the cone the points of the generator VC, 
and these only. A gingle straight line can thus appear as a 
limiting case of an ellipse or hyperbola. 

Tinally we obtain another class of limiting cases, or cases of 
degeneration, of the conies if, in any one of the three cases, 
we let the cutting plane pass through the vertex V of the 
cone. In the first case, ^ = 2 a, the cutting plane is then tan- 
gent to the cone so that the parabola also may degenerate into 
a single straight line. In the second case, /3 > 2 a, if p=f=-ir, 
the ellipse degenerates into a single point, the vertex Vot the 
cone. In the third case, y3<2(t, if fi^O, the hyperbola de- 
generates into two intersecting lines. The terra conic section, 
or conic, is often used as including these limiting cases. 



1. For what value of ^ in the preceding diBCUSsion does the conic be- 
come a circle ? 

S. Show that Cbe spheres inscribed in a right circular cone ho as to 
Uiucb the cutting plane (Figs. 83, 84, 85) touch this plane at tbe foci of 

the conic 

3. The conic sections were originally defined (by tbe older Greek 
mathematicians, in the time of Plato, about 400 b.c.) as sections of a 
cone b; a plane at rigbt angles to a generator of tbe cone ; show that the 
section Is a parabola, ellipse, or hyperbola according as tbe angle 2 (c at 
the vertex of the cone is = i i, < J t, > i x. 
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PART H. REDUCTION OF GENERAL EQUATION 

163. Equations of Conies. We liave seen in the two pre- 
ceding chapters that by sdeaing the coordinate system in a con- 
venient way tlie equation of a paralx^ can be obtained in the 
simple form 

that of an eUipte in the form 



and that of a hyperbola in the form 

a* 6* 

When the coordinate system is taken arbitrarily, the carte- 
sian equations of these curres will in general not have this 
simple form ; but they will always be of the second degree. 
To show this let us take the common definition of these curves 
(S 111) as the locus of a point whose distances from a fixed 
point and a fixed line aro in a constant ratio. With respect to 
any rectangular axes, let Xi , ^i be the coordinates of the fixed 
point, ax + by + c = the equation of the fixed line, and e the 
given ratio. Then by gS 9 and 42 the equation of the locus is 

± Va' + 6» 
or, rationalized: 

(x - a!.)'-|-(y~yO'= ~y {ax + by + cy. 

It is readily seen that this equation is always of the second 
degree; i.e. that the coefficients of a?, y\ and xy cannot all 
three vanish. 
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1S4. Equati(m of Second Degree. Conversely, every equa- 
tion of the second degree^ i.e. every equation of the form (§ 47) 
(1) A;^ + 2Hxy + By' + 2Qx + 2Fy + G = (i, 

where A, H, B are not all three zero, in general represents a 
conic. More precisely, the equation (1) may represent an 
ellipse, a hyperbola, or a parabola; it may represent two 
straight lines, different or coincident ; it may be satisfied by 
the coordinates of only a single point; and it may not be 
satisfied by any real point. 

Thus each of the equations 

evidently represents two real different lines ; the equation 

represents a single line, or, as it is customary to say, two coin- 
cident linos ; the equation 

a? + y' = 
represents a single point, while 

is satisfied by no real point and is sometimes said to represent 
an "imaginary ellipae." 

The term conic is often used In a broader sense (compare g ld2) 
so as to include all these cases; it is then equivalent to the 
expression "locus of an equation of the second degree." 

It will be shown in the present chapter how to determine 
the locus of any equation of the form (1) with real coefficients. 
The method consists in selecting the axes of coordinates so as 
to reduce the given equation to its most simple form. 

166. l^ranslatioa of Axes. The transformation of the 
equation (1) to its most simple form is very easy in the par- 
ticular case wAen (1) contains no term in xy, i.e. when H=0. 
Indeed it suffices in this case to complete the squares in x and y 
and transform to parallel axes. 
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Two cases may be distingiuialied: 

(a) S^O, A^O, £ ^ 0, so that the equation haa the form 

(2) Jji' + Bf+2Ox + 2Fy+C=0. 
Completing the squaiea ia x and y (§ 18), we obtain an equation 
of the form 

A{x ~hy f Biy -~ky = K, 

where £* is a constant ; upon taking parallel axes through the 
point (A, K) it is seen that the locus is an ellipse, or a hyper- 
bola, or two straight lines, or a point, or no real locus, accord- 
ii^ to the values of A, B, K. 

(b) H=0, and either B^s or ^=0, so that the equation is 

(3) Ja!'4-2Gte + 2JV + C=0, orBj/*-f-2G'a!+2JV+C = 0. 
Completing the square in z or y, we obtain 

with (A, ft) ae new origin we have a parabola referred to vertex 
and axis, or two parallel lines, real and different, coincident, or 
imaginary. 

It follows from this discussion that the absence of the term, in 
xy indicates that, in the case of ttie eUipae or hyperbola, its axes, 
in the case of Ike parabola, its axis and tangerd at the vertex, are 
paraUel to the axes of coordinates. 

EXERCISES 
1. Bedace the following equations to standard forms and sketch the 
locii 

(a)2p»-ai + 8v+n = 0, (&)3? + 4v»-Q!>i + 4ff + 6 = 0, 

(C)6i» + 3ifi'-4i + 2v+l=0, (d)jf-0y»-6i+18v = 0, 
(0 9i' + 8va-86i+ap+10=0, C0 2i'-4i(« + 4a; + 4v-l = 0, 
(?) a? + »>-2i + 2v + S = 0, (A) 3i?- 6a; + 9 + 6 = 0, 

CO x?-^-ix-2v + S = 0, (j) 2**-6* + 12 = 0, 

(k) 2K*-6a! + 2 = 0, (I) {(*-4v + 4 = 0. 
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1. Find the equation of eacb of the lotlowiug conies, detarmiiie the 
axis perpendicular to the given directrix, the verticsB on this axis (b^ 
divimon-ratio), the lengths of the seml-azeo, and make a rough gketcb 
In each caaa j 

(a) with X ~ 2 = as directrix, focna at (8, 8), eccentricitj } ; 

(b) nithSi: + 4^ — 6 = OS directrix, focus at (5, 4), eccentricity}; 
(e) with z — y — 2 = 0aB directrix, foeua at (4, 0), eccentricity |. 

S. Find tbe axis, Tertez, latna rectum, wid sketch the parabola irith 
focoa at (2, — 2) and 2a; — 3y — 6 = 0bs directrix (see Ex. 2). 

A, Prove the statement at the end of § 16d. 

B. Find the equation of tbe ellipse of major axis 5 with foci at (0, 0) 
and (3, 1). 

166. Rotation of Axes. If the right angle xOi/ formed by 
the axes Ox, Oy be turned about the origin O through an 
angle d so as to take the new position XiOyi (Fig. 86), the 




relation between the old coordinates OQ = x, QP=y of any 
point P and the new coordinates OQi = a„ QiP^Vi of the 
sajne point P ate seen from the figure to be 
^, [a! = a^costf-y,Binfl, 

( y = a:, sin ^ + y, cos fl. 
By solving for o^, y, , or again from Fig. 86, we find 
.^. J a!, = a; cos tf + y sin 6, 

1 y, = — » sin tf + y cos ft 
If the cartesian equation of any curve referred to the axea 
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Ox, Oy is giveo, the equation of the same curve referred to the 
new axes Ox^ , Oy^ is found b; substituting the values (4) for 
X, y in the given equation. 

1S7. Ttanalatton and Rotatiiui. To transfonn from any 
rectangular axes Ox, Oy (Fig. 87) to any other rectangular 
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axes OiXi, 0,y, , we have to combine the translation OOi 
(g 13) with the rotation through an angle d (§ 166). 

This can be dooe by first transforming from Ox, Oy to the 
parallel axes OiX', 0^' by means of the translation (g 13) 

3!= 3!'+ A, 

y = y' + *, 

and then turning the right angle as'O^ through the angle 
(• = aj'Oja^ , which is done by the transformation (§ 166) 
a/ =! aj, COS 5 - yi sin 9, 
y' = 3;,8in# + y,costf. 
Eliminating x', y', we find 

\x = x,coB$ — y,B\a.0 + h, 
\y = Xisin6 + y, cos B + k. 
The same result would have been obtained by performing 
first the rotation and then the translation. 

It has been assumed that the right angles xOy and a!,Oyi are 
superposaUe; if this were not the case, it would be necessary 
to iuvei't ultimately one of the axes. 



(6) 
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EZBRCISES 
1. Find the coordinates of each ol the following points a£t«r the axes 
have been rotated abont the origin through the indicated angle : 
(O) {3,4),ix. (6) (0,5),lx. 

(0 (-3,2),tf = t«i-»}. (dj (4,-8), ix- 

1. If the origin is mored to the point (2, — 1) and the axes then 
rotated through 80°, what will tte the new cooidinales of the foUowiug 
pointB? 

(o) (0,0). (6) (2,3). (c) (6, _1). 

I. Find the new equation of the parabola ^ = 4 <iz after the axes have 
been rotated through : (a) ir , (b) ^r , (c) «■ 

4. Show that the equation z> + ^ = a* is not changed by any rotation 
of the axes about the origin. Why is this true ? 

6. Find the center of the drcle (x — a}* + y' =a' after the axes have 
been turned about the origin throu^ the angle S. What is the new 
equation ? 

5. For each of the following loci rotate the axes about the origin 
through the indicated angle and find the new equation : 

(a) af'-s« + 2 = 0,lT. (6) »^-y» = a',jT. 

(c) y = mx + b,e = t»a-'m. (d) 12i> - Tap- 12y» = 0, fl = tan-> J. 

W $ + $ = ^'i'- (Z) *»-v« = 0,lx. 

7. Through what angle must the axes be turned about the origin so 
that the circle 3fi + V* — Zx + iy — 6 = will not contain a linear term 
inj;? 

8. Suppose the right angle XiOj/i (Fig. 89} turns about the origin at 
a uniform rate making one complete revolution in two seconds. The 
coordinates of a point with respect te tiie moving axes being (2, 1), what 
are its coordinates with respect to the fixed axes xOy at the end of ; 
(a) isec? (6) }sec, ? (c) Isec.? (d) lisec? 

9. In Fig. 69, draw the line OP, and denote 4 QOP by ^. Divide 
both sides of each of the equations (4) by 01' and show that they are 
then equivalent to the trigonometric formulas for cos (0 + ^) and 
sin (fl + *). 
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1S8. Remond of the Tenn in xy. The general equation 
of die second degree (1), S l^i when the axes are turned about 
the origin throiigtL an angle $ (S 156), becomes : 
j4 {14 cos fl — y, ain #)* 
+ 2 H{xy<M6 S — yi Bin tf) (x, sin tf + y, cos ^ 

+ B (Xi Bin + 9/^008$)* 

+ 2O(iiC0a«-y,8iiitf) 
+ 2 if {ail sin ft + y, COB tf) + C = 0. 
This is an equation of the second degree in a^ and yi in 
which the coefficient of z,y, is readily seen to be 

— 2^coafl8infl + 2BBin*eo8tf + 2ff(cos'tf — sin*fl) 

= iB~-A)Bm2e + 2 Hcoa 2 0. 
It follows that if the axes be turned about the origin 
through an angle $ such that 

(B-A)aia2S + 2Hcoa2e = 0, 
i.e. such that 
(6) tan2tf = -^, 

the equation referred to the new axes will contain no term in 
a^i and can therefore be treated by the method of § 155. 
According to the remark at the end of § 166 this means 
that the new axes Oxi, Oy^, obtained by turning the original 
axes Ox, Oy through the angle 6 found from (6), are parallel 
to the axes of the conic (or, in the case of the parabola, to the 
axis and the tangent at the vertex). 

The equation (6) can therefore be used to determine tk^ 
directions of the axes of the conic; but the process just indicated 
is generally inconvenient for reducing a numerical equation of 
the second degree to its most simple form since the values of 
COS B and sin $ required by (4) to obtain the new equation are 
in general irrational. 



Tin, i 159] EQUATION OF SECOND DEGREE 



1. Thiough what tingle must tbe ftxee be turned about the origlii to 
remove the term in xg from efu^ of the following equationa t 
(a) Si?+2Vlx9+j/'~Sx+iy~10=<i. (6) x' + 2\'Sxy + lt'-15=<i. 
(e) i3i?-Sxs + 2^ + z~y + l=0. (d) iq/ = 2a'. 

1. Beduce each of the following equations to one of the fonns in £ 211. 
{a) xy = -2, (6) 6z*-6icj-6j/* = 0. 

(c) 3»?-109:if + 3if* + 8 = 0. (d) laaa - 10»:s+ 13^*- 72 = 0, 

169. TransfonnatitHi to Parallel Axes. To transform the 
general equation of the second degree (1), § 154, to parallel 
axes through any point (as,,, y^, we have to substitute (§ 13) 

x = 3f+x„, y = 3r' + y„ 

the resuliing equation is 

+ 2(i?a^ + By, + f)y' + (r = 0, 

where the new ctmstant term is 

(7) Cr = Ax^-\-'2Hx^, + By* + 2Qx^ + 2Fy^+C. 

It thus appears that after any translation of the ooordirtate 
syatem: 

(a) the coefficients of the terms of the second degree remain 
unchanged ; 

(b) the new coefScients of the terms of the first degree are 
linear functions of the coordinates of the new origin; 

(c) the new constant term is the result of substituting the 
coordinates of the new origin in the left-hand member of the 
original equation. 
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160; Transfonnatioa to the Center. The transformed equa- 
tion will contain no terms of the first degree, i.e. it will be of 
the form 

(8) Aif' + 2 H^i + By^+C' = 0, 

if we can select the new origin (a^, yj so that 

Hx^ + By^ + F-T^O. 
This is certainly possible whenever 

\A 

\h B 



^^-^=\i ?ko. 



and we then find : 

,,„, . FH-OB eg- FA 

As the equation (8) remains unchanged when z', ^ are 
replaced by —a;', — y*, respectively, the new origin so found is 
the center of the curve (§ 133). The locus is therefore in 
this case a central conic, i.e. an ellipse or a hyperbola ; but it 
may reduce to two straight lines or to a point (see § 162). It 
might be entirely imaginary, viz. if H=0; but the case when 
ff= has alreai3y been discussed in $ ld5. 

We shall discuss in § 164 the case in which AB — H*s=0. 

161. The Constant Term and the Discriminant The cal- 
culation of the constant term C can be somewhat simplified 
by observing that its expression (7) can be written 
C' = (Ax„ + ffy^ + Gr)x^+(ffx^ + By^ + F)y^ + Gxt + Fi/^-hC 
Le., owing to (9), 

(11) C'=Ch, + F3f^+C. 
If we here substitute for x^, y^ their values (10) we find : 
™ _ Q FH- G^B + FGH- F^A + ABO- H*C 
^ AB-H- 
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The numerator, which is called the discriminant of the equa- 
tion of the second degree and is denoted b; D, can be written 
in the form of a symmetiic determinant, viz. 
\A H Q\ 

d=\h b f\- 

\g f o\ 

If we denote the oofactors of this determinant by the oorre- 
Bponding small letters, we have x^^g/c, y^=f/c, C = D/a- 
Notice that the coefficients of the equations (d), which deter- 
mine the center, are given by the first two rows of D, while the 
third row gives the coefficients of (7 in (11). 

162. Strai^t Lines. After transforming to the center, i.e. 
obtainiug the equation (8), we must distinguish two cases 
according as = or G'^fcO. The condition C = means 
by (7) that the center lies on the locus ; and indeed the homo- 
geneous equation 

Aa^ + 2Bx'y' + Bs'*=0 

represents two straight lines through the new origin (x^ , j/b) 
(§ 45). The separate equations of these lines, referred to 
the new axes, are found by factoring the left-hand member. 
As we here assume (§ 160) that AB~H^^Q, and IT^O, the 
lines can only be either real and different, or imaginary. In 
the latter case the point (x^, yo) is the only leal point whose 
coordinates satisfy the original equation. 

163. ^lipse and Hyperbola. If O^O we can divide (8) 
by — C so that the equation reduces to the form 

(12) ax'+2kxy + by' = l. 

Thid equation represents an ellipse or a hyperbola (since we 
assume h^O). The axes of the ellipse oi hyperbola can be 
found in magnitude and direction as follows. 
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I£ an ellipse or hyperbola, with ite center, be gi^en graphi- 
cally, the axes can be constructed by inter- 
secting the curve with a concentric circle 
and drawing the lines from the center to 
the intersections; the bisectors of the 
angles between these lines are evidently 
the axes of the curve (Fig. 88). 

The intersections o£ the curve (12) with 
a concentric circle of radius r are givea by 
the simultaneous equations ""' " 

aa? + 2Aas + V = l. a!« + j/» = j*; 

dividing the second equation by r* and subtracting it from the 
first, we have 

(13) ^<.-i^x' + 2lfas+^i-iy_0. 

This homogene(ma equation represents two stmght linea 
through the origin, and as the equation is satisfied by the 
coordinates of the points that satisfy both the preceding equa- 
tions, these lines must be the lines from the origin to the inter- 
sections of the circle with the curve (12). If we now select r 
80 as to make the two lines (13) coincide, they will evidently 
coincide with one or the other of the axes of the curve (12). 
The condition for equal roots of the quadratic (13) in y/x is 

<") («-^)(»-^)-"--»- 

This equation, which is quadratic in l/r* and can be written 

("O (iJ-(a + 6)i + «6-S'.0, 

determines the lengths of the axes. If the two values found for 
r* are both positive, the curve is an ellipse ; if one is positive 
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and the other negative, it is a hyperbola; if both are negative, 
there is no real locus. 

Each of the two values of l/H found from (14'), if substi- 
tuted in (13), makes the left-hand member, owing to (14), a 
complete square. The equations of the axes are theiefore 



t^f^,=0: 



= 0, 

or, multiplying by Va — l/r* and observing (14) : 
fa-^\x±hy = 0. 

161 Parabola. It remains to discuss the case (§ 160) of the 
general equation of the second degree, 

in which we have AB— ff' = 

This condition means that the terms of the second degree form 
a perfect tqtiare : 

A3?+2H3^ + By*=(V2x+VByy. 
Putting ■VA = a and VB = i> we can write the equation of the 
second degree in this case in the form 

(1 5) {ax + byy = -2Gx-2t)/- C. 

If Q and F are both zero, this equation represents tivoparaUd 
straight lines, real and different, real and coincident, or im- 
aginary according as C < 0, = 0, C>0. 

If G and F are not both zero, the.equation (15) can be inters 
preted as meaning that the square of the distance of the point 
(x, y) from the line 

(16) a« + &y = 

is proportional to the distance of (x, y) from the line 

(17) 2Ox + 2Fy + C=0. 

Hence if these lines (16), (17) happen to be at right angles, the 
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locus of (15) is aparabola, having the line (16) as axis and the 
line (17) as tangent at the vertex. 

But even when the lines (16) and (17) are not at right angles 
the equation (15) can be shown to represent a paratmla. For 
if we add a constant k within the parenthesis and compensate 
the right-hand member by adding the terms 2 akx + 2 bkt/ + Ifi, 
the locus of (15) is not changed ; and in the resulting equation 

(18) (ax + by + ky = 2{ak-G)x + 2(_bk-F)y + }(^-G 
we can determine ft so as to make the two lines 

(19) ax-i~by + k=0, 

(20) 2(ak -G)x + 2(6fc -F)y + K'-C=:0 
perpendicular. The condition for perpendioularit; is 

a{ak ~Cf) + b{bk -F) = 0, 
whence 

(21) k = ^^±M. 

With this value of fc, then, the lines (19J, (20) are at right 
angles ; and if (19) is taken as new axis Ox and (20) as new 
axis Oy, the equation (18) reduces to the simple form 

■^ = l)X. 

The constant p, i.e. the latus rectum of the parabola, is found 
by writing (18) in the form 

/ ajB + fty + ft V^ 



2v'(afc-g)'+(6fc-.F)' 2(aft-g)a!+2(6A:-y)y+y-C . 
a' +6' 2V(a&-0)» + (6&-i?^* 



Substituting for k its value (21) we can reduce it to 
^ _ 2(.F-I,g) 
(o' + S-)* 



VIII, 5 1641 EQUATION OF SECOND DEGREE 161 

EXERCISES 
1. Find the equation of each of the following loci after tnuisformlng 
to parallel asea through the cetit«r : 

ia)Sv!'-izy-9»-3x-iy+1 = 0. 

(b) 5x" + 6aT + y* + 6a!-4v-6 = 0. 

(d) x*-2xs-j^ + ix-2y~B = Q. 
t. Find that diameter of the conic 3x>— 2zp—4y*+Sx—4v -f 2:^=0 
(a) which passes throu^ the origin, (6) which Is parallel to each co- 
ordinate axis. 

3. For what values of k do the foUowing eqostions represent str^ght 
lines ? Find their interaectlous. 

(a) 2±"-xjf-8y>-6ii + iej + t = 0. 
(6) k3? + 2xv + i/'-x-ii-6=0. 

(c) 3:fi-ixy + k^ + 8y^3 = 0. 

(d) 3i'+2y^ + dx~iy + k=0. 

4. Show that tlie equationH of conji^ate hyperbolaa x*/a^— y*/6'= ±1 
and their asymptotes a^/o*— pVi' = 0, even after a tranalation and rota- 
tion of the axes, will differ only in the constant terma and that the con- 
stant tenn of the asymptotes is the arithmetic mean between the conatant 
terms of the conjugate hyperbolas. 

5. Find the asymptotes and the hyperbola conjugate to 

2:^ — xff-Ujfi + x + Wy + 16s=0. 
fl. Find the hyperbola through the point (—2, 1) which has the lines 
2x — y+l=0, Sx + 2y — = as asymptotes. Find the conjugate 
hyperbola. 

7. Show that the hyperbola xy = a' is referred to its asymptotes as 
coordinate axes. Find the semi-axes and sketch the curve. Find and 
sketch the conjugate hyperbola. 

8. The volume of a gaa under constant temperature varies Inversely 
as the pressure (Boyle's law), i.e. vp = e. Sketch the curve whose ordl- 
nates represent the pressure as a function of the volume for different 
values of c ; e.g. take c =^ 1, 2, 3. 

9. Sketch the hyperbola (x — a)(v — b) = c' and its asymptotes. In- 
terpret the constants a, b, c geometrically. 
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10. Sketch the hyperbola xy + Sy — 8 = aad ita asymptotes. 

11. Find the center and Bemi.&zea ot the following conioa, write their 
equations In the most simple form, and sketch the ciures : 

(a) 5K»-6a!H-6v' + 12V2i~4v'2y + 8 = 0. 

(6) 3?-aVsxt~tj/'-io = o. (e) 3? + xi/ + ^-af+a=o. 

(d) lS3?~6VZ^-i--IV-U=f). 

(e) 2i?-4*y + j» + 2*-4y-i = 0. 
(/)8 3;« + 2j» + j» + 6a + lv + J=0. 
U. Sketch the tollowing panbolaa : 

(a) *> - 2 VIjT + 8 v" - OVSx - 6 V = 0. 

{6)a?-flic» + B»»-3K+4»-l=0. 

U. Shon that the tollowing combinations of the coefficients of the 
general equation of the second degree are invarianlt (^Le. remain un- 
changed) nnder any transformation from rectangular to rectangolar axes : 

(a) A + B. (,b) AB- m. (c) (A - B)' + 4 3^. 

14. Show that x) + yl = a^ represeuta a parabola. Sketch the locns. 
11. find the parabola with x + v = asdirectriz and (ja, )a)aB 

U. Let five points A, B, C, D, E be taken at equal interrals on a 
line. Show that the locus of a point P such that AF SPsBP- DP is 
an equilateral hyperbola. (Take C as origin.) 

17. The variable triangle AQB ia isosceles with a fixed base AB. 
Show that the locus of the intersection ot the line AQ with the perpen- 
dicular to QB through B is an equilateral hyperbola. 

18. Let .^ be a fixed point and let Q describe a fixed line. Find the 
locos of the int«rBectioD of a line through (j perpendicular to the fixed 
line and a line through A perpendicular to AQ. 

It. Find the locus of the intersection of lines drawn from the extrem- 
ities of a fixed diameter of a circle to the ends ot the perpendicular 
chords. 

M. Show b; (14'), g 103, that if the equation of the second degree 
represents an ellipse, parabola, hyperbola, we have, respectively, 
AB-H' >0, = 0, <.0, 



CHAPTER IX 

HIGHER PLAHS CURVES 

PAUT I. ALGEBRAIC CURVES 

165. Cubics. It liaa been Bhown (§ 30) that every equation 
of the first degree, 

represents a straight line; and (§ 154) that every equation of 
the second degree, 

+ a,x + b^ 

+ a^ + fijiry + c,3/' = 0, 

either represents a conic or is not satisfied by any real points. 

The locus represented by an equation of the third degree, 

+ a^ + b^ + c^ + d,y*=0, 
i.e. the a^regate of all real points whose coordinates x, y satisfy 
this equation, is called a cubic curve. 

Similarly, the locus of all points that satisfy any equation of 
the fourth degree is called a quartic curve ; and the terms quintic, 
sextic, etc., are applied to curves whose equations are of the 
fifth, sixth, etc, degrees. 

Even the cubics present a large variety of shapes; still 
more so is this true of higher curves. We shall not discuss 
such curves in detail, but we shall study some of their properties. 
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166. AlgebnUc Curves. The general form of an algebraic 
equation of the nth degree in x and y ia 

+ o,a! + 6ij/ 
(1) +a^+b^ + c^ 



The coeffloienta are supposed to be any real numbers, those in 
the last line being not all zero. The number of terms is not 
more than 1 + 2 + 3 +...+(«+ 1) = ^(n + l)(n + 2). 

If the cartesian equation of a curve can be reduced to this 
form by rationalizing and clearing of fractions, the curve is 
called an algebraic curve of degree n. 

An algebraic curve of degree n can be intersected by a 
straight line, 

Jx + By + C = 0, 

in not more than n points. For, the substitution in (1) of the 
value of y (or of x) derived from the linear equation gives an 
equation in x (or in y) of a degree not greater than n ; this 
equation can therefore have not more than n roots, and these 
roots are the abscissas (or ordinates) of the points of intersec- 
tion. 

We have already studied the curves that represent the poly- 
nomial function 

y^at+a^x + af?-] i-a^f; 

such a curve is an algebraic curve, but it is readily seen by 
comparison with the preceding equation that this equation is 
of a very special type, since it contains no term of higher de- 
gree than one in y. Such a curve is often called a parabolic 
curve of the nth degree. 
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167. Transfonnatioii to Polar Coordinates. The cartesian 
equatloa (1) la readily traDsformed to polar coordinates by sub- 
stituting 

3! = )■ eoa ^, y = r sin ^ ; 

i,t then assumes the form : 
(2) 



+ (a, cos ^ + 6i sin <f>)r 

+ (a, cos' ^ + &i COS ^ sin ^ + (^ sin' ^)r* 

+ (og eos" <p + bi cos' ^ sin ^ + (^ cos sin* ^ + d, sin' ^)r* 



+((», cos" ^+6, COS'"' ^ sin ^+ ••• + it, c< 




I ^ sin"-i ^ +?■ sin' ^)r" 

= a 

If any particular value be assigned to the polar angle ^ this 
becomes an equation in r of a 
degree not greater than n. Its 
roots r,, r,,--- represent the in- 
tercepts OPi, OPj, •■• (Fig. 89) 
made by the curve (2) on the line 
9 = tan ^ ■ X. Some of these 
roots may of course be imaginary, , 
and there may be equal roots. 

168. Curve through the Ori^. The equation in r has at 
least one of its roots equal to zero if, and only if, the constant 
term a^ is zero. Thus, the neoegaary and gujicient condUion that 
the origin bea point of the curve is 0^ = 0. 

This is of course also apparent from the equation (1) which 
is satisfied by a; = 0, y = if, and only if, a« = 0. 

169. Tangent IJne at Origin. The equation (2) has at 
least two of its roots equal to zero if Og = and a, cos <p + 
&i sin ^ = 0. If Oi and &, are not both zero, the latter condition 



166 PLANE ANALYTIC GEOMETRY [IX, ! 169 

oan be aatisfied by selecting the ai^le properlj, viz. bo that 

tan <* = -?!■ 

The line throogh the origin inclined at this angle ^ to the 
polar axis is the tangent to the curve at the origin O (Fig. 90) . 
Its carteeian equation ia y = tan ^ ■ x = — (ai/b{)x, i.e. 
(3) €^x + ba~0. 

Thos, il Oo = while Oi , 6i are not both zero, the carve haa 
at the origin a single tangent ; the origin is therefore called 
a nmple, or mdinarj/, point of the curve. 
In other words, if the toweet terms in 
the equation (1) of an (dgebraic curve 
are of the JirH degree, the origin m a 
simple point of the curve, and the equ<i- 
tioR of the tangent at the origin is ob- 
tained by equating (o zero the terms of 
the first degree. 

170. Double Point. The condition a,coB ^+6i8in ^ = 
necessaiy for two zero roots is also satisfied if a, = and &i = ; 
indeed, it is then satisfied whatever the value of ^. Hence, if 
a^ = 0, a, = 0,bi = 0, the equation (2) has at least two zero 
roots for any value of ^. If in this case the terms of the 
second d^ree in (1) do not all vanish, the curve is said to 
have a double point at the origin. Thus, the origin ia a dou6!e 
point if, and only if, the UnoeA terms in the equation (1) are of 
the second degree. 

171. Tang^its at a Double Point. The equation (2) will 
have at least three of its roots equal to zero if we have a* = 0, 
O) = 0, 6, = and 

. a, cos* ^ + &, COB ^ sin ^ + C| ein' ^ = 0. 
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If a,, bf, c, are not all zero, we can find two angles aatisfying 
this equation which may be real and different, oi real and 
equal, or imaginary. The lines drawn at these angles (if real) 
through the origin are the tangents at the double point. 

Multiplying the last equation by r* and reintroducing carte- 
sian ooordinates we obtain for these tangents the equation 
(4) a^ + b^ + c^ = 0. 

Thus, if the lowest terms in the equation (1) are of the second 
degree, &te originf is a do«bte'point, and these terms of tlie second 
degree equated to zero represent the tang&Us at the origin. 

172. TypeB of Double Point, (a) If the two lines (4) are 
real and different, the doable point is 
called a node or crunode; the curve then 
has two branches passing through the 
origin, each with a different tangent 
(Fig. 91). 

(6) If the lines (4) are coincident, i.e. 
if Oja? + 6^ + c^ is a complete square, Fio. Bi 

the double point is called a cusp, or ^inode; the curve then 
has ordinarily two real branches tangent to 
oQe and the same line at the origin (Fig. 92 
represents the most simple case). 

(c) If the lines (4) are imaginary, the 
double point is called an isolated point, or 
an acnode; in this case, while the coordi- 
nates 0, of the origin satisfy the equation 
of the curve, there exists about the origin 
a region containing no other point of the 
cnrve, so that no tangents can be drawn 
throi^h the origin (Fig. 93). 



k^ 



^ 



v_ 
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It should be observed that, for carreB of a degree above 
the third, the origin in ease (b) may be an isolated point; this 
will be revealed by investigating the higher terms (viz. those 
above the second degree). 

173. Multiple Points. It is readily seen how the reasoning 
of the last articles can be continued although the investigation 
of higher multiple points would require further discussion. 
The result is this : If in the equation of an algebraic curve, when 
rationaiized and cleared of fractipns, the lotoest terms are of 
degree k, the origin is a }c4uple point of the curve, and the tan- 
gents at this point are given hy the terms of degree k, eqwUed 
to zero. 

To investigate whether any given point (Xi , i/i) of an alge- 
braic curve is simple or multiple it is only necessary to trans- 
fer the origin to the point, by replacing xhy x-j-x^ and y by 
y + Su I'ld then to apply this rule. 

EXKICISES 

1. Determlae tbe nature of the origin and sketch the corves : 
(a) K = (I? - 2 1. (6) *> = 4 V - v». (e) (i + a)(i( -H a) = a». 

(d)v' = ^(i-x). (e)y^ = ^. CO it»-n^ = r>. 

(g) ^" = 1*+*". (A) *" - 3 aey -H/* = 0. (() x*-y' + 6xf = 0. 

fl. Determine tbe nature of tbe orlgioaJidBketohthe curve (y—x*)>=z*, 
for: (a) n = I. (6) n = 2. (c) n = 3. (d) n = i. 

3. Locat« tbe multiple points, determine thdr nature, and aketclt t^ 

(a) ^ = x(x + 3)i. (6) (j,~Z)'^3?. (c) C? + l)S=f*-8)» 

4. Sketch the curve ^=(x- a) (x-&)(z-e) and discuss the multi- 
ple points when : 

(.8) 0<a<6<e. (6) 0<a<6 = c. (c) 0<a = 6<c. (d) 0<o = 6 = e. 
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PART II. SPECIAL CURVES 

174. Conchoid. A fixed point and a fixed line I, at tlte 
distance a from 0, being given, the radius vector OQ, drawn from 
O to every point Qofl, is produced by a segment QP =h of con- 
stant length ; the locus of P is called the conchoid of Nicomedes. 

For as pole and the perpendicular to I &8 polar axis the 

eqnatioit of Hs 

r, = a/ COS ^ ; 

hence that of the conchoid is 



If the segment QP be laid ofF in the opposite sense, we obtidn 
the cutre 

r = -^ 6, 

COSi^ 

which is also called a conchoid. Indeed, these two ourrea 
are often regarded bb merely two branches of the same 
curve. TrausformiDg to cartesian coordinates and rationaliz- 
ing, we find the equation 

(x-ay(a? + f) = bh?, 

which represents both branches. Sketch the curve, say for 
b = 2a, and for b = a/2, and determine the nature of the origin. 

17S. Ijma^on. If the line I be replaced by a circle and the 
fixed point be taken on the drde, the locus of P is called 
PascaVs lima<ion. 

For O as pole and the diameter of the circle as polar axis 
the equation of the circle, of radius a, is ri = 2 a cos <^ ; hence 
that of the lima^D is : 

r = 2 a cos ^ + A. 
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If b»2a, the ( 
then becomes 



re is called the cardioid; the eqoation 
r=ia COB* J 0. 

Sketoh the lima^ona for Ei = 3 a, 2a, a; tiaosf orm to car- 
tesian coordinates and determine the character of the origin. 

176. Cissoid. Off =a being a diameter of a drde, let any 
radius vector drawn from meet the circle and its tangent at O' 
at tltepointa Q, D, respectively; if on this radius vector ve lay 
off 0B= QD, the locus of R is called the cissoid of Diocles. 

With as pole and OC/ as polar axis, we have 
OD = a/coa<l>, 0Q = aco3^; 
the equation is therefore 



VCOB* '; COB*' 



or ia cartesuui coordinates 



y 


(A 


D 





\ 


w « 



If instead of taking the difference of the radii vectorea of the 
circle and its tangent we take their sum, we obtain the so-called 
companum oftfie dasoid, 

r = a(co8 ^ + sec ^), 

x — a 
Sketch this curve. 

177. Versiera. With the data of § 176, let us draw through 
Q a parallel to the tangent, through D a paralld to the diameter; 
the locus of the point of intersection P of these parallels is 
called the versiera (wrongly called the " witch of Agnesi "), 
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We have evidently with as origin and OC aa axis Ox: 
x = a cos' ^, y = a tan ^, 
whence eliminating ^ : 

If we replace the tangent at (y by any 

perpendicular to 00' (Fig- 96), at the 

distance b from 0, we obtain the curve 

X = a cos' ij>, y = b tan ^, 

_ gy 

which reduces to the versiera for b = a. 

Sketch the versiera, and the last curve f or & = -^ a. 




178. Cassinian Ovals. Lenmiscate. Two fixed points ^i, 
Ft being given it is known that the locus of a point P is : 




(a) a circle if F^P/F^^ const. (Ex. 7, p. 54); 
(6) an ellipse if F^P + F^= const {§ 114) ; 
(c) a hyperbola if i^,P-JiP= const {§ 119). 

The locus is called a Cassinian owtl if FiP'PjP = const. If 
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m pat FiFt = 2a, the equation, referred to the midpoint 
between Fi and F^ as origin and OF, as axis Ox, is 
[(« + ay + ^] l(x - a)' + y^ = ft*. 
In the particular case when ft = a' the curve passes through 
die or^in and is called a lemnistate. The equation then re- 
duces to the form 

which becomes in polar coordinates r* = 2 a* cos 2 ^. 
Trace the lemniscate from the last equation. 

179. Cycloid. The common cycloid is the path descrf&ed by 
any point P of a cij-ofe nMing over a straight line (Fig. 97). 




If ^ be the point of contact of the rolling circle in any posi- 
tion, the point of the given line that coincided with the point 
P of the circle when P was point of contact, it is clear that 
the length OA must equal tiie arc AF=a$, where a is the 
radius of the circle, and 0= '^ACP, the angle through which 
the circle has turned since P was at 0. The figure then shows 
that, with Oas origin and OA as axis Ox: 

x=0Q = a6 — asia$, y = a — acos$. 
These are th& parameter equations of the cycloid. The cnrve has 
an infinite number of equal arches, each with an axis of sym- 
metry (in Fig. 97, the line x = tto) and with a oasp at each 
end- Write down the cartesian equation. 
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180. Trochoid. The path deacribed by any point P rigidly 
connected with the rolling circle is c&lled a trochoid. If the 




Fio. 98. —The TrachoidB 
distance of P from the center C of the circle is b, the equations 
of the trochoid are ib = otf — 6 sin fl, y = a — 6 eos ft 
Draw the tro<^oid for b=s^a and for 6 = | a. 

181. Epicjrcloid. The path described by any point P of a 
circle rolling on the outside of a fixed circle is called an epicg- 
cloid (Fig. 99). 

Let O be the center, 6 the 
radius, of the fixed circle, the 
center, a the radius, of the rolling 
circle; and let Ai, be that point 
of the fixed circle at ^s'hich the 
describing point P is the point 
of contact. Put JgOA — <tt,ACP 
= 8. As the arcs AA^ and AP 
are equal, we have b<p = a$. '^*'- ** 

With O as origin and OAg as axis of x we have 

a; = (a + 6) cos * + aBin[fl-(i «■-*)], 
'y=(a + b) sin ^ — a cos [fl — (i "■ — ^)]» 
i.e. a: = (a + 6) cos ^ — a cos ^-^ ^ 

yss (o + 6) sin ^ — o sin ^. 
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182. Qfpocycloid. If the circle rolls on tlie inside of the 
fixed circle, the path of any point of the rolling circle is called 
a hypoq/cloid. The equations are obtained in the same way ; 
they differ from those of the epicycloid (§ 181) merely in hav- 
ing a replaced by — a. Write down these equations. 

Show that r (a) for b = 2a the hypoeycloid reduces to a 

straight line, and illustrate this graphically ; ({>) for 6 = 4 a the 

curre, called the four-cusped hypocydoid, has the equations 

x = 3a cos i^ + a cos 3 ^ = a cos* ^, 

yn 3a sin ^ — a sin 3^ = asin'^, 

whence ii;' + yJ = o^ 

BXBBCISES 

1. Sketch the following curves : (a) Spiml of Aichimedee r = ail>; 
(B) HTperboUc spiral r^ = a; (e) Lituus r^ = <^. 

t. Sketch the following carves : (a) r = a sin ^ ; (b) r = a coa^; 
(e) r = asin2#; (if) r = iicos2^; (<) r = iicob3« ; (/) r = asinS^i 
(g) r = aco«4^; (A) r = adn4f. 

S. Sketch with respect to tlie same axes the CaHSini&n ovals (§ 178} 
for o = 1 and ft = 2, 1.5, 1.1, 1, .TS, A "■ 

4. Let two perpendicular lines AB and CD iutenect at O. Through 
a fixed point <j of AB draw any line intersecting CD at B. On this line 
lay oO in both directions from B segments BP of length OB. The locns 
of P ia called the itrophoid. Find the equation and sketch the curve, 

B. Show that the lemniacate (5 178} is the inveise curve ol an equi- 
lateral hyperbola with respect to a circle atiout its center. 

•. Show that the stropboid (Ex. 4) is the curve Inveree to an equilat- 
eral hyperbola with respect to a circle about a vertex with radius equal 
to the transverse axis. 

T. Show that the cissoid ($ 176} is the curve inverse to a parabola 
with respect to a circle about its vertex. 

5. find the curve inveise to the cardiold ($ 17G) with respect to a 
oirole about the ori^. 
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t. Traiutorm Qte equatioo a(x> + ^) = x* to polar coordinates, in- 
dicate a geometrical construction, and draw tlie curve. 

10. A tangent to a circle of radius 2 a about the origin intersectB tlie 
axes at T and T. Find and sketch the locus of the midpoint P of TT'. 

11. From an; point <j of the line x = a draw a line parallel to the axia 
Ox intersecting the axis Oy at C. Find and sketch the locus of tLe loot 
of the perpendicular from C on OQ. 

IS. The center of a circle of radius a moves along the axis Ox. Find 
and sketch the locus of the Intersections of this circle with lines }oining 
the origin to its highest point. 

13. The center o( a circle of radius a moves along the axis Ox. Find 
and sketch the locns of its points of contact with the lines through tbe origin. 

183. Tte Sine Cmre. The simple sine curve, y=ein:c, 
is best constructed by means of an auxiliary circle of radius 
one. In Fig. 100, OQ is made equal to the length of the arc 
OA = X ; the ordinate at Q is then equal to the ordinate BA of 
the circle. 




Construct one whole penod of the sine curve, {.e. the portion 
corresponding to the whole circumference of the auxiliary 
circle ; the width 2 ^ of this portion is called the period of the 
function sin a;. 

The simple cosine curve, y = cos x, is the same as the sine 
curve except that the origin is taken at the point (^ir, 0). 

The simple tangent curve, y = tan x, is derived like the sine 
corve from a unit circle. Its jjertod is ir. 
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184. The diverse Trigonometric Curves. The equation 
y = sin z can also be written in the form 

X = Bin"' y, or x = arc sin y. 

The curve represented by this equation is of course the same 
as that represented by the equation y = sin a;. 

But if X and y be interchanged, the resulting equation 

X = sin ^, or ^ = siu'' x,y = arc sin x, 

represents the curve obtained from the simple sine curve by 
reflection in the line y=x (^ 70). 

Notice that the trigonometric functions sin x, cos x, tan x, etc, 
are one-vcdued, i.e. to every value of x belongs only one value 
of the function, while the inverse trigonometric functions ain"' x, 
COS"' as, tan'ic, etc., are many^vaiued ; indeed, to every value of 
X, at least in a certain interval, belongs an infinite number of 
values of the function. 



186. TrBOSCendental Curves. The trigonometric and in- 
verse trigonometric curves, as well aa, in general, the cycloids 
and trochoids, are transcen- 
dental curves, so called because 
the relation between the carte- 
sian coordinates x, y cannot be 
expressed in finite form (t'.e. 
without using infinite series) by 
. of the algebraic opera- 
tions of addition, subtraction, 
multiplication, division, and 
raising to a power with a con- 
stant exponent 



/ 



/ 
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186. LogaiiQiinic and E^tonential Curves. Another very 
important tranacendental curve is the exponential curve 



and ita inverse, the logarilhimc curve 



where a is any positive constant (Vig- 101). A full discussion 
of these curves can only be given in the calculus. 



1. From a table of trigonometric functions, plot the curve j/ = tinz. 
I. Plot the carve y = sin x geometrically, as in £ 188. 
8. Flotthe cmre y = cos» (a) from a table; (&) by a geometric con- 
struction similar to that of $ 183. 

4. Plot the curre g ~ tan x from a table. 

5. Plot each of the curves 

(a) s = 8ln2*. (b)!/ = 2coa3z. (c) j, = 3tan C>;/2). 

(d)s = aecx. (e)y-cot2a;. (/)y = 2Unix. 

S. Plot each of tbe curves 
(a) y s sin-i x. (6) y = cob-> x. (c) y = tan-> x. 

7. B; adding tbe ordinates of tbe two curves y = sin x and y = cos x, 
construct llie graph of y = sin x 4 cos x. 

8. Draw each of the curves 

(a) y = sin a; + 2 COS 3% (c) j( = see a^ + tan i. 

(6) y = 28ina:+ coa(a:/2). (d) p = ain3; + 28in 2x-(- SsinSit. 

ft. Tbe equation x = sin t, where t means tbe time and x means tbe 
distance of a body from its central position, represents a Simple Harmonic 
MoUon. From tbe graph, describe the nature of tbe motion. 

10. From a table of logai^thma o£ numbers, draw the curve y=1ogi(iX. 

11. By multiplying tbe ordinates of the curve of Es. 10 by 8, construct 
tbe curve y = Elogiox. 

U. From the figure of Ex. 10, construct the curve y = lO" by reflec- 
'Uon of the curve of Ex. 10 in the line y :=: x. 

IS. Draw the curve y = J^logiox by the process of Ex. 11. Sbovr that 
It repreaenta ttie equation y = Ic^nwx, since 

I/ = logioi)* = logii)olO X logioa: = ilogii,3;. 
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PART III. EMPIRICAL EQUATIONS 

187. Empirical Formulas. In scientific studies, the rela- 
tions between quantities are usually not known in advance, 
but are to be found, if possible, from pairs of numerical values 
of the quantities discovered by experiment. 

Simple cases of this Icind have already been given in gg 15, 
29. Id particular, the values of a and b in formulas of the 
type y = o + fer were found from two pairs of values of x and y. 
Compare also § 34. 

Likewise, if two quantities y and x are known to be connected 
by a relation of the form y = a + bx + cat*, the values of a, b, c 
can he found from any three pairs of values of x and y. For, 
if any pair of values of x and y are substituted for x and y 
in this equation, we obtain a linear equation for a, b, and c 
Three such equations usually determine a, b, and c. 

In general the coef&cienta a, b, c, —, I in an equation of the 

^^ j=a + 6a! + ca!*+ — +te" 

can be found from any n + 1 pairs of values of x and y. 

188. Approximate Nature oi Results. Since the measure- 
ments made in any experiment are liable to at least small 
errors, it is not to be expected that the calculated values of 
such coefficients as a, b, c, ■■• of § 187 will he absolutely accu- 
rate, nor that the paints that represent the pairs of values of 
X and y will all lie absolutely on the curve represented hy the 
final formula. 

To increase the accuracy, a large number of pairs of values 
of X and y are usually measured experimentally, and various 
pairs are used to determine such constants as a, b, c, ■■■ of g 187. 
The average of all the computed values of any one such con- 
stant is often taken as a fair approximation to its true value. 
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188. Illustrative Examples. 

EiAHPLE 1. A wire under tensioD is found by eiperiment to stretch 
an amount I, In thouaaudtbs of &n inch, under a tension T, iu pounds, as 
f ollowa ! — 

15 20 26 30 

12.5 15.6 20 28 

Find a relation of the form I = kT {Hooke't Lme) which approx- 
imately represents these results. 



Substituting i = 8, T=10in l = kT, we find fc = .8. From r=12.5, 

r = 16, we find k = .833. Liliewise, the other p^is of values of I and T 

give, respectively, k = .775, t = .8, k = .767. The average of all these 

values of it ia ft = .796 ; hence we may write, approsimately, 

I = .7H5 T. 
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This equation is repreaented by the line in Fig. 102 ; this line doee not 
pass through even one of the given points, but it la a fair compromise be- 
tween all of them, in view of the fact that each of them is itaell probably 
sUgblly iaaccurale. 

Example 2. In an experiment with a- Weston DiSereutial Pulley 
Block, the effort £, in pounds, required to raise a load W, in pounds, was 
found to be as follows : 



E 8i ^^17} 9 lOJ 12} 13} 16 16j 

Find a relation of the form E = aW + b that approiimat«1y agrees 
with these data. [Gibson] 

These vatuee may be plotted In the usual manner on squared paper. 
They will be found to lie very 
nearly on a, straight line. If JS 
is plotted vertically, b is the in- 
tercept on the vertical axis, and 
a is the slope of the line ; both 
can be measured directly in the 
figure. 

To determine a and b more 
exactly, we may take vnrious 
points that lie nearly on the 
line. Thus (E = 6\, Tr=30) 

and (E = mi, W = 100) lie j^^,, kq 

nearly on a line that passes close 
to all the points. Substituting in the equation E = aW+bwe obtain 

ei=30a + b, lej^lOOa + b, 

whence a = 0.14ft, b = 1 .83. Hence we may take 

£ = 0.148 ir+1.8fl, 

approxima1«l7. Other pairs of values of E and W may be used in like 
manner to find values for a and b, and all the values of each quantity may 
be averaged. 
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Example 3. If B denotes the melting point (Centigrade) ol an alloy 
of lead and zinc containing x per cent of lead, it is found that 

X = % lead 40 50 flO 70 80 90 

e = melting point .... 186° 206° 226° 260° 278° 304° 

Find a relation of tbe form = a + fix + ei? that approximately ezpiessei 
these facts. [Saxblbv] 

Taking any three pairs of values, say (40, 166), (70, 260), (90, 304), 
and BUbstitnting ia = a + bx + ex* y>e find 

18S = a4-406 + 1600c, 

250=0 + 706 + 4000 c, 

304 = a + »0 6 + 8I00c, 

whence a = 182, b = .02, e = .0011, approximately ; whence 

fl = 132 + .92 2+.00Il!i> 

Other sets of three pairs of valaea of x and y may be used in a similar 

manner to determine a, b, e; and the resulting values averaged, as above. 



1. In experiments on an iron rod, the amount of elongation I (In thou- 
sandttis of an Inch) and tbe stretching force]) (in thousands of pounds) 
were found to be (p = 10, 1=8), (p = 20, J = 15), (p = 40, 1 = 31). 
Find a formula of the type l = k'P which approximately expresses these 
data. An». i = .776. 

1. The values 1 in. = 2.6 cm. and 1 ft. = 30.S cm. are frequently 
quoted, but they do not agree precisely. The number of ceatlmetera, c, 
iu i inches is surely given by a formula of tbe type e = ki. Find k ap- 
proximately from the preceding data. 

S. Tbe readings of a standard gas-meter i^ and those of a meter T being 
tested on tie same pipe-line were found to be (S=8000, r=0), (5=3610, 
r = 500), {S = 4022, r=1000). Find a formula of the type r = aS+ 6 
which approximately represents these data. 

4. An alloy of tin and lead containing x per cent of lead mells at tbe 
tempentnre B (Fahrenheit) given by tbe values {i = 26%, fl = 482°), 
(a; = 60%, e = 870°), (a; = 75%, fl =856°). Determine a formula of the 
type 8 = a + bx + csfi which approximately represents these values. 
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S. The teinperatuTes 8 (Centigrade) eA a depth d (feet) below the rar- 
face of the earth io a. mine were found to be d = 100, g = 16.7° ; d = 200, 
0s 16.5; d=SOO, tf=17.4. Find a relation of tlie form e=a + &d between 
Sandd. 

i. Determine a line that passes reasonably near each of the three 
points (2, 4), (6, 7), (10, 0). Determine a qnadratic eipression 
y=a + bx+esfi that represents a parabola through the same three points. 

7. Determine a parabola whose equation is of the form y=a + bx+a^ 
that passes through each of the polnie (0, 2.Gj, (1.6, 1.6), and (3.0, 2.8). 
Are the values of a, 6, e changed materialljr if the point (2.0, 1.7) is 
substituled for the point (1.6, 1.6) ? 

8. If ttie curve p = sic x is drawn with one uuit space on the ataxia 
representing 60", the points (0, 0), (J, i), (IJ, 1) lie on the cnrre. Find a 
parabola of the form y = a+bx + ex^ through these three points, and draw 
t^e two curves on the same sheet of paper to compare them. 

190. SubstitutioDS. It is particularly easy to test whether 
poiotH that are given by an experiment really lie on a straight 
line ; that is, whether the quantities measured satisfy an equa- 
tion of the form y — a + bx. This is done by means of a trans- 
parent ruler or a stretched rubber band. 

For this reason, if it is suspected that two quantities x and 
y satisfy an equation of the form 

it is advantageous to substitute a new letter, say u, f or a^ : 

u =! a?, y = a + 6k 
and then plot the values of y and u. If the new figure does 
agree reasonably well with some straight line, it is easy to Snd 
a and b, as in § 189. 

Likewise, if it is suspected that two quantities x and y are 
connected by a relation of the form 

y = a-\-b ■- or xi/=sax + b, 

it is advantageous to make the substitution u = 1/x. 
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Other substitutioDS of the same general nature aie often 
iiaeful. 

In any case, the given values of x and y should he plotted Jlrst 
unchanged, tn order to see what sub^itution might be ■use/ui. 

191. Illustrative Example, if & bod; elidea down w inclined 
plane, the distance t that it movefl is connected with the time t after it 
starts by an eqiiaUon o( the form s = kfi. Find a value of k that agrees 
reaeonabl; with the following data : 

«, In feet 2.6 lO.I 23.0 40.8 63.7 

t, in seconds 1 2 3 4 6 

In this case, it is not necessary to plot the values of a and t themselves, 
because the nature of the equation, s = kP, ts known from physics. 

Hence we mate the substitution (^ = «, and write down the aapple- 
mentary table ; 

s,lnleet 2.6 10.1 23.0 40.8 03.7 

«(oi(«) 1 4 S 16 26 

These values will be found to give points very nearly on a straight line 
whose equation is of Uie form a = ku. To find k, we divide each value of 
> by the correHt>onding value of u ; this gives several values of k -. 

k 2.6 2.625 2.666 2.56 2.648 

The average of these values of Jl: is approximately 2.666 ; hence we may 
vrrit« a = 2.666 u, or « = 2.666 P. 



1. Find a formula of the type u = kifi that represents approximately 
the following values ; 
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S. A body iUtU from rest and moTes « feet in t seconds according to 
the loiiowing measored values ; 

80,6 60.1 79.6 11Q.4 
1.6 2 S.5 3 

Find appioximately the relation between « and t. 

S. The pressure p, measured in centimeters of mercory, and the Tolnme 
V, meaaored in cabio oentimetara, of a gas kept at constant temperature, 
were found to be : 



Subatitute u for l/v, compute the values of v, and determine a relation 
of the form p = ku; that is, p = k/v. 

<. Determine a relation of the form p = a 4 b^ that qtprozimately 
represenls the values : 

iEl23466T 
y 14.1 2B.2 44.T 71.4 106.6 . 147.9 ieT.7 

192. Logarithmic Plotting. In case the quantitleB y and a; 

are connected by a relation of the form 

it is advantageous to take logarithms (to the base 10) on both 

sides : 

log y = log fcr» = log fc + w log a;, 

and then substitute new letters for log x and log y : 

«=loga!, v = logy. 

For, if we do so, the equation becomes 

where 1= logk. 
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If £he values of x and y are given by an experiment, and if 
u^logx andv = log^ are computed, the values of u and v 
should correspond to points that lie on a straight line, and the 
values of I and n cau be found as in g 189. The value of It 
may be found from that of /, since logfc= I. 

EzAHPLB 1. The tunonnt at water A, in cu. ft., that will flow per 
minute through 100 leet o( pipe of diameter d, in inches, with an initial 
pressure of 60 lb. per sq. in., is a« follows : 

A 1 1.5 2 8 4 6 

A 4.88 18.43 27.50 75.18 152.61 409.61 

Find a relation between A and d. 

Let u = log d, s = log .A ; then the values of u and v are 

ii = log^. 



These values ^ve points in the («, n) plane that are very nearly o 
a straight line ; hence we may write, approximately. 



n be determined directly by measurement in the Hgure, 
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or M In S 189. If we take the firet sad last pairs of values of u atul v, wa 







.688 = 0+0, 










2.812 = a +.778 6. 






Solving these eqoationB, 




, a = .688, 6 = 


2.478, 


utd we may wri 


ite 








t> 


= .688 + 2.478 w or bg^ = .688 


+ 2.47Slogd. 




Since 




.888 = log 4.88, 






the last eqoaUoi 


1 may be yn 
tog A 


ritten Id the form 

= log 4.88+2.478 log d 

= log(4.B8 <P-"») 






whence 


A 


= 4.88 *■."». 






Slightly dlOeient values ol the constants may be found by ustng 


;oUiBr 



palts of values of u and «, 

193. Logarithmic Paper. Paper called logarithmic paper 
may be bought that is ruled in linea whase distanceB, horizon- 
tally and vertically, from one point (Fig. 106) are propor- 
tional to the logaritlims of the numbers 1, 2, 3, etc. 

Such paper may be used advantageously instead of actually 
looking up the logarithms in a table, as was done in § 192. 
For if the given values be plotted on this new paper, the result- 
ing figure iB identically the same as that obtained by plotting 
the logantkraa of the given values on ordinary squared paper. 

EzANCLS. A Btrong rubber band stretched under a pull of p kg. 
shows an etongatkm of S cm. The following values were found in an ez- 
periment i 

p O.S 1.0 1.5 2.0 2.5 8.0 3.G 4.0 4.6 6.0 6.0 7.0 

E 0.1 0.8 0.6 0.9 1.3 1.7 2.2 2.7 8.3 3.0 6.3 6.9 

[Eioos] 

If these values are plotted on logarithmic paper as in Fig. 105, it is evi- 
dent that they lie reasonably near a straight line, such as that drawn. 
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By measurement in the flgnre, the slope of this line is found to be IJS, 
ftppruzimately. Hence if u = logp and v s log E, we have 

» = i+1.8u, 
nhere i is a constant not jet determined ; ntience 
logJF = I4 1.61ogp 



Via. lue. — Elongation ol a Rubbei Band 
where I = log *. U p = l, E = k; from the figure, if p = 1, J = .£ 



The use of logarithmic paper is however not at all essential ; 
the same results may be obtained by the method of § 192. 
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1, In teatiDg a gu engioe ooTTtepoitding v&lues ol the pressure p, meaft- 
Qred In pomuiU pei square foot, and tbe Tolnme d, In cubic feet, were 
obtained as follows : o = 7.14, p = 54.6 ; T.T3, (iO.T ; 8.69, 45.9. Find 
tbe relation between fi aod o (use logarithmic plotting). 

Atu. p = 387.6 «>-", orpe" = 387.6. 

>. Expansion or contraction of a gas is said to be adlabatlc when no 
beat escapee or enters. Determine tbe adiabatic reLation between pressure 
pa&d TOlnme v (Ex. 1) for air from the following obserred values: 
p = 20.64, D = 0.27 ; 25.78, 6.34 ; 64.26, 3.16. 

Ant. ppi" = 273.6. 

S. Tbe Intercolle^ate track records for foot-races are as follows, 
where d means tbe distance run, and t means the record time : 

d 100 yd. 820 yd. 440 yd. 880 yd. 1 ml. 2 mi. 

( OiOOf 0:21) 0:46 1:641 4:16| 9:34) 

Plot the logarilhoiB of these valoes on squared paper (or plot the 
given values themselves on logarithmic paper). Find a relation of tbe 
form ( = jfcd". What should be the record time for a race of 1320 yd. t 
[See Kbnnbllt, Popular Science Xontktjf, Nov. 1908.] 

4. Solve the Example of { 193 by the method of $ 192. 

5. Each of the following sets of quantiljes was found fay experiment. 
Find in each case an equation connecting the two quantities, by Sg 192- 
19S. 

(o) B 1 2 3 4 6 

p 137.4 62.0 39.6 28.6 22.S 

(6) u 12.9 17.1 23,1 28.6 3.0 

V 63.0 27.0 13.8 8.6 S.9 

(e) 6 82° 212° 390° 570° 760° 1100" 
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CHAPTER X 



COORDINATES 

194. Location of a Point The poaition of a point in three- 
dimenBional space can be assigned without ambiguity hy giv- 
ing its distances from tbiee mutually rectangular planes, pro- 
vided these distances are taken with proper signs according as 
the point lies on one or the other side of each plane. 

The three planes, each perpendicular ,to the other two, are 
called the coordinate planes; their common point (Fig. 106) 
ie called the origin. The three 
mutually rectangular lines Ox, 
Oy, Oz ip which the planes in- 
tersect are called the axes of 
coordinates ; on each of them 
a positive sense is selected 
arbiti-arily, by affixing the 
letter x, y, z, respectively. 

The three coordinate planes, 5^ 
Oyz, Ozx, Oxy, divide the whole 

of space into eight compartments called octants. The first 
octant in which all three coordinates are positive is also called 
the coordinate trihedral 

If P", P", P"' are the projections of any point P on the 
coordinate planes Oyz, Oxx, Oxy, respectively, then PP = x, 
P"P = y, P"'P = z are the Tectangvlar cartesian coordinates of 
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P. If tbe pl&nes through P parallel to Otp, Chx, Oxy intersect 
the axes Ox, Oy, Ox in Q', Q", Q'", the point P is found from 
its coordinates x, y, z by passing along the axis Ox through the 
distance 0(^= x, parallel to Oy through the distance Q'P"'=y, 
and parallel to Oz through the distance P"P=z, each of 
these distances being tidien with the proper sense. 

Every point in space has three definUe real numbers as coordi- 
nates; conversely, to every set of three real numbers corresponds 
one and only one point. 

Locate the points : (2,3,4), (-3, 2, 0), (5, 0, -3),(0, 0, 4), 
(0, - 6, 0), (- 6, - 8, -2). 

196. Distance of a Point from the Origin. For the'distance 
OP=r (Fig. 106) of the point Plx, y, z) from the origin we 
have, since OP is the diagonal of a rectangular parallelepiped 
with edges OQ' = x, OQ" = y, OQ'" = z : 



The distance between 



r= Vic' + y'+z*. 
196. Distance between two Points, 
the two points ^i (iSi , yi , z,) and P| 
{xi,yt,tt) can be found if the coordi- 
nates of the two points are given. 
For (Fig. 107), the planes through P, 
and those through P, parallel to the 
coordinate planes bound a rectangular 
parallelepiped with P,Pi = d as di- 
agonal ; and as its edges are 

P,q = x^-x„ P,B = y,-y„ 
we find 

d= V(a!5 - x^f -I- (y, - y,)' -H (sj - «,)'■ 

107. Oblique Axes. The position of a point P in space c 
be determined wltb respect to three aies not at right a 



Fio. 107 
P,S = Z,-Z,, 



dioates of P are the segmentB cut off o 



a by planes through P 
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parallel to the coordinate planes. In what follows, the axes are always 
aasomed to be at right angles unless the contrary Is definitely stated. 



1. What are the coordinates of the origin ? What can yon say of the 
coordinates of a point on the axis Oz ? on the axis Oy ? on the axis Oz ? 

S. What can you say of the coordinatM of a point that lies in the 
plane Oxy ? in the plane Oyz ? in the plane Ozx f 

B. Where la a point situated when 1 = 0? when * = ? when 
X = y = 0? when y = zf when x = 2? when z = — 3 ? when x = 1 , 
y = 2? 

<. A rectangular parallelepiped lies in the first octant with three of 
its faces in the coordinate planes, its edges are of length a, b, e, reepec- 
tively ; what are the coordinates of the verticee ? 

B. Show that the points (4,3, 5), (2, -1,3), (0,1,7) are the 
vertices of an equilateral triangle. 

S. Show that the points (- 1, 1, 3), (- 2, - 1, 4), (0, 0, 5) he on a 
sphere whose center is (2, — 3, I), What is the radius of this sphere ? 

7. Show that the points (6, 2, - 6), (3, - 4, 7), (4, - I, 1) lie on a 
Btnugbt line. 

S. Show that the triangle whose vertices are (a, 6,c),(b, c, a), (c, a, fi) 
is equilateral. 

9. What are the coordinates of the projections of the point (6, 3, — 8) 
on the axes of coordinates ? What are the distiincea of this point from the 
coorduiate axes ? 

10. What is the length of the segment of a line whose projections on 
the coordinate axes are G, 3, and 2 ? 

11. What are the coordinates of the points which are symmetric to 
the point (a, b, c) wlUi respect to the coordinate planes? with respect 
to the axes ? with respect to the origin ? 

U. Show that the sum of the squares of the four diagonals of a rec- 
tangular parallelepiped is equid to the sum of the squares of its edges. 
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198. Projection. The projection of a point on a plane or 
line ia the foot of the perpendicular let fall from the point on 
the plane or line. The projection of a rectilinear segment AB 
on a plane or line is the intercept A'B^ between the feet of the 
perpendiculars AA', BS let fall from A, B on the plane or 
line. If a is one of the two angles made by the segment with 
the plane or line, we have 

A'ff = AB cos a. 

In analytic geometry we have generally to project a vector, 
i.e. a segment with a definite sense, on an axis, i.e. on a line 
with a definite sense (compare § 19). The angle a is then 
understood to be the angle between the positive senses of 
vector and axis (both being drawn from a common origin). 
The above formula then gives the projection with its proper 
sign. 

Thus, the segment OP (Fig. 106) from the origin to any 
point P(x, y, z) can be regarded as a vector OP. Its projeo- 
tions on the axes of coordinates are 
the coordinates x, y, z of P. These 
projections are also called the rec- 
tnngtdar components ot the vector OP, 
and OP is called the resultant of the 
components OQ', 0(^', OQ"', or also 

of OQ', qp", P'"P. / 

Similarly, in Fig. 108, if />,/*, be ^" ^^ 

regarded as a ventor, the projections of this vector PxP^ on 
the axes of coordinates are the coordinate differences X| — x, , 
V*-Vx,H-^- Sees 203. 

199. Resultant. The proposition of § 19 that tAe sum of 
the projections of the sides of an open polygon on any axis is 
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eqaal to the projection of the dosing gide on the same axis and 
that of § 20 that the projection of the resultant is eqval to the 
sum of the projections of its components are readily Been to hold 
in three dimensions as well as in the plane. Analytically 
these propositions follow by considering that whatever the 
points Pifar,, y,, z,), P,(a^, y,, »,), ■•■ P^(_x^, y, , a J in space, 
the sum of the projectioDS of the vectors PiPt , PtPt , — P^-iP, 
ou the axis Ox is : 

where the lighb-hand member is the projection of the closing 
side or resultant PiP, on Ox. Any line can of course be taken 
as axis Ox. 




200. Division Ratio. Two points P,(x,, i/,, z,) and 
Pi (^ I yi I ^i) being given by their 
coordinates, the coordinates x, y, z 
of any point P of the line P,Pj 
can be found if the division ratio 
P,P/PiPt =}c is Anown in which 
the point P divides the segment 
P,Pt (Fig 109). 

I^t Qt 1 Qt Qj be the projections 
of P,, P, P, on the axis Ox; as "°- '"" 

Q divides QiQi in the same ratio k in which P divides PiPj, 
we have as in S 3 : 

x=Xi + k{xt-x,). 

Similarly we find by projecting on Oy, On : 

y = yi + k(y,-y,), z==z, + k(zj~z{). 

If A; is positive, P lies on the same side of P, as does Pt; if 
k is negative, P lies on the opposite side of Pi (§ 3), 
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201. Direction Cosines. iDstead of using the cartesiaa 
coordinates x, y, z to locate a point P (Fig. 110) we can also 
use its radius vector r= OP, i.e. the length of the vector diawn 
from the origin to the point, and its direction comnet, i.e. the 
cosines of the angles a, /3, y, made 
by the vector OP with the axes Ox, 
Oy, Ot. We have evidently 

assrooflo, y = reoBp, x = rowY- 

As a line has two opposite senses 
we can take aa direction cosines 
of any line parallel to OP either ^o- iW 

cos a, cos ^, COB y, or — cos «, — COB p, — cos y. 

The direction cosines cob a, cos^, cosy of a vector OP are 
often denoted briefly by the letters I, m, n, respectively, bo 
that the coordinates of P are 

x=lr, y ™ mr, z = nr. 

The direction cosines of any parallel line are then I, m, n 
or — /, — m, — n, 

202. Pytiiagorean Relation. The sum of the squares of the 
direction cosinea of any line is eqnal to one. 

For the equations of § 201 give upon squaring and adding, 
since a? + 1/* + a* = r* : 

ew'a + cos* P + 0M« Tf = 1. 
or 

P + m» + »* = l; 
and this still holds when I, m., n are replaced by — Z, — m, — n. 
Since this result is derived directly from the Pyth^orean 
Theorem of geometry, it may be called the Pythagorean Rela- 
tion between the direction cosines. Ifotice that I, m, n can be 
regarded as the coordinates of the extremity of a vector of 
unit length drawn from the origin parallel to the line. 
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1. Find the length ol the radiiu vector and its direction coanes for 
each of the following points : (6, - 8, 2); (- 8, - 2, 1); (- 4, 0, 8). 

a. The direction codnes of a line are proportional to 1, 3, 3; find 
their valnes. 

S. A atmfght line makes an angle of 30° with the axis Ox and an 
ai^le of 60° with the axis Oy ; what is the third direction angle ? 

4. What is the direction of a line when 2 = 0? when l = m = Q? 

5. What are the direction cosines of that line whose direction angles 
are equal? 

6. What are the direction coalnea of the line bisecting the angle 
between two intersecting lines whoee direction cosines are i, in, n and I', 
m', n', respectiTely ? 

7. Find the direction cosines of the line which bisects the angle 
between the radii Tectoree of the points (3, - 4, 2) and (-1, 2, 3). 

8. Three Tertices of a parallelogram are (4, 3, —2), (7, —1, 4), 
(— 2, 1, — 4); find the coordinates of the fourth vertex (three solutions). 

9. In what ratio is the line drawn from the point (2, — 5, 8) to ttie 
point (4, 6, — 2) divided by the plane Oix ? by the plane Oxg ? At what 
points does this line pierce these coordinate planes ? 

10. In what ratio is the line drawn from the point (0, 6, 0) to the 
point (S, 0, 0) divided by the line in the plane Oxjf which bisects the 
angle between the axes ? 

11. Find the coordinates of the midpoint of the line joining the points 
(4, — 3,B)and (6,5, —9). Find dte points which trisect the same segment. 

IS. If we add to the segment joining the points (4, 1, 2) and (— 2, 
6, 7) a segment ol twice its length in each direction, what are the coordi- 
nates of the end points P 

U. Find the coordinates of the intersection of the medians of the tri- 
angle whose vertices are J'i{*i, Bi, zi), i*sC^, !/i, 'i). J'a(*». Ki, «»)■ 

14. Show that tlie lines joining the midpoinls of the opposite edges of 
ft tetrahedron intersect and are bisected by their common point. 

IB. Show that the projection of the radius vector of the point 
P(x, I/, «) on aline whose direction cosines are l',m', n' is I'l+m'v-l-n'*. 
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SOS. Projectiims, Components of & Vector. If two points 
^i(^ I Vi I '■) B^<1 -^iC^ tVit'h) ^^^ given by their coordinates, 
tbe projections of the vector, PiPi on 
the axes, or what amounts to the 
same, on parallels to the axes drawn 
through P^ (Fig. Ill), are evidently 
(S 198) : 

P,Q = Xt-!t,, P,B = y,-y„ 

PS = z,-z,. / 

/* Fio. Ill 

These projections, or also the vectors 

PiQ, QJT, 5rP, , are called the redangular compottetUa of the 

vector Pii*,, or its components along the axes. 

If d is the length of the segment P,Pi , its direction cosines I, 
TO, n are, since P,Q is perpendicular to P^Q, P^R to P^K, P^S 
to P,S: 



1 = 



_ .Vi-yi 



These relations can also be written in the fonn : 
a!i-Jt ^ yi - .Vi ^ ^h-z, ^ ^ 

I m n ' 

2H, Angle between Two Lines. If tie direaions of two lines 

are ffiven hy their diredtion cosines 2, , m^ , n, and 1^, m, , n, , the 
angle ip between the two lines is given 
by the formula 

COB + = lih + miini + »inj . 
For, drawing through the origin 
two lines of direction cosines 'i , TO| , 
n, and 2, , mi, n^ and taking on the 
former a vector OP, of unit length, 
the projection OP of OP, • 




Pig. 112 
I the other line is equal to the 
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coaine of the required angle ij/. On the other hand, OPi has 
2| , m, , n, aa components a,long the axes ; hence, by § 199 : 

COS ^ = f,i, + nijTRt + "ill ■ 
Two infcerBecting lines (or any two parallels to them) make 
two angles, say iji and ir — ^. But if the direction cosines of 
each line are given, a definite sense has been assigned to each 
line, and the angle between the lines is understood to be the 
angle between these senaeB. 

205. Conditions for ParalleliBm and for Peipendicularity. 
If, in particular, the lines are parallel, we have either /, = I,, 
m, = m,, ni = n,, or lii= — l,,m, = — mi,tii = — nx; hence in 
either case h — Vh — Jh. 

I, 711, n^ 
This then ia the condition of paralleUsm of two lines whose 
direction cosines ate I, , tn[ , n, and l^ , tr,, n,. 

If the lines are perpendicular, i.e. if ^ = J^w, we have 
cos ^ = ; hence the condition of perpendicularily of two lines 
whose direction cosines are I,, m, , n^ and Z, , m^ , n^ is 
lilj + ntjini -f njii = 0, 

206. The formula of § 204 gives 

Bin*il' = 1 — ooa'^ = 1 — (Iiij + mii»i+ nitit)'. 
Ab (S 202) (ii» + mi« + tti»)Cia» + nn' + ni')= 1, we can write this es- 
presson in the foim 

. , , Ui' + mi» + m' lid + rtitni + nitij I 

sin* J' = L 

\lih + m,m, + ni>n li'+m^+nj' V 

which can also be expressed aa follows i 

.M.t=|»' "f+I- ••\\\'- 2\'- 

|ni2 ml |ni dl Ki wil 

The direction (I, m, n) perpendicular to two given different directions 

(Ii, Ml, m) Mid (I,, mi. n,) is found by solving the equations (§205) 

hi + fti"! + "i" = C, 

Itl + mtm + n%n = 0, 



SOLID ANALYTIC GEOMETRY [X,5206 



|*nt ni| |ni l,\ \li ni,{ 



If we denote by k the common value ol thcM ratloa, we have 

j=h' "'It. w^h' ''U, „=!'' "•'!*; 

Im, n,| Im III |I, m,| 

substituting theHB values in Uie relation (5203) P + »i' + n>=l, s 
observing the preceding value of Binf , we find: 

Itni nil Ini (,| Id tnij 

j_^ I Wi «i I ^ „„j. |ni it| ^ n^_j. lit wil ^ 
Bio^ ain^ sin^ 

where V' is the angle between tbe given directions. 

207. Three directions (li, t»i, ni), (Ii, mi, iii), (I, ,ni|. nt) oi^ o 
^btner, i.e. paraJlel to the same plane, if there eiista a direction (I, m, 
perpendicular to all three. This will be the case It the equations 

(li + mit» +ni(i = 0, 

1)1 + niim 4- niti = 0, 

III + m§m -f nin = 
have MdutionB not all zero ; bence the eondftfon of con^lanaritg 

I II «t| Bl I 

It' m* ni =1). 



EZBRCISES 

1. Find the length and direction cosines of the vector drawn from (he 
point (6, -2, 1} to the point (4, 8, - S) ; from the point (a, b, c) to the 
point (-a, -6, —e) ; from (-a, -6, -e) to (a, 6, e). 

S. Show that when two lines with direction coelnea I, m, n and 
I', m', n', respectively, are parallel, II' + mm' + ttn' =± 1, 

3. Show that when two lines with direction cosinea proportional to 
a, 6, c and a', h', c' are perpendicular aa' + 66'+ ec' = ; and when the 
lines are parallel a/a' = b/b' ~ e/e'. 

t. Show that the points (6, 2, -8), (6, 1, i), [-2, -3, 6), 
(— 1, — i, 13) are the vertices of a parallelognun. 
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B. Show b; direction ooBines that the points (6, - 3, G), (8, 2, 3), 
(4, -8, 8) lie in a line. 

6. Find the angle between the vectors from (5, 8, —2) to (—2, 6,-1) 
and from (8, 3, 5) to (1, 1, -6). 

7. Find the angles of the triangle wboae vertices are (6, 2, 1), 
(0,3, -1), (2, -1, 7). 

8. Find the direction cosines of a line which la perpendicnlar to two 
lines whose direction counes are proportional to 2, —3, 4, and 6, 3, —1, 
respectively. 

V. Derive the formola of § 201 by taking on each line a vecter of nnlt 
length, OPi and OP,, and expressing the distance PiPt first by the 
cosine law of trigonometr;, then by S 196, and equating these expressions. 

10. Find the rectangular components of a force of 12 lb. acting along 
a line inclined at 60° to Ox and at 45° to Oy. 

11. Find the resultant of the forces OPi, OPi, OPi, OP«if the co- 
ordinates of Pi , P,, P,, Pi, with Ofts origin, are (3, -1, 3), (2, 2,-1), 
(-1,2, 1), (-2, 3, -4). 

U. U any number of vectors, applied at (he origin, are given by the 
coordinates z, j/, s of their extremities, the length of the resultant S is 
v'(2z)» + C2v)*+ (22)" (see Bk. 9, p. 20), and its direction coBines 
are Zx/B, T-y/B, 2z/B. 

IS. A particle at one vertex of a cube ia acted npon by seven forces 
represented by the vectors from the particle to the other seven vertices i 
find the magnitade (length) and direction of the resultant. 

14. If fonr forces acting on a particle are parallel and proportional to 
thesidesof aqaadiiiateral, theforoesarein equilibrium, f.«. Iheir resultant 
is zero. Similarly for any closed polygon. 

206. Translation of Coordinate Trihedral. Let x, y, « be 

the coordinates of any point P with respect to the trihedral 
formed by, the axes Ox, Oy, Oz (Pig. 113). If parallel axes 
Oi^T, OlVii 0,Zi be drawn through any point Oi{a, b, c), and if 
a!,, 3/ij 2, are the coordinates of P with respect to the new tri- 
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OPt drawn from 

son EMlly be ex- 



hedral OiXiy^t^ , tben the relations between the old coordinates 
x,y,t, and the new coordinates tc,, ^i, Zi of one and the same 
point Pare evidently 
x = a-{-Xi, y = 6 + y,, 2 = c + 2,. 
The coordinate trihedral haa thus 
been given a trawHation, represented 
by the vector OOi- This operation 
is also called a tranafimaaHon to 
parallel axes through 0^. 
30B. Area of a Triangle. Any two vectom OPi , 

tlie origin determine a triangle OFi Pi , whose area A 
pressed if the lengths ri , rj and direction coelnea 
of the vactois ore given. For, denoting the angle 
PiOFt by f, we have for the area A : 

A = iTirtaiaif, 
where sinf can be expressed in terms of the dlreo- ^^— ---«'' 
tion ooslnea by { 206. Pm -^ 

210. Moment of B Force. Such areas are used In mechanics to 
represent the momenta of forces. The moment of a force abont a point 

is defined as the product of the force 

perpendicular distance of from the line of 

action of the force. Thus, if the vector P|P, 

(Fig. 116) represent a force (in magnitude, 

direction, and sense) the moment of Ihie force 

about tbe origin la equal to twice tlie area 

of the triangle OPiPj, i.e. to the area of the 

parallelogram OPiPiPj . where OPj is a 

equal to the vector PiPi- Fio. IIH 

It is often more convenient to represent this moment not by snch an 
area, but by a vector OQ, drawn from O at right angles to the triangle, 
and of a length equal to the number that represents the moment. If Ihe 
body on which the force si:tB could turn freely about tbis perpendicular, 
the moment would repteaent the turning effect of the force PiPi. 







l^, 
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ThB sense of this rector th&t reprasents the moment is taken bo m to 
make the vector point towiinl that side of the plane of the triangle from 
which the force PiPi ia seen to turn coimterclockwiBe. 

211. If we aqoare the ezpiesnon found in S 20S for the area of th« 
triangle OPiPt and substitute for sin' ^ Its value from § 206, we find : 

Hence A* la the som of the squares of the three quantities 



"1 'il . _i,^K' ""i 



which have a simple geometrical and mechanical inlerpretatloiL For, aa 
the coordinates of P| , Pa are 

xi = hn, vi = min, «i = Bin, 

_ Uiri miril laii idl 
^-*l'.r, m,r,|-*|«, v.r 

and as Zi, Vi and xi, yi are the coordinates of the projections Qi , Qi of 
Pi , P] on the plane Qxy, A, represents (£ 12) the area of the trian^e 
OQiQi . *■«• (A« projection on the plajte Oxy of the area OFiPf Sim- 
ilarly, A, and A, are the projections of the area O/'iPj on the planes 
Ogz and Ozx, respectively. As any three mntually rectangular planes 
can be taken as coordinate trlhedrals, our formula A* = A,* + A,* + A,* 
means that the equate of Ike area of any triangle te equal to the mm of 
the squares of Us projectiont on any three mutually rectangular planes. 

In mechanics, 2 A, is the moment of the projection QiQa of the force 
PiPi about 0, or what Is hy definition the same thing, the moment of 
PiPi about the axis Oz. Similarly, tor 2^,, 2^. The proposition 
means, therefore, that the momenta of PiPj about the axes Ox, Oy, Ox 
\aXA off as vectora along these axes can be regarded as the rectangular 
components of the moment of P\ P; about the point O ; in other words, 
2^, 2A^, 2A, are the components along Ox, Oy, Oz oi that vector 
2 .^ (5 310) which represents the moment of PiPj about 0. 



CHAPTER XI 
THE PLAITE AlfD THZ STRAIGHT LIKE 

PAET I. THE PLANE 

Sll. Locus (rf One Equaticm. In plane an&lytic geometry 
any equation between the coordinat«s n^ y or r, ^ of a point in 
general represents a plane curve. la [Kirticular, an equation of 
the first degree in x and y represents a straight line (f 30); 
an equation of the second degree in x and tf in general repre- 
sents a conic section (S,164). 

In solid analytic geometry any equation between the coordi- 
nates X, y, z or r, tf, ^ of a point in general represents a surface. 
Thus, if any equation in x, y, z, 

F{x,y,z)^Q, 
be imagined solved for z so as to take the form 

we can find from this equation to every point (x, y) in the 
plane Oxy one or more ordinates z (which may of course be 
real or imaginary), and the locus formed by the extremities of 
the real ordinates will in general form a surface. It may how- 
ever happen in particular cases that the locus of the equation 
F{x, y, z)=0, i.e. the totality of all those points whose coordi- 
nates X, y, z when substituted in the equation satisfy it, con- 
sists only of isolated points, or forms a curve, or that there are 
no real points satisfying the equation. 

Similar considerations apply to an equation in polar 
coordinates 

F{r,6,<l.)=0. 
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216. Locus of Two Simultaneous Equations. Two simulta- 
neous equations ia x, y, z (or in the polar coordinates r, S, ^) 
will in general represent a curve in apace, namely, the inter- 
section ot the two surfaces represented by the two equations 
separately. 

Thus, in the present chapter, we slwJl aee that an equation of 
the first degree in x,y,z represents a plane and that therefore 
two such equations represent a straight line, the intersection or 
the two planes. In chapters XII and XIII we shall discuss 
loci represented by equations of the second degree, which are 
called quadric surfaces. 

216. Equation of a Plane. Every equation of the first degree 
in X, y, X repretetUs a plane. The plane is defined as a surface 
such that the line joining any two of its points lies completely 
in the surface. We have therefore to show that if the general 
equation of the first degree 
(1> Ax + By+Cz + D=0 

is satisfied by the coordinates of any two points Pi(x„ y^, z{) 
and Pt(Xi , J/, , Zj), i.e. if 

r^a^ + By,+C\ + i> = 0, 
^ ■* [^ + Bi/, + a,+ Z) = 0, 

then (1) is satisfied by the coordinates of every point 
P(x, y, z) of the line PjP,. 

Now, by 5 200, the coordinates of every point of the line 
J*iP, can be expressed in the form 

x=Xi + k{Xi-x;), y = yi + k(i/3~yy),z = z, + k(zi-Xi), 
where k is the ratio in which P divides PiP*, i.e. 

k = PyP/P,P,. 
We have therefore to show that 
Alx, + k{xt - iT,)] + £[y,+ft(y,-y,)]+C[ii+Ki^-!:0] +0=0, 
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whatever the value of h. Addiag aud subtracting kD, we can 
write this equation in the form 

and this is evideutly true for any h, owing to the conditions (2). 

SIT. BsBential Constants. The equation (1) will still rep- 
resent the eame plane when multiplied by any constant differ- 
ent from zero. Since A, B, C cannot all three be zero, we 
o&n divide (1) by one of these constants ; it will then contain 
not more than three arbitrary constanta. We say therefore 
that the general equation of a plane contains three essential 
con^ants. This corresponds to the geometrical fact that a 
plane can, in a variety of ways, be determined by three condi- 
tions, such as the conditions of passing through three points. 

218. Special Cases. If, in equation (1), D = 0, the plane 
evidently passes through the origin. 

If, in equation (1), 0=0, so that the equation is of the 
form Ax + By + D = 0, this equation represents the plane 
perpendicular to the plane Oxy and passing through the line 
whose equation in the plane Oxg is Ax + By + D = 0. For, 
the equation Ax + By -f-DsO is satisfied by the coordinates 
of all points (x, y, z) whose x and y are connected by the re- 
lation Ax +By + i> = and whose z is arbitrary, but it is not 
satisfied by the coordinates of any other points. Similarly, if 
£ = Oin(l), the plane is perpendicular to Oxx; ii A = Q, the 
plane is perpendiculai to Oyz. 

It B = {i and (7= in (1), the equation obviously represents 
a plane perpendicular to the axis Ox ; and similarly when C 
and A, or A and B are zero. 

Notice that the line of intersection of (1) with the plane 

Oxy, for instance, is represented by the simultaneous equations 

Ax+By-\-Ck-'rD = (i, z = 0. 
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219. fiitercept Form. If D=^0, the equation (1) can be 
divided by Z); it then assumes the form 



If .ij, J3, C are all difterent from zero, this eqnatioa can be 
written 

- D/A "•" - D/B "•■ - D/C^ ^' 
or, putting - D/A = a, - D/B = b, - D/C = c : 

<3) 5 + S + ! = i. 

a c 

In this equation, called the intercept form of the equation 
of a plane, the constants a,b, c are the intercepts made by the 
plane on the axes Ox, Oy, Oz respectively. For, putting, for 
instance, y = and s = 0, we find as = a ; etc 

220. Plane through Three Points. If the plane 

Ax + By + Cz + D = 

is to pass through the three points Pi(xi, yi,Xi), Piix,, y^, %), 
P,(!i^, y,, a,), the three conditions 

Aa!i + Byi + Cz, + = 0, 

^ + By, + Cs, + D =s 0, 

Axt + By^+Cz, + D = 
must be satisfied. Eliminating A, B, C, D between the /our 
preceding equations, as in § 55, we find the equation of the 
plane passing through the three points in the form 



1 



SOLID ANALYTIC GEOMETRY IXI,S220 



1. Find the intercepta made bj the following planes : 

(o) 4x-Hiv + 3» = 12; (6) 15z-6n- 10« + 80 = 0; 

(c) x-y + t~l=Q; (d) 1+2^ + 32 + 4=0. 

t. Iiit«Tpret tho following eqoatlona : 

(a) x+v + ' = l; (6) 6if-8« = 12, 

(c)* + ir = 0; {d)6s + U=0. 

a. Find the plane detenniaed by the points (2, 1, 8), (1, - 6, 0), 



4. Write down the equation of the plane whose intercepts ue S, 2, - 6. 

5. Find the intercepts of the plane passing through the points 
(8, - 1, 4), (8, 2, - S), (- I, - 2, - S), 

6. If planes are parallel to and a distance a from the coordinate planes, 
what are their intercepts ? What are their eqaations T 

7. Show that the four points (4, 3, 3), (4, - S, - 0), (0, 0, 3), 
(3, 1, 2) lie in a plane and find its equation. 

221. Nomul Form. The position of a plane in space is 
fully determined by the length p = OJT (Fig. 118) of the pe^ 
pendicular let fall from the origin 
on the plane and the direction co- 
. sines ^ nt, n of this perpendicular 
regarded as a vector ON. Let Pbe 
any point of the plane and OQ =x, 
QB = y, RP = z its coordinates ; as 
the projection of the open polygon 
OQHP on ON is equal to ON 
(§ 199) we hare 

(4) tx + my + m =p. 

This equation is called the normal form of the equation of a 
plane. Observe that the numher p is always positive, being 
the distance of the plane from the origin, or the length of the 
vector ON. Hence Ix + my + nzii always positive.- 




y 
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222. Reduction to tlie Normal Foim. The equation Ax-\- 
By + Cz + = is in general not of the form lg+my+nz=p 
since in the latter equation the coefficients of x, y, a, being the 
direction cosines of a vector, have the property that the sum 
of their squares is equal to 1, while ^1' + ff + 0' is in general 
not equal to 1. But the general equation can be reduced to 
the normal form by multiplying it by a constant factor k 
properly chosen. The equation 

kAx + hBy + ftCi + ftZ) = 
evidently represents the same plane as does the equation 
Ax-\-By + Cz+D=0\ and we can select k so that 

(itd)* + (*B)»+(ftC)' = l, viz. fc= ^ 

As in the normal form the right-band member p is positive 
(§ 221) the sign of the square root should be selected so that 
leD becomes negative. 

The normal form is therefore obtaiwd by dividing the equation 
jix + By+Oz+D = 0by ±VA' + B' + C^ according as D is 
Tiegative or positive. 

It follows at the same time that the direction cosines of any 
normal to the plane Ax + By + Qi + D=sO are proportional 
to A, B, 0, viz. 

, A „ B 



C 



±y/A^ + B^+(? 
and that the distance of the plane from the origin is 

P= -^ ■ 

±V^'4--B'-|-0' 

the upper sign of the square root to be used when D is nega- 
tive, the lower when D is positive. 
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223. Distance (rf Point from Plane. Let £r + my + n2 = p 
be the equation of a plane in the normal form, P|(%, y,, z^ 
any point not on this plane (Fig. 119). The projection 08 irf 
the vector OPi on the normal to the 
plane being equal to the sum of the 
projections of its components OQ = 
Xi , QR as y,, KPi = *i, we have 

OS = lasj + my, + nz, . 
Hence the distance d of Pi from the 
plane, which ia equal to NS, will be 
d= OS — ON = izi -(- my, + nZi— p. fio. 119 

If this expresBion is negative, the point P^ lies on the same 
side of the plane as does the origin ; if it ia positive, the point 
P, lies on the opposite side of the plane. Any plane thus di- 
vides apace into two regions, in one of which the distance of 
every point from the plane is positive, while in the other the 
distance is negative. If the plane does not pass through the 
origin, the region containing the origin is the negative region; 
if it does, either side can be taken as the positive side. 

To find the distance of a point Pi(ie,, yi, z,) from a plane 
given in the general form 

Ax + By + Cx + D = (i, 
we have only to reduce the equation to the normal form 
(§ 223) and then to substitute for x, y, z the coordinates a^ , y„ 
Zj of P, ; thus 

the square root being taken with + or — according as Z> is 
negative or positive. 

Notice that d is the distance from the plane to the point 
Pi, not from Py to the plane. 
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224. Angle between Two I^anes. As two intersectiDg 
planes make two angles whose sum = r, we shall, to avoid any 
ambiguity, define the angle between the planes as the angle 
between the perpendiculars (regarded as vectors) drawn from 
the or^n to the two planes. 

If the equations of the planes are given in the normal form, 

/jx + n^y + njzssp,, 
we have, by S 204, for the angle ip between the planes : 

cos ^ = /i^ + MtiWi, + n,n, . 
If the equations of the planes ate in the general form, 

Aix + B^ + C,z + Di = 0, 

A^ + Ba+Cfi + Dj==0, 
we find by reducing to the normal form (S 222) : 



cos^ = 



± VA' + -Bi* + c,' - ± V37+W+^' 



; Planes. To find the equations of the two 
planes that bisect the angles formed by two intersecting planes 
given in the normal form, 

liX + m^ + niZ-pi = 0, ZjX + mjy + ji^-pjsO, 
observe that for any point in either bisecting plane its distances 
from the two given planes must he equal in absolute value. 
Hence the equations of the required planes are 

l,x + m^ + n,z -jpi = ± (iji + m^ + n^ -p,). 
To distinguish the two planes, observe that for the plane that 
bisects that pair of vertical angles which contains the origin 
the perpendicular distances are in the one angle both positive, 
in the other both negative ; hence the pins sign gives this 
bisecting plane. 



212 SOUD ANALYTIC GEOMETRY [XI, S 225 

. If the equations of the planes are given in the general fons, 

first reduce the equations to the normal form (§ 222). 
BZERCISBS 

1. A line ia di&wn from the origlD peipeDdicular to the [duie 
X— J/ — 6* — 10 = 0; wbftt ftre the direction cosines of this line T 

t. Find tbe distaiice from the origin to tbe ^ne 2x + 2}i — t = 6. 

5. Find the distoDces of the following planes from the oilgiii : 
(a) 8a;-4y + 6B-8 = 0, (6) x + y + i = 0, 
(e) 2j-6a = 8, (d) 3z-4v + 6 = 0. 

t. Find the distances from the following ploaes to the point 

(2,1,-8): 

(a) 3x + 6i/-Qt = S, (6) 2*-3if-B = 0, (c) T + p + «=0, 
B. Find the plane through the point (i, 8, 1) which la perpendicnlw 
to the radius vector of this point; also the parallel plane whose distanos 
from the origin is 10 and In the same sense. 

6. Find tbe plane through the point (— 1, 2, —4) that Is parallel to 
tbe plane ix — Zj/+2t = B; what is the distance between these planes ? 

7. Find the distance between theptanea Jx — 6^ — 21 = 6, 43S — 6|r 
-22 + 8 = 0. 

8. Are tbe points (6, 1, — 4) and (4, - 2, S) od the same ude of the 
tdane2x + Sv — Gs + 1 =0? 

■. Write down the equation of the plane eqnally Inclined to the aies 
and at the distance p from the origin. 

10. Show that the relation between the distance p from the origin to a 
plane and tbe intercepts a, 6, c is l/o* + 1/6* + l/c» = !/;>». 

11. Show that the locus of the points equally distant from the points 
■Pi{*i , Vi , «i) and Pi(a!j , Va , ei) is a plane that bisects PiPj at right 
angles. 

U. Find the equations of tbe planes bisecting the angles: (a) between 
the planes z + y + z-S=0, 2x— 3y + 4z + & = 0; (_b) between the 
pUne82a;-2v-z = 8, a + 3r-2* = 6. 
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226. Volume of a Tetrahedron. The volume of the tetrahe- 
dron whose vertices are the pointa Pi(jth, yi, z,), Pi{Xi, y^, s,), 
-PiC^'ii yii *!)> ^<(*<i Vh^a) "^n he eKpressed in terma of the 
coordinates of the points. The equation of the plane deter^ 
mined by the points Pj.Pt, P, is (§ 220) 

X y z 1 

iB, y, *, 1 

!Bi yi «. 1 

a:, y( *, 1 

Now the altitude d of the tetrahedron is the distance from this 
plane to the point P, (aii , Ji , *,), (.e. (§ 223) 



ai yi >^ 1 
a* ffi «» 1 



I 



yi «i 1 



2,3^1 



a^ y. 1 

a'* y* 1 



Bat the denominator is seen immediately to represent twice 
Uie area of the triangle with vertices Pi , /"» , P, (Ex. 9, p. 203), 
I.e. twice the base of the tetrahedron. Denoting the base by B, 
we then have 

a^i yi 3i 1 

% yj 2i 1 



The volume of the tetrahedron is V= \Sd, and therefore 
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227. Smultoneous linear Equations. Two Bimultaneous 
equations of the first degree, 

AiX + B^ + CjZ + D, = 0, 

represent in general the line of intersection of the two planes 
represented by the two equations separately. For, the coordi- 
nates of every point of this line, and those of no other point, 
satisfy both equations. See § 215 and §§ 231-232. 
Three simultaneous equatiima of the first degree, 
AiX+Bir/ + C,z + Di = 0, 

determine in general the point of intersection of the three 
planes. The coordinates of this point are found by solving 
the three equations for x, y, z. But it may happen that the 
three planes have no common point, as when the three lines of 
intersection are parallel, or when the three planes are parallel ; 
and it may happen that the planes have an infinite number of 
points in common, as when two of the planes, or all three, 
coincide, or when the three planes pass through (me and the 
same line. 

Foot planes will In general have no point in conunon. U Qiej do, i.e. 
if there exists & point (zi , yi , z,) satisfjriDg the lour equations 

A,xi + Bin, + C,zi + Di = 0, . 

A*i + Bai + Ci«i + Di = 0, 

A^i + B,vi + C,«i +D, = 0, 

Atxi + Ba/i + Cizi + Di = 0, 
we can eliminate 9ti, fi, 'ii 1 between these equations so that we find 
the condition 



A, 


Bi 


Oi 


Dt 


■i. 


a 


a 


B, 


A, 


B, 


c. 


B, 


it 


Bt 


c. 


B. 
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BZSRCISBS 
J, Find tbe volume of the tetrahedron whose vertlcei are (0, 0, 0), 
{a, 0,0), (0,6,0), (0, 0, e). 

S. Find the Tolomea of the tetrahedra whose vertices ue the following 
points: 

(a) (7, 0, 6), (8, 2, 1), (- 1, 0, 4), (3, 0, - 2). 
(6) (8, 0, 1), (0, - 8, 2), (4, 2, 0), (0, 0, 10). 
(e) (2, 1, - 3), (4, _ 2, 1), (3, -7, - 4), (6, 1. 8). 

5. Find the cootdinatM of the points In which the foUowlng planes 
intersect : 

(a)2* + 6H-«-2 = 0, ie + 5B + z = 0, 3ji-Sj + 2b-12 = 0, 
(6) ix+si+xsa+b+e, ix—2p+t=:2a-2b+e, ax—y=aa-b. 
«. Show that the (our planes 6x-3ir--« = 0, ix-iy + i = &, 

Sx + 2f~6g = 6, x + ji-i-z = Q pass through the same point. What 

are the coordinates of this point ? 

6. Show that the four planes 4x + v + s + 4 = 0, x + 2v — z + 3 = 0, 
p— 6z + 14=0, x + if + z — 2 = bare a oominoD point. 

C. Show that the locus of a point the sum of whose distances from 
any number of fixed planes is constant is a plane. 

228. Pencil of Planes. All the planes that pass through 
one and the same line are said to form & pencil of planes, and 
their common line is caJled the axis of the pencil. 

If the equations of any two non-parallel planes are given, 

say 

then the equation of any other plane of the pencil having their 
intersection as axis can be written in the form 
(2) (A,x +B^+ Ciz + A) + K^i^ + B0 + C^ + A) = 0, 
where % is a constant whose value determines the position of 
the plane in the pencil. 

For, this equation (2) being of the first degree in x, y, z 
certainly represents a plane ; and the coordinates of the points 
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of the line of interBeetion of the two given planes (1), since 
they satisfy each of the equations (1), must satisfy the equa- 
tion (2) 80 that the plane (2) passes through the axis of the 
pencil. 

229. Sheaf of Planes. All the planes that pass through 
one and the same point are said to form a i3teaf of planes, and 
their common point is called the centtr of the sheaf. 

If the equations of any three planes, not of the same pencil, 
are given, say 

A^x + Bji-\- Cfi + i?, = 0, 

^-f-Sij/-|-O^ + A = 0, 

^^ + B^ + CVt + A = 0. 

then the equation of any other plane of the sheaf having their 

point of intersection as center can be written in the form 

(.<l,a! + B,y + C,z + A) 4- h{A^ + B^ + C^ + D,) 

+ KiAtX+Ba + Cji + D,) = 0, 
where fc, and ft, are constants whose values determine the 
position of the plane in the sheaf. 
The proof is similar to that of § 228. 
330. Non-linear Equations Representittg Several Planes. 
When two planes are given, say 

A,x + B,y + C,z + D, = 0, 

then the equation 

{A,x + B^+ Cl2 + A)(^ + B^ + Cfi + A)= 0, 
obtained by equating to zero the product of the left-hand mem- 
bers (the right-hand members being reduced to zero), is satis- 
fied by all the points of the first given plane as well as all the 
points of the second given plane, and by no other points. 

The product equation is therefore said to represent the two 
given planes. The equation is of the second degree. 
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Similarly, by equating to zero the product of the left-hand 
members of the equations of three or more planes (the right- 
hand members being zero) we obtain a single equation repre- 
senting all these planes. An equation of the nth degree may, 
therefore, represent n planes ; it will do so if its left-hand mem- 
ber oaa be resolved into n linear factors with real coefficients. 

EZEKaSES 

1. Find the plane that pBMea through the line of inicTBection of the 
phuiM 6x-3v-|-lz-36=0, x + p-z = and through (4, -3,2). 

t. Show that the plauea Sx — iy + 5z + 2=0, x-t-p-z — 5 = 0, 
6x-l-ii-l-!z— 13 = belong to the same pencil. 

3. Show that the following planes belong (o the same sheaf and And 
thecoordinatesof the center of the sheaf : 6x + y^iz = 0,x + y + t = 6, 
2x~4]l~z = 10,2x + 3y +x = i. 

4. What planes are represented by the following equations ? 

(o) x''-6x+S = 0, (6) ya-e = 0, (o) 2«-z» = 0, (d) x'-4!ev = 0. 
B. Find the cosine of the angle between the following p^is of planes : 
(a) 4a;-3j-«=6, a;-J-v-«=8; (6) 2x-i-7 v+iz=2, x-9y-2z=12. 
t. Show that the following piuis of planes are either parallel or 

perpeDdicolar: 

(a) 3x-2y + 5i=0,'ix+Sv=8; (6) &x + 2y-z = 6,l(>x + iy-2z=8i 

(e) x + y-2z = a,x+y+z=n; (d) x-2y-z = S, 3x-0y-!iz=6. 

7. Find the plane that is perpendicular to the segment joining the 
points (3, - 4, 6) and (2, 1, ~ 8) at lU midpoint. 

8. Show that the planes Aix + Biy -f Ciz + Di=0, AiX -f Ba) + G^ 
•+D\ = are parallel (on the same or opposite sides of tiie origin) if 

A^Ai + iiyB%■\■C^,C^ _ ^^ 

-JAi^ -H B," -H 6'i» V Ji* -)■ Si' -H Cj» 

t. A cube whose edges have the length a is referred to a coordinate 
trihedral, the origin being.taken at the center of a face and the axes par- 
allel to the edges of tJie cube. Find the equations of the faces. 
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10. Show that Uie plane thiotigb the points -fi(scii Vi, zi) and 
i*i(>4i Vi> <i) >^(1 perpendicular to tbe plane Ax + Bsi + Ct + D = 
can be repreaented by tbe equation 



A B O 

11. Find those planes of tlie pencil 4 X - 8 V + 5 < = 8, 2x + Bf—t = i 
which are perpendicular to the coordinaU planes. 

IS. Find the plane that is perpendicular to the plane 2ic + 3y — s = I 
and patees through the points (1, 1, - 1), (3, 4, 2). 

15. Find the plane tbat Is perpendicular to the planes ix — 3y-i-i = 6, 
3x + 3y — &z=4 and passes through the point (4, — 1,6). 

14. Show that the conditions that three planes .^iz+£it(+f7iz+i}i=0, 
A^ + B^ + Cii + Di = 0, Aix + BtV + C,z + D, = belong to tlie same 

Ai-+ kA% ^ B, + kBt ^ C, + kCt ^ JDi + kPt . 

Ai B, Ct Dt ' 

or, putting these fractions equal to > and eliminating k uid a, 

\Bi Ci DA IC, Di Ai\ ]Z>i Ai BJ \Ai B, Ci| 

Bi Ct D, = Cj »i Ji = J>i -4j Bs = Lli Bi Ci =0. 

\B, Ct Di\ \0t D, Ai\ ID, At Bt\ \a^ fi| Ct\ 

(Verify Ex. 2 by using these conditions.) 

IB. Find the equations of the faces of a right pyramid, with square 
tutse of aide 2 a and with altitude A, tbe origin being talcen at tlie center 
of the base, the axis Oi through the opposite vertex, and the axes Ox, Oy 
parallel to the «des of the base. 

16. Homogeneous substances passing from a liquid to a solid atat« t«nd 
to form crystaJs ; e.g. an ideal specimen of ammonium ahun bas tbe form 
of a regular octahedron. Find the equations of the faces of such a crystal 
of edge a if the origin is talcen at the center and tbe axes through the 
vertices, and determine the angle between two faces. 

17. Find the angles between the lateral faces of a right pyramid whose 
base is a regular hexagon of side a and whose altitude is h. 
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THE STRAIGHT LINE 

Two simulta' 



PART II. 

331. Detmnination of Direction Cosines, 
neous linear equations (§ 227), 
(1) Ax+By+Cx+Ii=0, A'x+B'v+C'z+D'=0, 

represent a, line, namely, the intersection of the two planes 
represented by the two equations separately, provided the two 
planes are not parallel. 

To obtain the direction cosines I, m, n of this line observe 
that the line, since it lies in each of the two planes, is perpen- 
dicular to the normal of each plane. Now, by § 222 the direc- 
tion cosines of these normals are proportional to A, B, C and 
A', B', C, respectively. We have therefore 

^ + Bm + On = 0, A'l + B'm + O'n = 0, 



l:n 



I BQ\ 



I CM I 






The direction cosines themselves are then found by dividing 
each of these determinants by the square root of the sum of 
their squares. 

232. biteisecting Unes. The two lines 
Ayx + B^ + C^z + D^ = (i, \ f ^,a: + Bjy + G^-f-A = 0, 

will intersect if, and only if, the four planes represented by 
these equations have a common point. By §227, the condition 
for this is 

A ^ Cr, A 

A^' S,' C,' A' 

A^ Bi C, A 
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S33. Special Forms of Equations. For many purposes it is 
convecieiit to represent a line by means of one of its points 
and its direction cosines, or by means of two of its points. 
Let the line be called X. 

If (X], ^i, Zi) is a given point of k and l,m,n are the direc- 
tion cosines of A, then every point (x, y, z) of \ must satisfy 
the relations (§ 203) : 



(2) 



i^ ff-tfi ^ g-g' 



In these equations, I, m, n, can evidently be replaced by any 
three nvmberit proportional to I, m, n. Thus, if (Xi, y,, Zj) be 
any point of X different from (x,, ^i, Zi), we have the continued 
proportion 

a!,-3!,;y,-y,:z,-z, = I:»tt:n; 

hence the equations of the line through the ttoo points (% , ffi , »i) 
and (Xf, f/i, z,) are: 

' Xt~xi Vt-Vi «(-«i* 

If, for the sake of brevity, we put x,— Xi = a, ffj — fft = 6, 
^ — Zi = c, we can write the equations of the line in the form 



(*) 



-ffi^g 



where a, b, c, are proportional to l,m,n, and can be regarded as 
the components of a vector parallel to the line. 

The equations (3) also follow directly by eliminating k be- 
tween the equations of § 200, namely, 
(5) x=Xi+k{a^-x{), i/=Pi+ft{tfa-v,), z=Xi+k{Zt~x{), 

These equations which, with a variable ft, represent any point 
of the line through (x, , y,, z,) and (Xf, y,, z^ are called the 
parameter equations of the line. 
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234. Projecting Planes of a Line. Each of the forms (2), 
(3), (4), whicli are not esBentially difEerent, furnishes three 
linear equations ; thus (4) gives : 

y - yi _ ' — 'i z - Z| __ IE - iBi J! — ar, _ y — y, . 

6 c ' c a a b ' 

l)ut these three equatiooa are equivalent to only two, since from ' 
any two the third follows immediately. 
The first of these equations, which * \ 

can be written in the form TU 

cy — te— (cy,-62,)=0, I V^ 

represents, since it does not contain x -A ^— 1 — \ • / ^* ' 

(§ 218), a plane perpendicular to the ^1_.__ \/^ 

plane Oys; and aa this plane must con- ^ __ \ 

tain the line X it is (he plane CCA 

that projects \ on Ike plane Oyz (Fig. 120). Similarly the other 
two equations represent the planes that project X on the co- 
ordinate planes Oxx and Oxy. Any two of these equations 
represent the line X as the intersection of two of these pro- 
jecting planes. 

At the same time the equation 

y-yi ^z-g| 
h c 

can be interpreted as representing a line in the plane Oyz, 
viz. the intersection of the projecting plane with the plane 
a! = 0. This line (AC in Fig. 120) is (Ae projection X. o/ X on 
tkeplatie Oyz. As the other two equations (4) can be inter- 
preted similarly it appears that the equations (2), (3), or (4) 
represent the line X by means of its, projections A,, X,, X, on 
the three coordinate planes, just as is done in descriptive 
geometry. Any two of the projections are of course sufficient 
to determine the line. 
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236. Detennination of Projecting PUnes. To reduce the 
equatioDS of a line X given in the form (1) to the form (4) we 
have only to eliminate between the equations (1) first one of 
the variables x, y, z, then another, so as to obtain two equa- 
tions, each in only two vaj-iables (not the same in both). 

The process will best be understood from an example. The 
line being given as the intersection of the planes 
(a) 2x-3y + z + 3-0, 
(6) x + y + x-2==0, 
eliminate z by subtracting (6) from (a) and eliminate x by 
subtracting (6), multiplied by 2, from (a) ; this gives the line 
as the intersection of the planes 

x-4ff + 5 = 0, 
— 5y — z + 7 = 0, 
which are the projecting planes parallel to Oz and Ox, i.e. the 
planes that project the line on Oxy and Oyz. Solving for y 
and equating the two values of y we find : 
x + 5 _y _ t — 7 
4 "!"■ -6' 

The line passes therefore through the point ( — 5, 0, 7) and 
has direction cosines proportional to 4, 1, — 6, viz. 

l = -k. m = ^— n = ^ 

V42' V42' ■ V42' 

EXERCISES 

1. Writ* the equations of the line through the point (— 3, 1, 6) whose 
direction cosines Eire proportional to 3, 6, T. 

1. Write the equalions of the line tLrongh the point (3, 2, — i) whose 
direction cosines are proportional U> 5, — 1, 3. 

S. Find the line through the point (a, b, c) that is equally inclined 
to the axes of coordinates. 



XI, fi 2361 THE STRAIGHT UNE 223 

4. Find the lines thai pass through tbe following pain of polnta: 
(a) {4, - 3, I), (2, 3, 2), (6) (- 1, 2, 3), (8, 7, 1), 

(e) (-2,3, -4), {0, 2,0), '(d) (-1, -5, -2), (-3,0,-1), 
. Bod determine the direction cosines of eacb of these lines. 

5. Find the tracee of the plane 2x — 3y — 4«=:0inthe coordinate 
planes. 

6. Write tbe equations of theline2x-3y+ee— e=0,x— p+2z-3=0 
in the farm (4) and determine the direction cosines. 

7. Put the Une 4z-Sv-0 = 0, z-v-z-4 = 0in the form (4) 
and determine the direction cosines. 

S. Find the line through the point (2, 1, — 3) that is parallel to the 
line 2j;-3v + 4*-6 = 0, 6a: + y-2«-8 = 0. 

•. What aie tbe projections of the line Sx — 3y — Ts — 10 = 0, 
* + V — 38+6 = on the coordinate planes ? 

10. Obtain tbe equations of the line through two given points by 
equating tbe values of il obtained from § 200. 

11. By § 222, the direction cosines of any line are proportional to the 
coeEBcients of x, y, and i in tbe equation of a plane perpendicular to the 
line. Find a line through tbe point (3, 5, 8 ) that is perpendicular to the 
plane 2x-(-y + 3z = G. 

236. Angle between Two Lines. The cosine of the angle f be- 
tween two lines mbose direction cosines are ti , mt , ni and Ii , mj , ni is, 
by §204, 

cosi(' = I|ij + mimj+ni»u. 

Hence if the lines are given in the form (4), say 

oi 6i C| ax 6i ej 

we have 





, 


aid, + bibt + cic. 




""* ±Vi3 


■ + 6i' + Ci* ■ ± Vai" + W + tf 


n the lines are parairel, 


then 






at b, ci* 


If they ai 


vperptrtdicular. 


then 


and vice 1 


oia»+6i6j+ciCi = 0; 
lena. 



224 SOUD ANALYTIC GEOMETRY pa, § 237 

S37. Angle betwem lAns and Plane. Let the Une uid puna 
be given bj the equations 



-iL 



Ax + Bv+ Cx-^^ D = 0. 
The plane of Fig. 121 repreaeiits the pl&ne 
throngh the given line perpendiculax to the given 
plane. The angle p between the given line and '^°' ^ 

plane is the complement of the angle a between the line and any perpen- 
dicular FN to the plane. Hence 

tinp = aA + bB + eO 

± Va* + tfl + <S>.± iJA' + B'+Cfl 
The (necessary and snfBcient) condition for paritlUiitm of line ftnd 

the condition of perpendiculariti/ la 



338. Ijne and Plane Perpendicular at Given Point. If the 

plane Ax + By+Cx-\-D^Q 

passes through the point Pi(xi, yt , zi), we must have 
Ml + Bgi + Czi + D ~ 0. 
Subtracting from the preceding equation, wo have as the equation of 
any plane through the point Pi(X\ , y\ , zi) ; 

A(z - xi) + fl(K - y,) + C{z - zi) = 0. 
The eqoatioDS of any line through the same point are 



If this line is perpendicular to the plane, we must have (| 237) : a/ A = 
b/B = c/C. Uence the equations 



represent tbe line through i*i(xi, yi, zi) perpendicular b 
A(x - xi) + B(_y - Bi) + C(* - ai) = 0. 
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239. Distance of a Point from a Ijne. u the eqiMtioiu of 

the line X in given In the fonn 

I ffl n ' 

'where (xi , ft , 2]) Is a point Pi of X (Pig. -^-i 

122), the diatonce d = ^Pi of the point f — 

Pt(.xt, Vt, «j) from X can be found from 9l j j y 

the right-angled triangle PiQPi which gives / ' !/ 

ip = PiP^ - Pi ©', "^ Fio. laa 

by observing that 

PiPi" = (ii - xi)* + C» -pO* + («J - »i)*. 
while i^Q is the projection of PiPt on X. This projection is found 
(§ 109) aa the sum of the projections of the components xt — xi, ft — y\, 
■tt - «l of P»Pi on X : 

PiQ = Kjci - lO + n»{vi - yO + n(2i - «i)- 
d»= (a!i-a:i)'+ (Vi— fO'+C'i-'O'-EfCxi-xO+tnCn-VO +«(i'^-*i)]'- 

240. Shortest Distance between Two Lines. Tvm itnet 

X| , X] whose equations are ^ven In the form 

l\ in\ ni ii ms ni 

iBiil interteet if their directions {l\ , mi , nO, (h , ttt , ii). and tiie direc- 
tion of the line joining the points (zi , pi , 2i), (zi , pi . eg) are compianar 
(§207), (.«. if 

[xi-aji !fi- Vi »i-«i| 
Ii mi m = 0. 



If the lines Xi , Xi do not intersect, their shortest dist&nce d is the dis- 
tance of Pi(X], yi, «:) from the plane through Xi parallel to X]. As this 
plane contains the directions of \, and Xi, the direction cosines of its nor- 
mal are (S 206) proportional to 

|Mi T»,| In, III \h mil 

|mi «i|' Im III' III m,|' 
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■ad M il pcMw* through P, (xi , pi , «i) ita equaUon can be irriUen in Uie 

ix-ici ir-jTi z-»i| 
Il mi Hi = 0. 

Hence the Amttitdabmc*efffultaa\i, Xi ia: 



' I wii ml I m 11 I I li ml 
Ae the denominator ot this espraeBiOD ia equal to sin f (1^06), n 



EXERCISES 

1. Find tlie coalne of the angle between the linea 

^^ = 1L^ = 1±1 and * + l = tzi8 = « + 8, 
2 3 4 -12 3 

S. Find the angle between the lines Sa:-2iH-4«-l=0, 
2« + v — 8i+10 = 0, and x + y + z = 6, 2z + 8y-6z = 9. 

9. Find the angle between the linea that pas through the pointa 
(4,2,5), (-2,4,8) and (-1,4, 2), (4, -2, -6). 

4. Find the angle between the line 

!r + l _ p — 2 _ g+ 10 
8 -6 3 

and a perpendicular to the plane ix~3y — 2s = 8. 

E. In what ratio doea the plane 3x— 4^ + 6« — 8 = divide the 
aegment drawn from the origin to the point (10, — 8, 4). 

•. Find tlie plane through the point (2, — 1, 8) perpendicular to tbe 
Una 
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7. Find the plane that is perpendicular to the line ix + f—t = 0, 
3x + ig + Se + 10 = and passeB throogh the point (4, —1, 3). 

a. Find the plane through the origin perpendicular to the line 
5x~2v + e=Q, 3x + y-it = 8. 

S. ITiod the plane through the point (4, — 3, 1) perpendicular to the 
line joining the points (3, 1, - 6), (- 2, 4, T). 

10. Find the line through the point (2, — 1, <l) perpendicular to tlie 
plane 9;-2y + 4« = 6. 

11. Show that the lines x/3 = y/ — 1 = z/ - 3 and z/4 = j//^ = «/3 are 
perpendicular. 

11. Show that the lines 

x^ ^ 11+2 ^ z-3 ^ ^-2 ^ jt-^ ^ _£_ 
1-2 3 -2 4 -« 

are parallel. 

15. Find the angle between the line S x — 2 y — s = 4, 4x + 3y— 8z = 6 
and the plane x + y + t = 6. 

14. Find the lines bisecting the angles between the lines 

*z^ = !!^l6 = ?^l« and ^^r«= ltz^ = ^ZL_e. 

U. Find the plane perpendicular to tbe plane Zx^iy — z = and 
passing through the pointe (1, 3, — 2), (2, 1, 4) . 

16. Find the plane through the point (8, ~ 1, 2) perpendicular to the 
line2ii; — 3p-4e = 7, a; + j-2z = 4. 

17. Find the plane through the point (a, b, c) perpendicular to the 
line Aix + Biv+ Ciz + Di =0, An: + Big + Cig + Ih = 0. 

18. Find theprojeolionof thevectorfrom (8,4,6) to (2, — 1,4) on the 
line that makes equal angles with the ases ; and on the plane 

2x-8? + 4e=G. 

19. Find the distances from the followiug lines to tlie points indicated : 
(„,|.!^ = -tl. (0,0,0), 

(6) 2x + i(_a = 8, x-v + 4z = 8, (8, 1,4); 

(c) 2a! + 3K + 6z = l, 3i-6j( + 8z = 0, (4, I, -2). 
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M. Show that the eqnation of the plane determined by the line 



and the point i^(Xti yi > ei) e&n be written in the form 
\x -Xi y - jfi 2 - *i I 



SL Find the plane determined b; tLe InteraeotJng lines 

*^=t^ = i+i and «^ = tlli = l±i. 
4 3 3 13 3 

II. Find the plane detennined bj the line 

x~xi _ y-yi _ t~xi 

and tu parallel thrangh the point Pi(zi, yi, zj). 

S9. Oiven two Don-lnteiBecting licea 

x-xi _ 'i/ — vi _ z-zi T~xt _ y-yi _ z — zt , 

Qi bi Ci Ot bi ct 

And the plane paaMng through the fltst line and a parallel to the second; 

■nd the plane paatlng ILrough the second line and a parallel to the fiisU 

H. What is the condition tliat the two lines of Ex. 2S intersect ? 

U. Find the distance from Uie diagonal of a cuIm to a vertex not on 
the diagonal. 

M. Find the distance between the lines given in Ex. 23. 

IT. Show that the locus of the points whose dlstancea from two fixed 
[danes are in constant ratio Is a plane. 

n. Show that the plane (m — n)x + (n — Of + (' — "*)' = ^ contains 
the line x/I = y/m = «/" ^»d ^ perpendicular U> the plane delormined b; 
the tines x/m = y/« = BJl and i/» = y/i = e/w. 



CHAPTER Xn 



241. Spheres. A sphere is defined as the locus of a!l those 
points that have the same distaoGe from a fised point. 

Let C{h, j, k) denote the ceuter, and r the radius, of a sphere ; 
the necesaary and sufficient condition that any point P(x, y, t) 
has the distance r from C(h,j, ft) is " 

(1) («.-»)'+(i,-j)>+(.-*)> = r>. 

This tJien is the cartesian equation of the sphere of center 
C(h, j, ft) and rodiwa r. 

If the center of the sphere lies in the plane Oxy, the equar 
tion beoomes 

(a!-A)' + (y-j)» + z' = 7*. 

If the center lies on the axis Ox, the equation is 

(x-hy+y' + z^ = 7'. 
The equation of a sphere about the origin as center is: 
a^ + yt + z* = r'. 

242. Expanded Form. Expanding the squares in the equa- 
tion (1), we find the equation of the sphere in the form 

3? + y*+:?-2hx-2jif-2hs + h''+j' + }i?-r' = (i. 
This is an equation of the second degree in z, j/, z; but it is of 
a particular form. 

The general equation of the second degree mx,y,z is 
(3) Ai? + Bf + Cz^ + 2 Dyz + 2 Ezx + 2 Fxy 

+ 2 Ga: + 2 By +2 Jz + ./■= ; 
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i^. it contains a constant term J; three terms of the first 
degree, one in x, one in y, and one in 2; and six terms of the 
second degree, one each in a^, ^, z*, yz, zx, and xy. 

If in (2) we have !> = £ = ^"=0, ^ = B= C^O, it reduces, 
upon division by A, to the form 

A A A A 

which agrees with the above form of the equation of a sphere, 
apart from the notation for the coefBcients. 

M3. Deteniiiiiati<m <A Center and Radius. To determine 
the locns represented by the equation 
(3) Ax? + Af + A;^ + 2Qic + 2Ey + 2h + J=Q, 
where A, O, H, I, J are any real numbers while A^fi, we 
divide by A and complete the squares in x,y,z; this gives 

The left side represents the square of the distance of the point 
{x, y, z) from the point (— Q-fA, — H/A, ~ If A) ; the right 
side is constant. Kenoe, if the right side is positive, the equa^ 
tion represents the sphere whose center has the coordinates 
(— O/A, — H/A, — I/A), and whose radius is 



A 

If, however, C + fi"' + 7' < AJ, the equation is not satisfied by 
any point with real cooi-dinates. If G* + £■'+/* = AJ, the 
equation is satisfied only by the coordinates of the point 
{-G/A,-HlA,~IfA). 
Thus the equation of the second degree 
A3? + Bf+Cz^ + 2Dyz + 2EKe-\-2Fxy 

+ 2 ffa; + 2 ^y + 2 /z + ^= 0, 
represents a sphere if, and only if, 

A=B=C^O, D = E = F=Q, CP + IP + P>AJ. 
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344. Essential Constants. The equation (1) of the sphere 
containa four conetaats: h,j, k, r. The equation (2) contains 
five constants of which, however, only four are essential since 
■we can divide out by one of these cooBtants. Thus dividing 
by A and putting 2 0/A = a, 2 H/A = b,2I/A = c, J/ A = d, 
the general equation (3) assumes the form 

a^ + f + ^ + ax + bii + ae + a = 0, 
with only the four essential constants a, b, c, d. 

This fact corresponds to the poasibility of determinii^ a 
sphere geometi-icfdly, in a variety of ways, by four conditions. 

EZERCISSS 

L Find the spheres witb tbe following points as centers and with the 
indicated radii : 
(a) (4,-1, 2),4; (6) (0,0,4),4; (c) (2,-a,l),8i (d) (3, 4, 1), 7. 

I. Find tbe following spheres : 

(n) with tbe points (4, 2, 1) ajid (S, — T, 4) as ends of a diameter ; 

(6) tangent to the coordinate planes and of radius a ; 

(e) witb center at tbe point (4, 1, 6) and pasaing tbrongb (8, 8, — 6). 

5. Find tbe centers and tbe radii of the following spbeies ; 
(a) a^ + p« + z'-8x4-6i(-6« + 2 = 0. 

(6) i> + :/« + 2>-26a; + 2c2-6»-c» = 0. 
(C) 2a!«-(-2v« + 2z»-H3a:-s + 5z-ll = 0. 
(d) *" + !/*+**-«-!/-» = 0. 

4. Show that the equation .l{a;« +j» + e«) +3 (te + 2i^ + 3 Je+J 
= 0, la which ,7^18 variable, repreHents a famit; of concentric spheres. 
9. Find tbe apheres that pass tbrongb tbe following points : 
(a) (1, 1, 1), (3. - 1, 4). (-1, 2, 1), (0, 1, 0). 
(6) (0, 0, 0), (a, 0, Q), (0, 6, 0), (0, 0, c). 
(c) (0, 0, 0), {- 1, 1, 0), (1, 0, 2), (0, 1, - 1). 
id) (0, 0, 0), (0, 0, 4), (8, 3, 3), (0, 4, 0). 

6. Find tbe center and radius of the sphere that is the locos of the 
points three times as far from the point (a, b, c) as from the origin. 

7. Show that tbe locos of tbe points, the ratio of whose distances from 
two given points is constant, Is a sphere eicept when tbe ratio is onlty. 
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B. Find the positions of tlie following pointA relative to tlie apbere 
^ + ^ + t*-4x + iy~iz = 0; (a) the origin, (6) (2, -2, 1), 
(c) (1,1, !),(■)) (8.-2.1)- 

1. Find the pooiUons of the following pl&nes ralaUve to the sphere 
j? + jf + it + ix-ay + ez + 5 = 0: 
(a) ix + 2y + t + 2 = 0, (6) 8*- v-4« + 6 = 0. 

ID. Find the posltioDS of the following lines Telative to the sphere of 
Bi.9: (a) 2x-» + 2« + 7=0, 816- j-«-10 = 0. 

(6)8x + 8j + z-0=0, x-Sf + 1 + 11=0. 

346. Equations of a Circle. In solid analytic geometry a 
curre is lepreseated bj two simultaneous equations (§ 221), 
that is, by the equations of any two sur^ices iotersectiug in 
the curve. Thus two linear equations represent together the 
line of intersection of the two planes represented by the two 
equations taken separately (gS233, 237). 

A linear equation together with the equation of a sphere, 
, „ Ax + By + Cz + D = 0, 

^ ' a? + ^ + :^ + ax + by + ct + d = (i, 

represents the locus of all those points, and only those points, 
which the plane and sphere have in common. Thus, if the 
plane intersects the sphere, these simultaneous equations rep- 
resent the circle in which the plane outs the sphere; if the 
plane is tangent to the sphere, the equations represent the 
point of contact; if the plane does not intersect or touch 
the sphere, the equations are not satisfied simultaneously by 
any real point. 

246. Sections Perpendicular to Axes. Projecting Cylinders. 
In particular, the simultaneous equations 
(6) z = k, a!' + j/' + 2'=7* 

represent, if fc < r, a circle ahont the axia Ox (i.e. a circle 
whose center lies on Oz and whose plane is perpendicolar to 
Ox), If the value of z obtained from the linear equation be 
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substituted In the equation oi the sptere, we obtain an equation 
in X and y, a? + y' = t* ~ A*, which represents (since 2 is 
arbitrary) the oiccular cylinder, about Oz as axis, which pro- 
jects the circle (5) on the plane (key. Interpreted in the plane 
Ory, i.e. taken together with a = 0, this equation represents 
the projection of the circle (5) on the plane Oxy. 

Similarly if we eliminate mot y or 2 between the equations 
(4), we obtain an equation in y and z, z and as, or x and y, rep- 
resenting the cylinder that projects the circle (4) on the plane 
Oyz, Ozx, or Oxy, respectively. 

MT. Tangent Plane. The tangent plane to a sphere at any 
point Pi of the sphere is the plane through P,, at right angles 
to the radius through /*,. 

For a sphere whose center is at the origin, a;' + y* + ?" = r", 
the equation of the tangent plane at Pi(x,, y^, z,) is found by 
observing that its distance from the origin is r and that the 
direction cosines of its normal are those of OP,, viz. sci/r, 
y,/r, z,/r. Hence the equation 
(6) !e,ai + y^ + a,2 = r*. 

If the equation of the sphere is given in the general form 
^(a!'+y'+**)+2G'a;-l-2flj/+2/« -1-^=0, 
we obtain by transforming to parallel axes through the center 
the equation 

the tangent plane at Piix^, yi, z^) then is 

^ A} £C A 
Transforming back to the original axes, we have : 

~ A' A' A! a' 
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Multiplying out and rearranging, we find that the equation of 
the tangent pUme to the sphere 

at the point Piix^, ^i, z,) is 

A{xiX+ya+'V) + G(Xi+x} +fl(y,+y)+/(z,+2)+ J=> 0. 

2iB. latersection of line and Sphere. The intersections 
of a sphere about the origin, 

as" + y" + «» = H, 
with a Hue determined by two of its points Pi(xi,yi, z,) and 
Pi(xt, y,, ?,), and given in the parameter form [(6), § 239] 

as = iB, + *{«,- as,), y=yi + %,-y,), z=z, + k{zt-z,), 
are found by substituting these values of x, y, a in the equation 
of the sphere and solving the resulting quadratic equation in k : 

[JB. + ft(ai - :cO]' + [ft + %, - yO? + [^ + *:(2t - ^i)? = '^J 
which takes the form 

[(ai ~ :c,)' + (y. - y^» + (z, - «,)']fc* + 2 [x,(a!, -!!!,)+ y,(y, - y.) 
+ z,(^-%)]* + (iC,' + ft' + s,'-H)=0. 
The line 7',P, will intersect the sphere in 
two different points, be tangent to the 
sphere, or not meet it at all, according aa 
the roots of this equation in h are real and 
different, real and equal, or imaginary ; i.e. 
according as ^^' *^ 

where d denotes the distance of the points P^ and i*,. Divid- 
ing by li*, we can write this condition in the form 

where by § 239 the quantity in square brackets is the square 
of the distance 8 from the line P^P^ to the origin (Fig. 123). 
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Our coadition means therefore that the line PiPt meets the 
sphere in two difEerent points, touches it, or does not meet it 
at all according a3)->8, r = 8, j-<S, which is obvious geomet- 
rically. 

249. Tangeat Cone. The condition for the line P,Pj to be 
tangent to the sphere is (§ 244) : 

To give this expression a more symmetric form, let us put, to 
abbreviate, 

<ei3!i + y^i + 'Si'k = P, *a' + l/i' + 2i' = 9l, SBi* + ?!* + «!* = ft, 

so that the condition is 

(p _ gO' = {9i - ^)(9i - 2l> + 9i). 
i.e. p' — 2r'p = qiq, — r"?, — r^g, ; 

adding r* in both members, we have 

^p-r■)^-^q,-r^)^g,-^), 
i.e. 
(a^as, + yijft + z,Zj - r*)' = (V + y,' + z,' - H)(ai» + y,» + z,* - O- 

Now keeping the sphere and the point P, fixed, let P, vary 
subject only to this condition, i.e. to the 
condition that P^Pt shall be tangent to 
the sphere; the point Pi, which we shall 
pow oall P{x, y, z) is then any point of 
the cone of vertex P, tangent to the sphere, S*-- 
Hence the eqvation of the cone of vertex Fio. 124 

Pi (sq , yi , Zi) tangent to the sphere a? + y* + z* = T' ia 

(a!i' + yi' + «■' - 5^)(a^ + y» + J!* - »^) = (asiS! + M +^1? - r")'. 

If, in particular, the point Pi is taken on the sphere so that 
x^ + y^ + z^ = r', the equation of the tangent cone reduces to 
the form XiX + yi^ + ZiZ = T', which represents the tangent 
plane at P,. 
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860. Inversion. A sphere of center O and radius a beiDg given, 
we cui Bnd b> eveir point P ot space (excepting 0) one and only ons 
point P* on OP (produced i£ necessary) such that OP ■ OP' = a". The 
points P, P' are said to be inverte to each other wiLh respect to the 
sphere (compare { 66). 

Taking rectangular axes through 0, ne find as the telaUons between 
the coordinatee o( tbe two Inrerae points P{i, y, ») and P'{x', y', «') it 
we put OP = r = Vi» + v* + <s, OP" = W = Vx'' + y'-' + z" : 



a^' + p' + r"' 
and similarly 



» = 



These eqoBtions enable ub to And to any surface whose equation is given 
the equation of tbe inverse surface, by simply sulxitituting for z, y, b 
tlieir Talaes. 

Thns It can be Aown, that by inyersion every sphere is transformed 
into a sphere or a plane. Tbe proof is similar to the corresponding propo- 
dtion in plane analytic geometry (5 57) and is left as an exercise. 



1. Find the radius of tbe circle which is the intersection : (a) of the 
plane v^a with the sphere x^ + y^ -V s^ ~ & y == f» ; (6) of the plane 
3« — 8:/ + z — 2 = with tbe sphere x^ + ^ + z'' ~ax-^2y — Ih^d.' 

I. A line perpendicular to the plane of a circle through its center is 
called the axis of the circle. Find the circle : (a) which lies in the plane 
> = 4, has a radius 3 and Oz as axis ; {b) which lies in the plane y = 6, 
' has a radius 2 and tbe line x — 3 = 0, z — 4 = 0as axis. 

S. Find ttie circles of radius 3 on the sphere of radius 4 about tlie 
oiigin whose common axis is equally ^clined to the coordinate axes. 

4. Does the line joining the points (2, — 1,-6}, ( — I, 2, 3) 
tbe sphere x* + ^ •{■ z^ = \0 7 Find the points of intetsection. 
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B. Find the planee tangent to the following apberes at the given 
PO^'*' (o) 3? + v' + «*-Sp^5*-2 = 0, 8t(2, -J,8); 

(6) z» + p' + z» + 2a;-6y +2-1^0, at(0, 1, -8); 
(e) 3(3^ + 9» + zS)-Bi + 2k-z = 0, attheorighi; 
(d) 3-' + v» + z"-<ti;-6B-ci = 0, at (a, 6, c). 

t. lind the tangent cone : («) from C*, 1, - 2) to a* + v* + «> = j 
(6) from (2 a, 0, 0) W le* + j" + e« s a* ; (e) from (4, 4, 4) to x' + j» 
+ ei' = ia; (d) trom{l, ~S,S) to^ + :/' + z^ = 0. 

1. Find the cone with vertex at the origin tangent to the sphere 
(!e-2a)»+j" + z» = a» 

8. Show that, by iuveraion with respect to the sphere x*+y^ + 2' = a*, 
every phme (except one through the center) is transformed into a sphere 
passing through the origin. 

S. With respect to the sphere x* + ^ + z»s26, find the surfaces in- 
verse to (a) a5 = 5, (6) 3;-v = 0, (c) 4(1= + ^ + ii')-20a;-26 = 0. 

10. Show that b; inversion with respect to the sphere x^ + y* + ^ = a^ 
every line through the origin is transformed into itself. 

11. With respect to the sphere x' + ^ + «' — o^, find the surface in- 
verse to the plane tangent at the point Pi (zi , jfi , eO- 

IS. Show that all spheres with center at Che center of inversion are 
transformed into concentric spheres b; inversion. 

18. What is the curve inverse to the circle x* + P^ + *'' = 26, « = 4, 
wilh reepect to the sphere t? + y^ + z^ = 16? 

261. Poles and Polars. Let F and F' be inverse points with 
teapect to a given sphere ; then the plane r through I*, at right angles to 
OF iO being the center of the sphere). Is called the po^ plant of the 
point P, and P is called the pott of the plane r, with respect to the 

Wtlhretpect to a sphere of radius a, ieith eetUer at the origin, 
X" + B= + u' = a", 
the equation of the polar plane of any point ^(xi, pi, «i) is readily 
found by observing that its distance from the origin is <iyri, and that the 
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dlrsctioD eoaliiM of its nonnal Are equal to Zi/ri , Vi/fi , zi/n , wbera 
n* = Xi* -I- vi* -H *!* : the equatioD is tberafore 
iiS! + lliir + «iB = a*- 
It, In particular, the point Pi Ilea on the sphere, thla equation, by J SM 
(6), rapreflents the tangent plane at Pi. Hence the polar plane of any 
point of the apbere is tbe tangent plane at that point ; this also follows 
from the definition of the polar plane. 

362. With respect to the same sphere tbe polar planes of any tiro 
points J\(*i , III , *,) and F^x, , n , «i) are 

xix + yj]i + «i« = "^ wd xix + yty + «is = o*- 

Nov tbe condition for tbe polar plane of P| to pass through Pi is 
xi!tt + SiVi + »!»» = a* ; 
but this U also the condition tor the polar plane of Pi to pass through Pi. 
Hence the polar plane* of all the potnU of any plant t (not passing 
through the origin O) pau through a common point, namely, the pole 
of the plane w; and convenely, the poles of all the planet through a com- 
mon poija P lie tn a plane, namely, tAe polar plane o/ P. 

263. The polar plane of any point P of the line determined by two 
given points Pi(xi ,Vi,ti) and Pi(xi , yi , >i) (always with respect to the 
same sphere a? + y» + ««=a")iB 

[X, + k(xt — xi)]x + [jii + k(y2-yi)'\y + [«i+ i(ii - «i)> = o*. 
This equation can be written fn the form 

U* + Klf + "i' - a" + —-7 (xix + jiit/ + eiii-a')=tt, 

which for a variable k represents tbe planes of tbe pencil whose axis is the 
intersection of the polar planes ot Pi_and Pi'. Hence the polar plane* of 
all the point! of a line X pott through a common line; and conversely, 
the polea of all the plana of a pencil lie on a line. 

Two lines related in this way are called car^aoatt Una (or conjugate 
axes, reciprocal polais). Thus the line PiPj 
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and tlie line xix + yi^ + Siz = a% 

xix + tiiy + 't» = a' 
are coDJngate with respect to the sphere z* + y* + e> = a*. 
As the directjon cosines of these lines are proportional to 
ij - 3!l , Ki - !fi , *i - «i 

rsBpectiTely, the two conjugate linea are at right angles (§236)., 

264. By the method used In the coneapondlDg prohlem in tho pUiw 
(§60) it can be shown that the polar plane of any point J\{xi, yi, *i) 
with respect to an; sphere 

Ai3? + V^ + :fi) + 2ax + 2Sv + 2Iz + J=0 
A{xix + viy + «i«) + ^(xi + a;) + flfffi + j/) + 7(*i + 2) + J-= 0. 
2fi6. Power of a Point if in the left-hand member of the equation 
of the sphere 

(a;_A)« + (y-i)»+(2-t)»-r^ = 
we substitute for z, y, z, the coordinates xi , yi , Zi of any point not on 
the sphere, we obtain an expression (*i — A)* + (yi— /)'+(«] — ft)* — r* 
difierent from zero which is called the p<«i>tr of the point Pi(xi , yi, Ei) 
mth relict to Ow apturt. 

As (ii — A)' + (yi — »" + («i — t)' is the square of the distance d be- 
tween the point Pi and the center C of the sphere, we can wlite the 
power of J\ briefly 

d»-r>; 
the power of i\ is poeitire or negative according as Pi lies oatside or 
within the sphere. For a point Pi outside, the power is evidently the 
square of- the length of a tangent drawn from Pi to the sphere. 

266. Radical Plane, Axis, Center. The tocus of a point whose 
powers with respect to the two spheres 

a? + y' + a^ + tJii; + 61S + eiz + d, = 0, 
»' + y* + z" + aja + 629 + c»e + di = 
are eqnal is eTidentI; the plane 

(ai - a,)* + (6, - bi)y + (ci - cj)z + di - .fc = 0, 
which is called the radical plane of the two spheres. It always ezista un* 
less the two spheres are ciincentric. 
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II ia easUf proved that the three radiotkl planes of any three Bpheiea 

(no two of which are concentric) are planea of the aame pencil (§ 2SJ8) ; 

and hence ttiat the locos of the polnls of equal power with respect to 

' three spheres is a straight line. This line Is called the rascal axia of the 

three spheres ; it exists unlen the centers He in a straight line. 

The sii radical planes of four spheres, taken in pairs, are in general 
planes of a sheaf (g 229) , Hence there is In general but one point of 
equal power with respect to four spheres. This point, the Todkat caiUr 
of the four spheres, exists unless the four centers He in a plane. 

2S7. Family of Spheres. The equation 

represents a fatnSy, or pencil, of sphtrta, provided k^—\. If the two 

■pberes 

«' + I/* + *' + ai* + 6iV + cia + <ii - 0, 
!i^ + K* + «' + a»)! + 6jy + ci« + iii = 

intenect, every sphere of the pencil passes through the common cii«le of 

these two spheres. If k =— 1, the equation represents the radical plane 

of the two spheres. 



1. Find the radios of the circle in which the polar plane of Uie point 
(i, 8, - 1) with respect to if +y'+«^ = 16 cuts the sphere. 

t. Find the radios of the circle in which the polar plane of the point 
(&, - 1, 2) with respect tozi+^ + E> — 2x-l-4y-0 cots the sphere. 

S. Show that the plane Sx + y— 4z=:19 la tangent to the sphere 
x^ + y^ + sf — 2a-4y-6«- 12 = 0, and find the point of contact. 

4. If a point describes the plane 4z— 6»— 8x = ie, find the coordi- 
nates of that point about which the polar plane of the point turns with 
respect to the sphere z' + ^ + z' = 16. 

5. If a point describes the plane 2x + 3^ + z = i, find that point 
about which the polar plane of the point (urns with respect to the sphere 
»»+V* + z' = 8. 

6. If a point, describes the line '~ = ^ 't = ^-^— , And the equa- 
tions of that line about which the polar plane of the point tarns with 
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respect M the aphere n^ + j/' + ^= 2&. Show that the two lines ara 
perpendicular. 

T. If a point describe the Hue 2z-3v + 4z = 2, x + y + z = S, find 
the equations of tiiat line about which the polar plane of the point turns 
with respect to the sphere z' -i- j^ + z> = 10. Show that the two lines are 
perpendicnlar. 

8. Find the sphere through the origin that passes through the circle 
of intersection of the spheres a^ + ^ + z* — 31 + 4^ — 6z — 8 = 0, 
a;» + y» + ^_3a; + y_2_10 = o. 

S. Show that the locus of a point whose powers with respect to two 
given spheres have a constaot ratio is a sphere except when the ratio Is 

10. Show that the radical plane of two spheres is perpendicular to 1^ 
line joining their cent«iB. 

11. Show that the radical plane of two spheres tangent interaall; or 
externally is their common tangent plane. 

II. Find the equations of the radical axis of the spheree 3? + j^+^ 
~3x-2y~t-i = 0, 3i' + ]^ + z* + tx~Sy—2g-8 = 0, a^ + V* 
+ *» - 16 = 0. 

15, Find the radical center of the spheres x" +y' + z' -ex + 2y 
— * + 8 = 0, 3^ + (' + *»-10 = 0, ii!' + t(* + *' + 2a;-3y + 5i-a = 0, 
^ + y' + z'-2x + iy-12-0. 

14. Show that the three radical planes of three spheres are planes of 
the same pencil. 

IB. Two spheres are said to be orthogonal when their tangent planes 
at every point of their circle of Intersection are perpendicular. Show 
that the two spheres :^ + y' + sfl + aix + big + c,z + d, = 0, *» + j* + z" 
+ aiX + Ihjf + di + di = are orthogonal when amj + 616a + CiCj 
= 2(d, + d,). 

16. Write the equation of the cone tangent to the sphere k' -f-s" + 
B> = fS with vertex (0, 0, Zi). Divide this equation by Zj' and let the 
vertex recede indefinitely, i.e. let X\ increase indefinitely. The equation 
3fl -i-!fi = t^, thus obtained, represents the cylinder with axis along the 
axis Ox and tangent to the sphere a;' + [/* + a" = r^. 



CHAPTER XIII 

QUADRIC SURFACES 

S53. The Ellqnoid. The surface represented by the 
equatitm 

is called ao ellipsoid. Its shape is best investigated b; tak- 
ing cross-sections at right angles to the axes of coordinates. 

Thus the coordinate plane Ot/z whose equation is ie=0 in- 
tersects the ellipsoid in the ellipse 

Any other plane perpendicular to the axis Ox (Fig. 126) at 



Fio. ISS 
the distance h <a from the plane Oyz intersects the ellipsoid 
in an ellipse whose equation is 

V^if a" 



U. 



r-1 



-•^ cil-"^' 
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Strictly speaking this is the equ&tion of the cylinder that pro- 
jects the cross-Bection on the plane Oyz. But it ean also be 
interpreted as the equation of the cross-Bection itself, referred 
to the point (A, 0, 0) as origin and axes in the cross-section 
parallel to Oy and Oz. 

Notice that as ft < a, A'/a', and hence also 1 — A'/a*, is a posi- 
tive proper fraction. The semi-axes 6 Vl — A'/a', cVl — A*/a' 
of the cross-section are therefore less than h and c, respec- 
tively. As A increases from to a, these semi-axes gradually 
diminish from 6, c to 0. 

209. Cross-Sections. Gross-sections on the opposite side 
of the plane Oyz give the same results; the ellipsoid is evi- 
dently symmetric with respect (o the plane Oyz. 

By the same method we find that cross-sections perpendicu- 
lar to the axes Oy and Oz give ellipses with semi-axes dimin- 
ishing as we recede from the origin. The surface is evidently 
symmetric to each of the coordinate planes. It follows that 
the origin is a center, i.e. every chord through that point is 
bisected at that point. In .other words, if (x, y, z) is a point 
of the surface, so is { — x, — y, —z). Indeed, it is dear from 
the equation that if {x, y, z) lies on the ellipsoid, so do the 
seven other points {x, y, —a), (x, —y, z), {—x, y, z), {x, —y, —z), 
(—x,y, —z), (,— x, —y,z), {—x, —y, —z). A chord through 
the center is called a diameter. 

It follows that it suffices to study the shape of the portion of 
the surface contained in one octant, say that contained in the tri- 
hedral formed by the positive axes Ox, Oy, Oz ; the remaining 
portions are then obtained by reflection in the coordinate planes. 

The ellipsoid is a dosed surface; it does not extend to in- 
finity ; indeed it is completely contained within the parallel- 
epiped with center at the origin and edges 2 a, 2 b, 2 c, parallel 
to Ox, Oy, Oz, respectively. 
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260. Special Cases. In general, the semi-axes a, b, c of the 
ellipsoid, (.e. the intercepts made by it on the axes of coordi- 
nates, are different Hut it may happen that two of them, or 
even alt three, are equal. 

In the latter case, i.e. If a = b = e, the ellipsoid evidently 
reduces to a sphere. 

If two of the ases aie equal, e.g. if & a c, the Buiface 




is called an ellipsoid of revolution because it can be generated 
by revolving the ellipse 

about the axis Ox (Fig. 126). 

Any crass-section at right angles 

to Ox, the axis of revolution, is 

cii-cle, while the cross-sections at ' 

right angles to Oy and Oz are 

ellipses. The circular cross-section i 

the equator ; the intersections of the aurfaoe with the axis of 

revolution are the p<des. 

It a > 6 {o being the intercept on the axis of revolution), 
the ellipsoid of revolution is called prolate; if a < b, it is 
called oblate. In astronomy the ellipsoid of revolution is 
often called spheroid, the surfaces of the planets which are 
approximately ellipsoids of revolution being nearly spherical. 
Thus for the surface of the earth the major semi-axis, i.e. the 
radius of the equator, is 3962.8 miles while the minor semi- 
axis, i.e. the distance from the center to the north or south 
pole, is 3949.6 miles. ■ 



1 the plane Oyt is called 
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261. Surfaces of Revolution. A surface that can be gen- 
erated by the revolution of a plane curve about a line in the 
plane of the curve is called a surface of revolution. Any such 
surface is fully determined by the generating curve and the 
position of the axis of revolution with respect to the curve. 

Let us take the axis of revolution as axis Ox, and let the 
equation of the generating cutve be 

y./(.). > ^— >i. 

As this curve revolves about Ox, any . i^^^ 

point P of the curve (Fig. 127) de- A' _ 

scribes a circle about Ox as axis, Jl ^ ~ Jl^ 

■with a radius equal to the ordinate /^ I* i . 
f{x) of the generating curve. For " \[/ 

any position of P we have therefore pig. i2j 

and this is the equation of the surface of revoliUion. 
Thus if the ellipse 



revolves about the axis Ox, we find since y = ± (6/a)Va' — as" 
for the ellipsoid of revolution so generated the equation 

which agrees with that of § 260. 

Any section of a surface of revolution at right angles to the 
axis of revolution is of course a circle ; these sections are called 
parallel circles, or simply paraileh (as on the earth's surface). 
Any section of a surface of revolution by a plane passing 
through the axis of revolution is called a meridian section ; 
it consists of the generating curve and its reflection in the axis 
of revolution. 
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EXERCISES 

1. An elllpaoid hu aix/oci, Tiz. tbe foci of the three elllpBea in which 
the ellipsoid is intersected by its planes of sjinmetr;. Deleimine the 
coordinates of these foci : (a) for au ellipsoid with semi-axes 1, 2, 3 ; 
(6) for the earth {see 5260) ; (c) for an ellipwiid of semi-azes 10, 8, 1 ; 
(d) for an elUpwid of semi-axes 1, 1, 6. 

1. Find the equotioDS of the surfaces of reTolntion generated by re- 
volving tbe following cnrres about the given lines i 
(a) J = a*, about the axis te. 
(6) y' = X, aboQt the latus rectum. 
(c) 3fi + j^ — 2x = 0, about the axis Og. 
(_d) a^ - y> = 1, about the axis Oc 
S. Find the equation of the paraboloid of revolution generated by the 
revolution of the parabola jf* = 4 ox about Ox. 

4. Find the equation of a (orus, or ancKor^ring, i.e. the Buiface 
generated by the revolution of a circle of radius a at>ont a line in its plane 
at the distance & > a from its center. 

5. Find the equation of the surface geneisted by the revolution of a 
drcle of radius a about a line in its plane at the distance b < a from its 
center. Is the appearance of this surface noticeably dlfierent from tbe 
surface of Ex. 4? What happens to this surface whenb = Oi when b = ai 

t. Find the equation of the surface generated by the revolution of the 
parabola j^ — iax about: (a) the tangent at the vertex; (b) the latus 

7. Find the equation of ttie sorface generated by the revolution of the 
hyperbola xg = a^ aboal an asymptote. 

8. Find the cone generated by the revolution of the line y = mx + b 
about: (a) Ox, (6) Og. 

9. How are the following surfaces of revolution generated ? 

(tt) i/'+^=X'. (6) 2i»+2v»-3«=0. (c) B>+v"-2* -2 35+4=0. 

10. Find the equation of the surface generated by the revolution of 
the ellipse a^ + 4 j' — 4 a = ; (o) about the major axis ; (i) about the 
minor axis ; (e) about the tangent at tiie origin. 
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262. Hypeiboloid of One Sheet, The surface represeated 
by the equation 



18 called a hyperboloid of one sheet (Fig. 128). The intercepts 




FiQ. Lis 

on the axes Om, Oy are ±a, ±b; the axis Oz doea not intersect 
the surface. 

263. Cross-Sections. The plane Oxy intersecta the surface 
in the ellipse 



cross-sections perpendicular to Ox give ellipses with ever- 
increasing semi-axes. 
The planes Oyz and Ozx intersect the surface in the hyperbolas 

Any plane perpendicular to ftc, at the distance A from the 
origin, intersecta the hyperboloid in a hyperbola, viz. 



i^-'^' i^-'i)^ 



= 1. 
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Ab long 08 & < a this hyperbola has its transverse axis parallel 
to Oy while for ft > a the tranaverse axis is parallel to Ozj for 
A = a the equation leducee to y'/ft' — ^l<? = and represents 
two straight lines, viz. the parallels through (a, 0, 0) to the 
asymptotes of the hyperbola y'/fi' — z'/c' = 1 which is the 
intersection of the surface with the plane Oyt. 

Similar considerations apply to the cross-sections perpen- 
dicular to Oy. 

The hyperboloid has the same properties of symmetry as the 
ellipsoid (g 259) ; the origin is a center, and it suffices to inves- 
tigate the shape of the surface in one octant 

2U. Hyperboloid of Revolution of One Sheet. If in the 
hyperboloid of one sheet we have a = b, the cross-sections per- 
pendicular to the axis (h are all circles so that the surface can 
be generated by the revolution of the hyperbola 

about Oz. Such a surface is called a hyperboloid of revolution 
of one sheet. 

266. Other Forms. The equations 

a' 6" c" o' 6' c" 

also represent hyperbolelds of one sheet which can be investi- 
gated as in §§ 262-264. In the former of these the axis Oy, in 
the latter the axis Ox, does not meet the surface. 

Every hyperboloid of one sheet extends to infinity. 

26$. Hyperboloid of Two Sheets. The surface represented 
by the equation 

a' b' c"" 
is called a hyperboloid of two sheets (Fig. 129). 
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The intercepts on Ox are ± a; the axes Oy, Oz do not meet 
the surface. 

267. Cross-Sections. The cross-sections at right angles to 
Ox, at the distance A from the origin are 



(..(i-l*^ c*(i-^;) 



_ = 1; 




these are imaginary as long as A < a ; 
for h>a they are ellipses with ever- 
increasing semi-axes as we recede from 
the origin. 

Tlie cross-sections at right angles to Oy 
and 0* are hyperbolas. 

The hyperboloid of two sheets, like that of 
like the ellipsoid, has three mutually reotanguh 
symmetry whose intersection is therefore a center. 

The surfaces 

o' 6* c" «' V c' 

are hyperboloids of two sheets, the' former being met by Oy, 
the latter by Oz, in real points. 

The hyperboloid of two sheets extends to infinity. 

268. Hyperboloid of Revolution of Two Sheets. If 6 = c 
in the equation of § 266, the cross-sections at right angles to Ox 
are circles and the surface becomes a hyperboloid of revolution 
of two sheets. 

369. Lnaginary Ellipsoid. The equation 

is not satisfied by any point witi real coordinates. It is some- 
times said to represent an imaginary ellipsoid. 
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370, The Paraboloids- The surfaces 



a* fr» 



6» 



vbich are called the ellipiic paraboloid (Fig. 130) and hj/per- 
bolic paraboloid (Fig. 131), reapectively, have each only two 

planea of symmetry, viz. the planes Oyz and Oex. We here 
assume that c ^ 0. The cross-sections at right aisles to the 





axis Oz are evidently ellipses in the case of the elliptic parab- 
oloid, and hyperbolas in the case of the hyperbolic paraboloid. 
The plane Oa^ itself has only the origin in common with the 
elliptic paraboloid ; it intersects the hyperbolic paraboloid in 
the two lines 3?/a* — y^/b* = 0, i.e. y = ± bx/a. 

The intersections of the elliptic paraboloid (Fig. 130) with 
the planes O^and Ozx are parabolas with Oz as axis and as 
vertex, opening in the sense of positive z if c is positive, in the 
sense of negative 2 if c is negative. Planes parallel to these 
coordinate planes intersect the elliptic paraboloid in parabolas 
with axes parallel to Oz, but with vertices not on the axes Ox, 
Oy, respectively. 

For the hyperbolic paraboloid (Fig. 131), which is saddle- 
shaped at the origin, the intersections with the planes Oyz and 
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Ozx are also parabolas with Ox as axis ; if c is positire the 
parabola in the plane 0^ opens in the sense of negative z, that 
in the plane Ozx opens in the sense of positive a. Similarly 
for the parallel sections. 

271. Paraboloid d Revolution. If in the equation of the 
elliptic paraboloid we have a=sb, it reduces to the form 

This represents a surface of revolution, called the paraboloid of 
revolution. This surface can be regarded as generated by the 
revolution of the parabola y' = 2pz about the axis Ox. 

272. Elliptic Cone. The surface represented by the equation 



is an elliptic cone, with the origin aa vertex and the axis Oz a 
axis (Fig. 132). 

The plane Oxif has only the origin in 
common with the surface. Every parallel 
plane z = ft, whether k be positive or negative, 
intersects the surface in an ellipse, with 
semi-axes increasing proportionally to k. 

The plane Oyz, as well as the plane Ozx, 
intersects the surface in two straight lines 
through the origin. Every plane parallel to 
Oyx or to Ozx intersects the surface in a 
hyperbola. 

273. Circular Cone. If in the equation of the elliptic cone 
we have a = b, the cross-sections at right angles to the axis Oz 
become circles. The cone is then an ordinary circular cone, or 
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cone <^ revolution, which can be generated by the revolution 
of the liney = ((i/c)j about the axis Ox. Putting a/c = m we 
can write the equation of a cone of revolution about Oz, vith 
vertex at 0, in the fora 

274. Qoadric Snifaces. The ellipsoid, the two byper- 
boloids, the two paraboloids, and the elliptic cone are called 
quadric surfaces because their cartesian equations are all of 
the second degree. 

Let us now try to determine, conversely, all the various loci 
that can be represented by the general equation of the second 
degree 

Jj? + By'+0^ + 2 Drfz + 2 Exx + 2 Ftey 

+ 2Qx-ir2Hy-{-2Jz + J=0. 

In studying the equation of the second degree in x and y 
(§ 263) it was shown that the term in ssy can always be 
removed by turning the axes about the origin through a cer- 
tain augle. Similarly, it can be shown in the case of- three 
variables that by a properly selected rotation of the coordinate 
trihedral about the origin the terms in yx, zx, xy can in general 
all be removed so that the equation reduces to the form 
(1) j£B* + Bv' + C«'+2Ga! + 2ffy+aJa! + J = 0. 

This transformation being somewhat long will not be given 
here. We shall proceed to classify the surfaces represented 
by equations of the form (1). 

276. Classification. The equation (1) can be further sim- 
plified by completing the squares. Three cases may be distin- 
guished according as the coefficients A, B, C are all three differ- 
ent from zero, one only is zero, or two are zera 
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Case (a): A^O, B^O, C^O. Completing the aqiiares ia 
a^ If, z we find 

Referred to parallel axes through the point (— 0/A, — H/B, 
— I/O) this equation becomes 

(2) A^-^By'' + Gz-' = Ji. 

Case (b): ^ ^ 0, B ^ 0, 0=0. Completing the squares in x 
and y we find 

If 1 4= 0, we can transform to parallel azes through the point 
(—6/A, — BjB, Jil2 1) 80 that the equation becomes 

(3) Ai^ + By^+2Iz = 0. 

If, however, 7=0, we obtain by transforming to the point 
{~GfA, ~H/B,0) 
(3') A3? + ^=J,. 

Case (c) : -d =^ 0, B = 0, 0=0. Completing the square in 
X we have 

A(x + ^\2Hy + 2Iz^^-J=J,. 

If H and / are not both zero, we can transform to parallel 
axes through the point (- 6/ A, J,/2 H, 0) or through (- 0/A, 
0,.Jj/2/) and find 

(4) A!^ + 2ny + 2Bi = (i. 

If ir=Oand 7=0, we transform to the point (— O/A,0,G] 
BO that we find . 
(4') Ax'=J». 
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S7S. Squared Teims all Present. Case (a). We proceed to 
discuss the loci represented by (2). If Ji :^ 0, ve can divide 
(2) by Ji and obtain : 

(a) if A/J^ , B/J, , C/Ji are positive, an eliipaoid {§ 258) ; 

(fi) if two of these coefficients are positive while the third 
is negative, a hyperboloid of one sheet (g 262) ; 

{y) if one coefBcient is positive while two are negative, a 
hyperboloid of ttoo sheets (S 266) ; 

(8) if all three coefficients are n^ative, the equation is not 
satisfied by any real point (S 269) ; 

If Jj = 0, the equation (2) represents an elliptic cone (g 272) 
unless A, B, C all have the Bame sign, in which case the origin 
is the only point represented. 

277. Case (b). The equation (3) of §275 evidently fur- 
nishes the two paraboloids (§ 270) ; the paraboloid is eUi'^ic if 
A and JB have the same sign ; it is hyperbolic if A and B are of 
opposite sign. 

The equation (3*), since it does not contain z and hence leaves 
2 arbitrary, represents the cylinder, with generators parallel to Oz, 
passing through the conic As? + By" = Jj . As A and B are 
assumed different from zero, this conic is an ellipse if AfJ^ and 
B/Ji are both positive, a hyperbola if A/J^ and B/J^ are of 
opposite sign, and it is imaginary if A/ J, and B/J^ are both 
negative. This assumes J^ ^ 0. If J^ = 0, the conic degen- 
erates into two straight lines, real or imaginary ; the cylinder 
degenerates into two planes if the lines are real. 

278. Case (C). There remain equations (4) and (4'). To sim- 
plify (4) we may turn the coordinate trihedral about Ox through 
an angle whose tangent is — H/T; this is done by putting 

. = «', !,.«±S=, .= 3^±I; 
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our equation then becomes 

Ajf* + 2VWTTV = 0. 
It evidently represents a parabolic cylinder, with geDerators 
parallel to Oy. 

Finally, the equation (4*) is leadily seen to represent two 
planes perpendicular to Ox, real or imagiiLary, unless Jt = 0, 
iu which case it represents the plane Oyz. 

BXratCISES 
1. Name Mid locate the following surfaces : 
(a) !r» + 2 tf" + 3z» = 4. (6) x" + V" - 6« - 6 = 0. 

(e) x*-V* + ^ = i. (d) i»-v' + i»+-8« + 6 = 0. 

(a) 2!;«-42'-6 = 0. (/) 2^* + j/S + 822+ 5 = 0. 

(ff) 62" + 2j? = 10. (A) «a-9 = 0. 

(0 i?-j + i=o. o) *»-v'-«* + e« = ». 

(fc) a;» + 3sa + ie» + 4« + 4=0. (I) ** + v-» = 0. 

1. The cone 

is/tt* + y»/&» _ js/e" s 

is called the asj/mptolie cone of the byperboloid of one aheet 

af/a' + i/»/6* - z'/c" = 1. 

Show that as z increases the two surfaces approach each other, i.e. thej 

bear a relation similar to a. hyperbola and ita asymptotes. 

I. What Ib the asymptotic cone of the hyperboloid of two eheeta t 

4. Show that the iutersectiou of a hyperboloid of two sheets with any 

plane actually cutting the surface is an ellipse, parabola, or hyperbola. 

Determine the position of the plane for each conic. 

■. Show that in general nine points determine a quadric surface and 

that the equation may be mitten as a determinant ot the tenth order 



S. Show that the surface inverse to the cylinder 3? + j/^ = a', with 
respect to the sphere 3? + y^ + e* = a', is the torus generated by the rev- 
olution of the circle (y — a/2y + «^ = o^ about the axis Ox. 

7. Determine the nature of the surface xgz = a' by meaus of cross- 
sections. 
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279. Tangent Plane to tbe Ellipsoid. The plane tangent 
to tbe ellipsoid 

can be found as follows (compare g§ 255, 256). Tbe equa- 
tions of the line joining any two given points (ic,, ,Vt, Zi) and 

ir = a^ + fc(«,-a4), y = y, + %,-y,), a = «, + *(«, -a,). 
This line will be tangent to the ellipsoid if the quadratic 



[ic. + k(x , - x,)Y Fa + ft(yi - yi)]' ■ [Z|+Mzi-»i)T -i 
a' ^ 6» ^ c* 

has equal roots. Writing this quadratic in the form 

{_ a V ''^ J V" h* ff J 

we find tile CODdition 

K^lS + SWl + SS. 
a- f 0- 



M+yl^ 



»! + ?L. 



')]■ 



L + 21- + 

If now we keep the point {x,,yi, z,) fixed, but let the point 
(xti^t, X,) vary subject to this coudition, it will describe the 
cone, with vertex (an , yi , z,), tangent to the ellipsoid ; to indi- 
cate this we shall drop the subscripts of x,, y,, z,. If, in 
particular, the point (a^ , y, , 2,) be chosen on the ellipsoid, we 
have 



^-K 



+ -l = h 
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aad the cone becomes the tangent plane. The equation of the 
tangent plane to the ellipsoid at the point (a, , jj , Zj) is, therefore : 

a* b' <? 

280. Tangent ^anes to Hyperboloids. In the same way 

it can be shown that the tangent planes to the hyperboloids 



at (a!i , y, , «]) are 

a* b' <? ' o' 6' c" 

By an equally elementary, but somewhat longer, calculation 
it can be shown that the tangent plane to the quadric surface 
A>!' + Bf + Gi? + 2D'jz + 2Ezx+2Fxif 

+ 2 63i + 2Hy + 2Iz + J=0 
at (i!| ) J/i I Zi) is : 
Jx^x + By,y + Cfe,z + D{y,z + z^) + E{z,x + x^z) + F{x^ + y.x) 

+ G(a^ +x)-\- S(y, +y) + T(z, +z) + J= 0. 
In particular, the tangent planes to the paraboloida 

^ + t = 2cz, ^~t = 2cz 
are 

281. Ruled Surfaces. A surface that can be generated by 
the motion of a straight line is called a Tuled surface; the line 
is called the generator. 

The plane is a ruled surface. Among the quadric surfaces 
not only the cylinders and cones but also the hyperboloid of 
one sheet and the hyperbolic paraboloid are ruled surfaces. 
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2B2. RuUngB on a Hyperboloid of One Sheet To ebow 
this foi the hypetboloid 



ve write the equation 



a" 6' «• 
m the form 



and factot both members : 

It is then apparent that any point whose coordinatea satisfy 
the two equations 

6 c \ aj b a k\ a J 

where ft is an arbitrary parameter, lies 
on the hyperboloid. These two equa- 
tions represent for every value of ft (^ 0) 
a straight line. The hypeiboloid of one 
sheet contains therefore the family of 
lines represented by the last two equa- 
tions with variable k. ""' "™ 

In exactly the same way it is shown that the same hyper- 
boloid also contains the family of lines 




b 6 



i'^i)' !+rK'-0 



Thus every hyperboloid of one sheet contains (tco sets of recti- 
linear generators (Fig- 133). 
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283. Rulings OQ a Hyperbolic Paraboldd. The hyperbolic 
paraboloid (Fig. 134) 



also contains two seta of recti- 
linear generators, namely, 



5+|.*.2 




EXERCISES 
1. Derive the equatioQ of the tangent plane to ; 

(a) the elliptic paraboloid ; (5) the hyperbolic paraboloid ; 
(c) the elllpUc cone. 
1. The line perpendicular to a tangent plane at a point of contact la 
called the normal line. Write the equations of the tangent planes and 
normal lines to the folloning quadric surfaces at tbe points Indicated : 
(a) a^/9 + j)5/4 ~ 2^/16 = 1, at (3, - 1, 2) ; 
(6) ^ + 2 If" + e" = 10, at (2, 1, - 2) ; 
(e) !i? + 2ps_2za = 0, at (4, 1, 3); (d) !> - 3 j" - z = 0, at the origin. 
i. Show that the cylinder whose axis has tbe direction cosines I, m, n 
and which is tangent to tbe ellipsoid a^/a* + y^/V + xye^ = 1, is 

4. Show that the plane Ix + my + nz = VPa" + m'6' + n'tfl Is tangent 
to tbe ellipsoid «'/«* + ^/^'^ + ^V"' = ^■ 

B, Show t^at the locos of the intersection ot three mutually perpen- 
dicular tangent planes to the ellipsoid a'/a' + y'/ft* + *'/c' = 1, is the 
sphere (called director sphere) a;' + y» +«* = a» + 6" + e». 
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C Show that the elliptic cone is a ruled nirface. 

7. Show that hay two linear' equatluns which contain a parameter 
npreeent the generatltig line of a ruled surface. What Burfacee ora gen- 
erated b; the following lines ? 

(a) a - y + fce = 0, K + If ~ i/t = C ; (6) 3 2 - 4 V = t, (3 x+4 i/)A=l ; 

8. Show that every generating line of the hyperbolic paraboloid 

3?/(fi — jfi/ti* = 2 cz is parallel to one of the planes ^/a' — jfi/b' = 0, 

S84. Surfaces in Geaeral. When it is required to deter- 
nitie the sbape of a surface from its cartesian equation 

the most effective methods, apart from the calculus, are the 
transformation of coordinates and the taking of cross-sections, 
generally (though not necessarily always) at right angles to 
the axes of coordinates. Both these methods have been ap- 
plied repeatedly to the quadric surfaces in the preceding 
articles. 

386. Cross-Sections. The method of cross-sections is ex- 
tensively used in the applications. The railroad eng^eer de- 
termines thus the shape of a railroad dam ; the naval architect 
uses it in laying out his ship ; even the biologist uses it in con- 
structing enlarged models of small organs of plants or animals. 

288. PaiaUel Planes. When the given equation contains 
only one of the variables x, y, z, it represents of course a set of 
parallel planes (real or imaginary), at right angles to one of 
the axes. Thus any equation of the form 

Fix)=0 
represents planes at right angles to Ox, of which as many are 
real as the equation has real roots. 
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287. Cylinders. When the given equation contains only two 
variables it represents a cylinder at right angles to tme of the 
coordinate planes. Thus any equation of the foim 

Flx,s)=0 
represents a cylinder passing through the carve F(<e, y) = in 
the plane Oxy, with generators parallel to Oz. If, in particular, 
F'{x, y) is homogeneous in x and y, i.e. if all terms are of the 
same degree, the cylinder breaks up into planes. 

288. Cones. When the given equation F(x, y, s) = is 
homogeneous in x, y, and z, i.e. if all terms are of the same 
degree, the equation represents a general cone, with vertex at 
the origin. For in this case, if (x, y, z) is a point of the sur- 
face, so is the point (kx, ky, kz), where A; is any constant; in 
other words, if P ia a point of the surface, then every point of 
the line OP belongs to the surface ; the surface can therefore 
be generated by the motion of a line passing through the origin 

289. Functions of Two Variables. Just as plane curves are 
used to represent functions of a single variable, so surfaces can 
be used to represent functions of two variables. Thus to obtain 
an intuitive pioture of a given function J{x, y) we may oon- 
struot a model of the surface 

such as the relief map of a mountainous country. The ordi- 
nate z of the surface represents the function. 

290. Contour Lines. To obtain some idea of such a surface 
by means of a plane drawing the method of contour lines or 
level lines can be used. This is done, e.g., in topographical 
maps. The method consists in taking horizontal cross-sections 
at equal intervals and projecting these cross-sections on the hori- 
zontal plane. Where the level lines crowd together the surface 
is steep ; where they are relatively far apart the surface is flat 
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1. Wh>t sur&ces ar 
(o) M + BV+ = 0. 
(e) j/' + e* = a'. 

(if) a^-8i"-a:+S = 0. 
(0 v = i«-a!-6. 
{*) i« + 2 j(» = 0. 

C»l)li'-If"=Z«. 

(0) (t-l){!,-2)(«-3)=0. 



EXERCISES 

repreaented bj the foUowing equationa ? 
= 0. (6) 



{d) «»-ai» = a'. 

(ft) iyi = 0. 

(J) y«*-9i/ = 0. 

(0 ^ = V». 

(«) i^ + 2a» + 4aa: = 0. 



S. Detennine tbe aaUiTe of the following suifacea by sketehing tbe 
contonr linra ; 

(tt) z=x + f. (6) z = xy. (c) r = j//x. (d) * =*" + j. 

(0 *=x*-v*+4. {/)* = (^. (ij) a=i»+j(>-4 1, (ft) 2 = ^1,-1. 

(0 2 = 2-. 0') lF=2»-4l. (i) i, = 3«r«-)-a?. {I) *=3^+if». 

1. The Caaainiaji ovala [J 1TB) ara contour lines of irhat aurface ? 

4. What can be eaid about the nature of tbe contour lines of a snr- 
face*=/(a!)7 Discusa in particular: (a) z = x'-Q; (b)z = x? — S; 
(e) i, = «» + 2«. 

291. Rotation of Coordinate TrihedraL To transform the 
equation of a aurface from one coordinate trihedral Oxye to another 
Osc'y'2', with tbe aame origin 0, we 
muat find expreaaiona for the old eo- 
ordinalea x, jf,z ot any point P in terma 
of the neu coordioatea z', y', z'. We 
here confine ouraelTea to tbe case when 
each trihedral is trirectangular ; this is 
the oaae of orthogonal transfoTmalion, 
or orthogonal substitution. 

Let h, mi, ni be the direction codnea 
of tbe new axis Ox' with reapect to the 
old axes Ox, Oy, 0* (Fig. 136) ; similarly 
It , m; , nj those of Of', and I] , ntj , na (hoee of Oz'. Thia is iadicaled by 
the ecbeme 




Fia. 136 
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which shows at the same time that then the direction coglnei of the old 
axis Ox \Tith respect to the new axea Ox', 0^', Oi' are li , It i It > etc. 

292. The nine direction coeinee Ii , Ii, •■■ ft) are sufficient to determine 
the position of the new trihedral Ox'y'z' with respect to the old. Bui 
these Dine quantities cannot be selected arbitrarily ; they are connected by 
six independent relations which can be written in either of the equivalent 

II' + iBi' + ni' = 1, lilt + mtmi + njRi = 0,' 

(1) Ir" + mi* + nj« = 1, Wi + mjm, + B.m = 0, 
Ii* -t- mi* + tij' = 1, Iilj + miwii + «ini = 0, 

Ii* + V + V = 1, mill -1- tn,ttj + B»i»U = ">, 

(1') n>i* + mj' + mi" = 1, n\li -H nth + m'l = 0. 

Bi* + ni« + nj« = 1, hitti + Iiini + I,m, = 0. 

The meaning of these equations follows from |§ 202 and 206. Thus 
the first of the equations (1) expresses the fact that Ii, idi, ni are the 
direction cosines of a line, viz. O2' ; the last of the equations (1') ei- 
preeses the perpendicnlarity of the axes Ox and O)/ ; and so on. 

293. If X, ^, z are the old, x', y', 2' the new coordinates of one and 
the same point, we find by observing that the projection on Ox of the 
radius vector of P is equal to the sum of the projections on Oz of its 
components x', y', z' (§ 19fl), and similarly for the projections on Oy 

X = hx' + lit' + I,z', 

(2) y = mix' + Wiv' -(- i«i«', 
z = mx' + my' + ni«'. 

Indeed, these relations can be directly read oS from the scheme of 
direction cosines in § 291. 

Likewise, projecting on ftc', Oi/', Oz', we find 

x' = lix + miy + mz, 
(2') J/' = Iix + nijj/ + njz, 

z' = ltx+ T»ij/ + n^e. 
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As the eqnatlons (2), by meanaof which we can tratiaform the equatjon 
of any surface from one rectanguUi' Hjateta of coorditiates Co SDy other 
with Uia same OTigin, give z, y, z as linear functions of x', y', «', it folloirs 
that tuck a trantformacion cannot cAangt tin degree of Ike equation of 
the mrfaee. 

294. The equatioD (2') must of course result also by aolving the eqii&- 
tionc (2) for z', p', e', and vice vem. Patting 
I h Ii I> I 
tni tnt ^t = X^t 

Bolvliig (2) for z', 9', c', and comparing the coefBcieals of z, y, s irith 
those in (2'] we find the following relations; 

Dli = i»tnj — mini , Dmi = njlt ~ tijlj , Dni = lim» — Iimj , etc. 
Squaring and adding the flist three equations and applying the re- 
lations (1) we find ; J5" = 1. 

By S 223, D can be interpreted as six times the volume of the tetrahe- 
dron whose vertices are the origin and the points x', y\ z' in Fig. 136, i.e. 
the intersections of the new axes with the unit sphere about the origin. 
The determinant gives tbia volume with the sign + or — according as the 
trihedral Ox'y'i' Is supeiposable or not (in direction and sense) to the 
trihedral Oxyz (see § 295). It follows that D — ± 1 and 

Ii = ± (mms — mifli), mi = ± (nili - fiiW), ni = i {lunt — hmi), 

h = ± (ntjni — ntiiii), mj =± (n,Ii — mfOi ns = ± ('imi — iiMi), 

li = ± (mma — mmi), mi = ± (mia — mJi), ni = ± (Iinii — Iimi)i 

the upper or lower signs to be used according as the trihedrata are super- 

296. A rectangular trihedral Oxyz la called right-handtd if the rotation 
that turns Oy throngh 90° Into On appears couraerclockwise as seen from 
Oz ; otherwiae it la called l^-hauUd. In the present work right-handed 
aeU of axes have been used throughout. 

Two right-handed as well as two left-handed rectangular trihedrals are 
superposable ; a right-handed and a left-handed trihedral are not saper- 
posable. The difference is of the same kind as that between the gloves 
of the right and left hand. 

Two non-euperpoeable rectangular trihedrals become superposable upon 
revering one (or all three) of the axes of either one. 
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296. Tbe fact that the nine direction coaines ore connected by six reU- 
tiona (g 292} suggests that it must be poesible to detennine the poalttoii of 
the new trihedral nilh respect to the old by only three angles. Aa sach 
we may take, in tbe caae of snperpoBable tribedrala, the angles e, ^, ^, 
marked in Fig. 18&, which axe known as EuUr's anffigt. 

The figure shows the Intersections of the two trihedrals with a sphere 
of radius 1 described about the origin as center. If ON\a the intersection 
oE the planes Oxs and Ox'y', Euter's angles are defined as 
6 i= tOi', </. = NOx!, •I' = xON. 

The line 0^ is called the line of nodes, or the nodal Site. 

Imagine tbe new trihedral Ox'y'x' initially coincident with tbe old 
trihedral Oxys, in direction and sense. Now turn the new trihedral 
about Oz in the positive (counterclockwise) sense until Ox' coincides with 
the BBBumed po^iive sense of the nodal line 0^; the amonnt oE this 
rotation gives the angle f. Neit turn the new trihedral about ON in the 
positive sense unljl the plane Ox'y' assumes its final position ; this gives 
the angle e as the angle between the planes Oxy and Ox'y', or the angle 
zOt' between their normals. Finally a rotation of tlie new trihedral 
about the axis Oz', which has reached its final position. In the positive 
sense until Ox* assumes its final position, determines the angle ^. 

297. The relations between the nine direction cosines and the three 
angles of Euler are readily found from Fig. 135 by applying the fnndamen 
tal formula of spherical trigonometry cose = cos a cos & + sin a slab cos 7 
sncoesslvely to the spherical triangles 

xNx', xNy', %Nz', 



ym; yNy\ yKz', 
zNx', zXy', zNz'. 
id in this way : 

Ii =cosV'Cos^ — slnV-si 


in* cose. 


mi = sin f cos * + cos it si 


Q * cos fl, 


ni = sin^sind. 




Ii = - cos V- sin * - ain V cos # cos e. 


I, = Sin ^ Bins, 


nt) = - sin ^ sin * + cos V cos * COS S, 


mi = — cos ^ Bin 0, 
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3.3062 


6193 


.9672 


9810 


10 


i.2no 




2967 


17° W 


.2924 


4659 


3057 .4853 


3.2709 


5147 


9S63 


9806 


73° 00 


1.2711 




3996 


10 


.2952 


4700 


3089 .4898 


3.2371 


6103 




9802 


60 


1.2713 




3020 


20 


.2979 


1741 


3121 .4913 


3,2011 




.9fil6 


9798 


40 


1.2683 




3054 


30 


.3007 


1781 


3153 .4!)87 


3.1716 


6013 


,9637 


9791 


30 


1.2654 




3083 




,3035 


4821 


3185 .5031 


3.1397 


4969 


.9528 


9790 


20 


1.2635 




3113 


50 


.3062 


4861 


3317 J107S 


3.1081 


1926 


.9620 


9786 




1.3596 




3142 


18° 00' 


.3090 


4900 


3349 .6118 


3.0777 


4883 


.9511 


9782 


72° 00 


1.2566 






VJp. 


if" 


7Blue Lof!„ 


Vslus 


Logio 


Vilufl 


l^n 


Dioun 


Ru>iA>- 






°^' 




COT.SOMT 


TiKfl 


"" 


8 IB 









270 Four Place TrigODOinetiic Fnnctions 

tOhuMt«tatlsofLog>rllhniionilttcd — d«tsnnlD»bTU»a>i»l nils from lbs viila«] 





DWUB 


.». 


Ttnenn 


Cchak 


BIT 


OOBIF. 










T»lu. 


L«fu 


VIM Logu 


Vtla, 


W„ 


VmldB Logu 






.SU2 


IV w 


.3090 


4S00 


.3249 .6118 


3.0777 


4882 


,9611 .9782 


78° 00 


1.2666 


.3171 


10 


.3118 


4939 


.3281 


6161 


3,0*75 


4S3U 


,9503 


9778 


60 


1.2637 


..two 


20 


.3146 


4977 


.3314 


5203 


3,0178 


4797 


.9iS2 


9774 


40 


1,2508 


.3229 


30 


.3173 




.3346 


0240 


2,9887 




,9483 


9770 


30 


1.2479 


.32DB 


40 


.3201 


6062 


,3378 


6287 


3,9600 


4713 


,9174 


9765 






.3287 


no 


.3228 


6090 


.Sill JS329 


2.9319 


4671 


.^66 


9761 


10 


1.2421 


.331S 


IB" 00' 


.3256 


J(126 


.3443 Jt370 


2.9042 


4630 


-9186 


9767 


71° 00 


1.2393 


.33U 




.3283 


0163 


.3476 .5411 


2.8770 




.9(46 




60 


1.2363 


J374 


20 


.3311 


5199 


.3508 .6451 


2.8602 


4649 


.9436 


9748 


40 


1.2334 


..M03 


30 






3641 .6491 


2.823B 


4609 


,M26 


9743 


30 


1,2306 


,343S 


*0 


3365 


5270 


mi Jisai 


2,7980 


4469 


,MI7 


9739 


20 


1.2275 


.3*62 


SO 




0306 


aetn Jisji 


2.7725 


4429 


.9407 


9734 


10 


1.2246 


.3*91 


woo- 


.3*20 


6341 


.3840 JJ611 


2.7476 


.4389 


,9897 


9730 


70° OO' 




.3B20 


10 


.3448 


63T6 


J673 ,6650 


2,7228 


4360 


,9387 


9725 


60 


1.'2188 


.30*9 


ao 


.3476 


JHOg 




2,6966 


4311 


,93n 


9721 


40 


1.2159 


.3C78 


30 


.3602 


6443 


13739 !bT2T 


2,6746 




,9367 


9716 


30 


1,2130 


.3607 




.3529 


6477 


.3773 J1766 




423* 


.9366 


9711 






.3636 


so 


.3567 


6610 


.3806 Ji80* 


2,6279 


4196 


.9346 


9706 


10 


1.2073 


.3666 


81= 00' 


.3084 


JS43 


.3839 JIB42 


2,6051 


4168 


.9336 


5703 


60° 00 


1.2043 


.36M 


10 


.3611 


66T6 


.3872 .6879 


2.6826 


4121 


.9.^126 


9697 


60 


1.2014 


.3723 


20 


.3638 


5609 








,9315 


9692 




1.1985 


.sica 


30 


.3666 


B641 


3939 .5964 


2.6386 


4046 


,9304 




30 




.3782 


*0 


.3692 


6673 


3973 


6991 


2.6172 


4009 


-9293 


9683 


20 


1.1926 


.3811 


00 


.3719 


67M 


*006 


.6028 


2,4960 


.3972 


.9283 


9677 


10 


1.18B7 


.38*0 


Br 00' 


.37*6 




.4010 


6064 


2,4751 


.3936 




9673 


68° 00 


1.1868 


.3869 


10 


.3773 




4074 


6100 


3.46*6 


390O 


19261 


9667 


60 


1.1839 


.3808 


ao 


.3800 


6798 


4108 


G136 


2.4M2 


3864 


.9250 


96S1 


40 


1.1810 


.3927 


30 


.3827 


6828 


4142 


.6172 


3.4142 


3828 


.9239 


9656 


30 


1.1781 


.39BB 


40 


.3804 


JS859 


41T6 


6208 


2.3945 


3792 


.9228 


9651 


20 


1.1762 


.386B 


60 


.3881 


jsam 


4210 


6243 


2.3750 




.9216 


96*6 




1.1723 


.4014 


81° 00' 


.3907 


6919 


4246 


6279 


2.3559 


3721 


.9206 


9640 


67°O0' 


1,1694 


.4043 


10 


.3934 


6948 


4279 


6314 


3,3369 


3686 


.9m 


963S 


50 


1.1666 


.4072 


20 


.3961 


59T8 


4314 


6.348 


3.3183 


3662 


.9182 


9629 


40 


1,1636 


.4102 


30 


.3987 


60OT 




6383 




.3617 


.9171 


9624 


30 


1.1606 


.4131 


40 


.4014 


6036 


4383 


6417 


3,3817 


3583 


,9169 


9618 


20 


1.1577 


.1160 


60 


.4041 


6065 


4417 


6462 


2,2637 


3548 


.9147 


9613 


10 


1.1648 


.4189 


U-'OO' 


.4067 


6093 


4*63 


6*86 


2,2460 


3614 


.9135 


9607 


86° 00' 


1.1519 


.4218 


10 


.4094 


6131 


4487 




2.2286 


3480 


.9124 


9602 


60 


1.1490 


.4247 


20 


.4120 


6149 




>i563 












1.1461 


.*276 


30 


.4147 


filTT 


4567 


6587 


2,1M3 


3113 


.9100 


9690 


30 


1.1433 


.4305 


40 


,4173 


630B 


4682 


6620 


2,1776 


3380 


,9088 


9684 


20 


1.1403 


.433* 


60 


.4200 


0232 


4638 


666* 


2,1609 


33*6 


,9076 


9579 


10 


1.1374 


.4363 


86° 00' 


.4236 






66S7 


2,1445 


3313 


,9063 


95T3 


65° 00' 


1,1^5 


.4392 


10 


.4253 


62W! 


'4699 


6720 


2,1283 




,9051 


9667 






.4422 


20 


.4279 


6313 


47M 


6752 


2.1123 


3248 


.9038 


9561 


40 


1,1286 


.4451 


30 


.4305 


6^0 


4770 




2,0965 


3216 


.9026 


9056 


30 


1.1257 


.4480 


40 


.4331 


6366 








3183 


.9013 


9B49 


20 


1.1228 


.4fl09 


BO 


.4368 


6392 


4841 


6850 


2!0656 


3160 


,9001 


9543 


10 


1.1199 


.4638 


26° 00' 


4384 


6*18 


4877 


68S3 


2,0503 


3118 


8988 


9637 


64° 00' 


1,1170 


.*fi67 




4410 


6444 


4913 


3914 


2.a-wi3 


3086 


8976 


9630 


50 


1.1141 


.4696 


20 


.4436 


6*70 


4950 




2.0204 


3054 


8962 


9634 


40 


1.1112 


,4626 


30 


4462 


6496 






2,0057 




8949 




30 


1.1083 


.4664 


40 


.4488 






7009 


1,9912 


2991 


89;16 




20 


1.1054 


.46S3 


60 






.6059 


7(M0 


1,9768 


2960 




9606 


10 


1.1035 


.4712 


87=00' 


.4640 


.6670 


.6096 


7072 


1.9626 


2938 


8910 


M99 


08° 00' 


1.0996 






Ooei 


LQg» 


V.1«. Log. 


■rwai 


W„ 


™-|,..- 


DiGBns 


Ru>UN)i 



Four Place Trigonometric Fonctioiis 



RiDIABS 




Bib. 


Tina 


Kill 


OOTiB 


■BT 


Cosi 


B» 










Vilue Ug^ 


Vrfne 


W» 


Vilufl 


Logx. 


VkIds 


I*B.. 






.4712 


87" 00' 


.4640 .6670 


.5095 


7072 


1.9626 


2^ 


.8910 


M99 


6«°00 


1.0996 






10 


.4566 .6596 


.5132 










9192 


00 


1.0966 




4771 


20 


.4692 .6620 


Jil69 


7134 


l.aS4T 




!8884 


Wflfi 


40 


1.0937 




4»00 


30 


.4617 .6644 


.5208 


7165 


1.9210 


283S 


.8870 


M79 


30 


1.0908 




4829 


40 


.4643 .6668 


.5343 


7196 


1.9074 


2804 


.8857 






1.0879 




4358 




.4669 .6692 


.6280 


7226 


1.H940 


2774 


.8843 


M66 


10 


1.08.W 




4887 


2«»00' 


.4695 .6716 


.5317 


7257 


1.9807 


2743 


.8829 


9469 


68° 00 


1.0821 




4916 


10 


.4720 


(i740 


.5361 


7287 


1.8676 


2713 


.8816 


M53 


50 


1.0793 




am 


20 


.4746 


6763 




7317 


1.8546 


26B3 








1.0703 








.4772 


6787 


^5430 


7348 


1.8418 


2652 


;h788 


M39 


30 


1.07.« 




Mxa 


40 


.4797 


6810 


.5167 


7378 


1.8291 


2622 


.8774 


M32 


20 


1.0705 






50 


.4833 


6833 


.5506 


7408 


1.8166 




.8760 


^25 


10 


1.0676 




6061 


20° 00' 






.5543 


7438 


1.8040 




,8746 


9418 


61° 00 


1.0H7 




0091 


10 


!4874 


i878 


,6581 


7467 


1.7917 




.8732 


«11 


50 


1.0617 




6120 


20 


.4899 


5901 


.5619 


7497 


1.7796 


2503 


.8718 


M04 


40 






5149 


30 


.4924 




.5668 


7628 


1.7675 


3474 


.87(M 


J397 


30 


l!0659 




JS178 










70.'i6 


1.7556 


2444 


.8689 






1,0530 




5207 




!4976 


6968 


!6735 


7585 


1.7437 


2415 


.8675 




10 


1.0501 






80° 00' 


.5000 


6990 


.5774 


7614 


1,7321 


23S6 


.8660 


937B 


60° 00 


1.0472 




5265 


10 


.5025 


7012 


.5812 


7M1 


1.7206 


2356 


.8646 


3.168 




1.0443 




5291 


20 








7673 


1.7090 


2337 


.8631 






1.0414 






30 


.6075 


7056 


!5890 






2299 


.8616 


335^1 


30 


1.0386 






40 


.5100 


7076 


.6930 


7730 


1.6864 


2270 


.8601 


9346 


20 


1.0366 




6381 


60 


.6126 


7097 


.5969 


7759 


1.6753 


2241 


.8687 


9338 


10 


1.0327 




6411 


81° 00' 




TII8 


.6009 


7788 


1.6643 


2213 


.8572 


9331 


69° 00 


1.0297 




6440 




.5175 


7139 


.6048 




1.6651 


,2184 


.8567 




00 


1.02(;S 




.5469 


20 


.6200 


7160 


.6088 


7845 


1.6436 


5I5B 


.8542 


9315 


40 


1.0339 




6498 


30 


.6225 


7181 


.6128 


7873 


1.6319 


2127 


.8526 


9.W8 


30 


1,0210 




5527 


40 




7201 


.6168 


7902 


1.6212 


2098 


.8511 


9300 




1.0181 




6666 




!b276 


7232 


.6208 


7930 


1.6107 


2070 


.8496 




10 


1.0163 






88" 00- 


.5299 


7342 


.6249 


7958 


1,6003 


2043 


.8480 


92W 


88-00' 


1.0123 




B614 


10 


.5334 


7363 




7986 


1.5900 


2014 


.8465 


9276 


50 


1.0094 




6643 


20 


.6348 


7282 


16330 


8014 


1.6798 


1986 


.8460 


9268 


40 


1.0066 




6672 


30 


.6373 


7303 


.6371 


8042 


1.5697 




.8434 


9260 


30 


1.0036 


JS701 


40 


.6398 


7322 


.6413- 


8070 




1930 


.8413 


9252 


20 




J1730 


60 


.M22 


7342 


.6453 


8097 


1.5497 


1903 


.8403 


9244 


10 


.9977 


.6760 


«8°00' 


JS446 


7361 


M9i 


am 


1.6399 


1875 


.8387 


9236 


67° 00' 


.9918 




5789 




.5471 


7380 


.6636 


8153 


1.6301 


im 


.8371 


J228 




.9919 




6818 


20 






.6577 


8180 


1.5204 




.8366 










5847 




!661B 


7419 


.6619 


8208 


1.6108 


1792 


.8339 


J211 


30 


^9861 






40 


.5544 


7438 


.etwi 


ma 


1.5013 


1765 




9203 


20 




J1906 


60 


.6568 


7467 


.6703 




1.4919 


1737 


18307 


9194 


10 


^9803 


Ji934 


34" 00' 


.5592 


7476 


.6745 


8290 


1.4826 


1710 




9186 


68° 00' 


.9774 


.6963 


10 


.6616 


7494 


.6787 


8317 


1.4733 


1683 


^8274 


9177 


60 


.9746 


jm2 


20 


.5640 


7613 


.6830 


8344 


1.4641 


16.56 




9169 


40 


.9716 


.6031 


30 


.6664 


7631 


.6873 


J371 


1.4660 


1629 


!8241 


9160 


30 


.9687 


.6050 


40 


.5688 


7650 


.6916 




1.4460 


1602 




9151 


30 


.9(157 


.60H0 






7B68 


.6939 


S425 


1.4370 


1576 


'8208 


9142 


10 


.9628 


.0109 


SB" 00' 


.6736 


7686 


.7003 


8452 


1.4281 


1548 


.8193 


9134 


86° 00' 


.9599 


.6138 


10 


.5760 


7604 


.7046 


M79 


1.4193 


1621 


.8175 


9125 


50 


.9570 


.6167 


20 


.6783 


7622 


.7089 


8606 


1.4106 


14M 


.8168 


9116 


40 


.9541 


.61Sfi 


30 




7640 


.7133 


8533 


1.4019 


1167 


.8141 


9107 


30 


.9512 


.6225 






7657 


.7177 


J559 


1.3934 


1441 


.8124 


»098 


20 


.9183 


.B-25i 






7675 


.7231 




1.3848 


1414 


.8107 




10 


MM 


.6283 


8«°00' 


.5878 


7693 


.7266 


8613 


1.3764 


1387 


.8090 


9080 


64=00' 


.9425 






^'c'sinV*" 


Vslue 


^'° 


Value 


L"<t,„ 


Value 


Log«, 


„„..„ 


....... 
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[ObvHkriBtlei of Logvtthmi omnia] —ilaMnnliiB bj Iha a>ual rula from tha nla^ 



KiDUJl 


dmuk 


am 


Tinam.? 


Oo«.l.l«KT 


0«in 










V1<i, LOB, 


TJ« Logu 


Via* W- 


V-dM Log„ 






.(1283 


36° 00 


.6878 .7893 


.7265 .8613 


1.3764 .1387 


.8090 .9080 


M°00 


.9125 


.63J2 


10 


.6901 


7710 


.7310 


8639 


1,3680 


1361 


,8073 


9070 


SO 


.9396 


.6341 




JS926 


7727 


.7366 


8666 


1,3697 


1334 


.8056 


9061 


40 


.9367 


.S3T0 


30 


.6918 


T744 


.7400 


8692 


1.3611 


1308 




9062 


30 


.9338 


.9400 


40 


.6973 


7761 


.7446 


8718 






,8031 


9042 


20 


.9308 


.612S 


60 


.0996 


7778 


.7190 


8746 


1.3361 


1255 


,800* 


9033 


10 


.9279 


.6408 


87-00 


.6018 


7796 


.7636 


8771 


1.3270 


1239 


.7986 


9023 


«3°00 


.9260 


.6487 


10 


.6041 






8797 


1.3190 


1203 


,7969 


9014 


60 


.9221 


.6016 


20 


.6066 


7828 


.7627 


8824 


1.3111 


1176 


. 951 


9004 


40 


.»I9a 


.6MA 


30 


.6088 


7W4 


.7673 


8860 


1.3032 


1150 


.7931 


8996 


30 


.9163 


.6GT4 


40 


.6111 


7861 


.7720 


8876 


1,2964 


1121 


. 916 


8965 


20 


.9134 


.6603 


SO 


.61^ 


7877 


.7766 


8902 


1.3876 


1098 


. 896 


8976 


10 


.9105 


.6832 


aroo' 


.6167 


7893 


.7813 


8928 


1.2799 


1072 


,7880 


8966 


63° 00 


.9076 


.6661 


10 


.6180 


7910 


.7860 


8954 


1.2723 


1046 


.7862 


B9S6 


60 


.9047 


.66S0 


20 


.6302 


7936 


,7907 


8980 


1.2B47 


1020 


.7844 


8M6 


10 


.9018 


.6T3D 


30 


.6226 


7«1 


.7954 


9006 


1,2572 


09M 


.7826 


8936 


30 




.6749 


40 


.6248 


7967 


.8002 


9032 


1,2497 


0988 


. aoe 


8926 


20 


.8959 


.6778 


60 


.6271 


7973 


,8050 


9068 


1.2123 


.0942 


.7790 


8916 




.8930 


.6807 


89° 00' 


.6293 


7989 


.8098 


9081 


1.2349 


0916 


.7771 


8906 


Sl-OO 


.8901 


.6836 


10 


.6316 


8004 


.8146 


9110 


1.2276 


0890 


.7763 


8896 


60 


.8872 


.6866 


20 


.6338 


8020 


,8196 


9136 


1,2303 


0860 


.7736 


8884 


40 


.8843 


.68<M 


30 


.6361 


81)36 


,8243 




1.2131 


0839 


.7716 .8874 




.8814 


.6923 


40 


.6383 


8060 


.8292 


9187 




0813 


.7898 .8864 


20 


.87M 


.6903 


60 


,6406 


8066 


.8312 


9212 


1.1968 


0788 


.7679 J863 


10 


.8766 


.6981 


WOO' 


.6^8 


8081 


.8391 


9238 


1.191 B 


0762 


.7660 .8813 


SO" 00 


.8727 


,7010 


10 


.6460 


,8096 




9264 


1.1817 


ffiS 


,7642 


8832 




.8698 


.7039 


20 


.6472 


8111 


.8491 


9289 


1.1778 


.7623 


8821 


40 


.8668 


.70611 


30 


.6494 


8126 


.8641 
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ANSWERS 

[Answen whicK might lessen the vftlua of the Exeicise are not given.] 

FKgM9-10. B. 2{mUes. U. 173.0 ft. 

FagM 12-13. >. 22. 4. Hbc + ea + ab). 

FagM 16-17. 4. inriBin C*»-*i)- 
». iLrir. Bin (*s - *,) + nn Bia (*, - *,)+ nrj sin (*, - *,)]. 

Page21. U. Theyintereectat[J(ici+ic+i,+i,).KVi+yi+I'a-l-V4)]- 

"- [i(';i + '^ + «8)>K!'i + w + i'i)]. 

Fh;m40-41. •.640/39. 9. (6ii«i- 65m,)V2mimj(m, -mj). 

10. (8, J). 

Ph;m46-47. t. (a) rma<l>=±6; (b) rcoa4>=±i; 
(e) rc<»(*-U)=±12. 

a. ^ = 0, r Bin « = S, « = 1 r, r COS ^ = 6. 14. B404/B&. 
19. (_5,-10). >1. 1=1 (by inspection), 4 a:- S^ + 18 = 0. 

P«Be49. 4. A»-o6^0. 

Page SO. 1. tan-'^^i^^i o =- &, A> = 06. 
+ 6 

4. [mi(6i — 6)— ms(6i — 6)]*/2ininis(m,— mO- 
«. r{2coB* -3Bin*)+ 12 = 0. 

10. 1 hr. 10 m. ; 170 miles from Detroit. 
FagaaS4-5S. «. *" + y«- 96i-54v + 2408 = ; 81.8 ft. or 66.SfL 

5. x' + ^ — lBx + Ss + W^O. 9. A circle except for ji = ±L 
10. x»H-y« + 4L±^i + 4 = 0. 

FageSe. S. (a) t^-20rain# + 76 = 0; 
(6) »a-12rcoa(*-Jx)+18 = 0; (c) r + 8«in*=0. 

Fage 58. 8. (- fl, - 1), (20/106, 42/68). 
7. 8x-4v-ll±16\^ = 0. 

, 278 



274 ANSWERS 

PagaGO. 3. (a:. -A)(a!-ft) + (Vt-tXl'-*)='*■ 
7. (^-f'A/C, -fS/C). 8. (3,1). 

Pa|« 62. •. (z- 79/38)3 4- (v- 66/86)) =(ee/36)>. 

Page 67. 1. (c) Polat lies M luflnity. 

P«ga« 69-70. a. Let X, JV be the InUrsecUoiw ot the circle with 
CP,, ihen (P - r" = LPi ■ MPi. 



r (e) 2i!>+2v*+22x + 6v + 16 = 0, 2x* + 2v*-10Z'-10y-26 = 0. 

». 6i» + 6y' + o*«' - o*v = 0. 

U. U the verUcea of the Hqoare are (0, 0), (a, 0), (0, a), (a, a) and i:> 

U the constant, the locus le 2x^ + 2^* — 2a£ — 2av + 2a'-i* = 0; 

k>a; ittVa. 

U. If the vertices of the triangle are (a, 0),_ (- a, 0), (0, a-^) and 

Jd* is the constant, the locus ia 8 x* + 8 v" - 2 VS ay + 8 o' - 2 *" = 0. 

P«EM74~7S. 10. (a) 2y=8z* + 6z; (6) 12v =-Gi* + S9z- 18- 
11. 800y=-x«-|-280x; 44.1 ft. above the grouodi 230 ft. from Ute 
atarting point. 

Fag* 81. «. Ea8t,Ea8t83°41'NoTlb,EBat58°8'NoKh,Eastl8°2e' 
South. 
10. 100/{t + 4). 

Pages 84-85. 10. 0,8° 8'. U. 7° 29'. 
U. When the aide of the square Is 3 In. 
17. (a) 6v = i» + 6»?'-19z; (6) 7» = 2j^-a?-29x + 86. 

Page 92. 10. - 1.68, 1.68, .847. 

Page. 97-98. t. («) (4, Jt), (4, jt); (6) (a, i-), (a, 4-); 

(c) (4,0); «I) (4a.J-), C4a,J,r). 

7. (a) ^'-4x4-4 = 0; (6) 14^-46* + 52y + 60 = 0. 

8. (6) a!»-10i-3i/ + 21 = 0; (<:) a" + 2* + y-l =0. 

ft. The equation ol a parabola contains an scy term when its axis la oblique 
to a coordinate axis. 

Page* 106-108. S. (a) v = 0; (b) 2x + 2y- 9=0, 2x-v-18 = 0i 
(e) 2i + 2k-9=s0, 8a;+16v-27=0, 24a!-16p-163 = 0. 

(d) 8K-iei/-27 = 0. 

W. !/ = *!. IB. Directrix; ^ = a(a!-3o). 81. ^^(1 + ™*). 



ANSWERS 

U. afi-eOx- 2400y = ; 0, - J, - J, - J, 0, j, 2. 
M. z« = 8aO(y - 20). 

Fa««llS. S. (8»-4)/6». «. |o*ti^t-~^- 



FaE«118. 9. 8ic»-2iv + 8p'-63=0. 

Pag«122. 10. Sz>-!/* = 3a3. 11. b. 14. 2zv = L 

PaKMl28-129. «. 2!x+-r=A 18. 54,5 ft, 42.2 ft. 11. Ifl/tfi. 
le circle lies within or without 

Fagea 138-139. T. (o) 4"a"-B'6»=C«; (6) <fiG0^p-l)'aiD^p=p'. 
1». 6». tl. aa+6»;a'-6". M. 4a6. IS. sin-i (a6/o' 6') ■ 
M. (a) at" + p* = a« + 63 ; (6) x» + ys = a» - M. 

P««8 144. S. (a) (1, - 1), (1 ± ^2, - 1), x = 1 ± j^^ ; 

(6) (1,0), (4,0), (-5,0),« = 0,ar = I. 

4. 26Va. T. (o) aV = 6^(«-a:); (6) 6^ = a'B(6 - v). 
8. Tno straight lines. 

PagAlSl. 1. (a); Vertices (6,8), (8, 3)i semi-aze83/2, ^2. 
(6) Vetticea (4, 8/8), (8, 8) ; Bemi-aies 10/3. 5V3/8. 

(c) Vertices (17/5,7/6), (1, 8) ; aemi-aies v»6/6, ^13/2. 

5. 3a5 + 2r~2 = 0; 21/13, -37/28, lO/VlS. 

FagelSS. S. (acoaS, - aelnS), 3? + jf~ 2a(,xmBa ~yiin9)=0. 

Fage* 161-162, «. (a)3«-14» = 0( (6) y =-3/13, * = - 14/18. 

B. 2r» - (ny ~ 15 J/' + a; + 19y - 6 = 0, 

2a!«-icv-15v* + a:+19y-28 = 0. 

4. 0x'' + xy — 2y»-9x + Sy-4S = 0, 

8a^ + a!3/-2j/»-Bj; + 8;f + 34 = 0. 

11. (a) xyi + jfl = l; (b) iS/4-!^/2 = l; (e) 3^»^+ I^ + 6 = 0; 

(d) a^/16 + v»/4 = 1 i (e) (3 + vT7)ii +(8- V17)!/' = 4 ; 
(/) (2 + V2)ai' + (2 - V2)!/« = 1. 

19. Equilateral hyperbola. 



Page 160. t. (a) Simple point ; (b) node ; (c) cusp ; (4) onap. 
4. (a) Nooe i (6) node at (b, 0) ; (c) laolued poiot at (a, 0) ; 

(d) cusp at (a, 0). 

PaKMl74-175. 4, rs=a{Bec* ± Ian*) or (i - a)y'+ rf'(3!+ a)=0. 
10. aV = o^C^ + !»*)■ *!■ CiMoid (a - «)j^ = x*. 

U. ?{a? + B>)=a(ic'-»«). IS. r = actn0. 



IS. i(xi+xt + x,),Hyi+yt + v>),U'i + ^-^ 



Pas* 199. •. coB-'(7/a-v/21)). 



PM*203. 1. lV4tl6. S. JV289. 
•. (8962, 47' 43', 278° 16'), (320, - 2914, 


2666), B931. 




7. lr,^Vl-[co8eicoHfl, + «inei8in#,c 


!08 (*!-*,)]«. 




8. Vr,' + r,"-2rirj[8m«,8Jn«,cosC#i 


-*.)+C0BP,& 


«,M- 



10. - 1, 10, 7. 

P«Ka208. S. 39x-10y + 7e-a9 = 0. 
». 97/28,-87/40,-07/0. 7. 81-4? +2z-6 = 0. 

Pasa212. S. 4x + Sy + « = 81, 4x +8v +z = 90. 

Paga 215. I. (a) 66/3 ; (b) ; (c) 19/3. 

Page21B. U. 8x-2y = l. U. 6^ + lly + et = &e. 
U. 70° 31'. IT. cos-"(2A^ + 8oi')/(4Aa + 8a'). 

Page* 326-22S. 8. 69° 29'. W. (o) V^S/IS; (b) V194/38: 

11, I - 2 D -)- « + 8 = 0. 

j 3:3 — X] Ifa — Vi =a — ^1 1 



Pagea 236-237. 4. (1,0, -3), (-0/11,20/11,27/11). 

J, aS_8!/"-3z* = 0. U. 26(x" + V» + 2*)= 16>, 25* =64. 

Pagaa 240-241. 4. (4,-6,-3). 1. (4,6,2). 
t. 5z + 2p-i = 26, 2i-8v + 2 + 25 = 0. 

PaEe24G. 4. (x"+ y« + i»-a»-6')>-4b"(a'~si') = 0. 
B. (a) 16o*(x> + r»)=V*; (6) I6a>[(*-<|)" + *''] = (4o»- V*)*. 

T, !("(ir« + iT") = «•. 



INDEX 

.(The numbers refer to the paget.) 



AbacissH, 1, 4. 

Acnode, 187. 

Adiabatic expansion, 188. 

Algebraic curves. 183-168. 

Amplitude. 15. 

Anchor-riD2, 246. 

Acigle between line and plane, 224 

between two curves, S4 ; betweei 

two lines, 39, 196, 223; between 

two planes. 211. 
Anomaly, 15. 
Area of ellipse. 138 ; uf pBrabolic 

segment, 112-115; of triangle 

12. 200; under any curve. 11^ 
Asymptotes. 121. 
Asymptotic cone, 255. 
Axes of coordinates, 4. 189 ; 

ellipse, 116; of hyperbola, 12( 
Axis, 17; of parabola. 72. 94; of 

pencil. 215; of revolution. 244; 

of synuDetry, 76. 
Anmuth, 15. 

Bisecting planes. 211. 

Bisectors of angles of two lines, 45. 

Boyle's Law, 181. 

Cardioid, 170. 

Cartesian coordinates, 16. 

Cartesian equation of conic, 142 ; of 
ellipse. 117; at hyperbola, 120; 
of parabola, 95. 

CartesiuB. 18. 

Cassinian ovals, 171. 174, 262, 

Catfinary, 108. 

Center of eUipso, 118, 132; of ellip- 
soid, 243; of hyperbola. 120. 132; 
Of hyperboloid, 248, 249 ; of inver- 
sion. 63 ; of pencil. 4S ; of sbeaf. 
216; of symmetry, 76, 132. 



Centroid. 21. 

Chord of contact. 66. 

Circle, 51-70 ; in space, 232; tlirough 

three points, 61. 
Circular cone, 251. 
Cissoid, 170. 
Qossification of conies, 142; ol 

quadric surfaceB, 252-255. 
Clockwise. 11. 
Colatitndo, 202. 
Common chord, 69. 
Completing the square. 52. 73. 
Component, 18, 192, 196. 
Conchoid, 169. 
Cone, 251, 261 ; asymptotic, 255 ; of 

revolution, 252. 
Conic sections, 140-147, 148. 
Conies as sections of a cone, 144-147. 
Conjugate axes. 238; axis, 121; 

diameters, 132-136 ; hyperbolas, 

122 ; lines, 238. 
Continuity, 90-91. 



Conio 



■ lines, 261. 



Coordinate a: 
trihedral, 18' 

Coordinates, I 
202. 



; planes, 189 ; 

i; polar, 15, 



:, 176. 



Counterclockwise, 1 

Cross-sections, 243, 247, 249, 2 

Crunode, 167. 

Cubic curves, 163 ; function, 

Curve in space, 205. 

Cusp, 167. 

Cycloid, 172. 

Cylinders, 261. 
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S610 


.9907 


9959 


10 


1.4341 




1396 


roo' 


.1393 


1436 


.1406 


14T8 


7.H04 


S022 


.ggat 


9968 


88° 00' 






1425 




. 431 


1520 


.1*38 


1669 


6.9682 


8431 


.9899 


9906 




i.4!m 




I4M 


20 


. 449 


IB12 


.1466 


1608 


6.8269 


8312 


.9891 


9964 


40 


l.*301 




1484 


30 


. 478 


1697 


.1496 


1740 


6.6913 


8355 


.9890 


9903 


30 


1.4224 




1B13 


40 


. 507 


1781 


.1624 


1831 


6.6606 


8169 


.9886 


9950 


20 






1642 


00 


. 036 


1863 




1915 


6.4348 


8086 


.9881 


9948 


10 


l!4166 




1671 


o°oo 


.1664 


1943 


.1084 


1997 


6.3138 


8003 


.9877 


9W6 


Bl-OO 


1.4137 








"S.,.V' 


^^1» 


iT'" 


VJdb 


Loj,o 


"■|,„- 


DTCBna 


Ruuin 



Foar Place Trigonometrie lections 

[dunolfiisOcB of Loguitbrna omitted — detwmlQfibf thfi hsnolmle from i 



EiDl*Kl 


dmbb 


Sine 


T*N«n™ 


COTiK 


IBT 


Cosi 


n 










Vrtne Logu 


Vslae 


L.e« 


Value 


I>^u 


V«lua 


LQg„ 






.1B71 


vw 


.1664 .1M3 


.1684 


1997 


6.3188 


8003 


.9877 


9Me 


fll-OO- 


1.4137 


.1600 


10 


.1093 


2023 


.1614 


2073 


8.1970 


7922 


.9872 


9944 


60 


1.4108 


.1629 


20 


.1622 


2100 


.l&U 


3158 


6.0844 


7843 


.0668 


<942 


40 


1.4079 


.1658 


30 


.1600 


21T(i 


.1873 


2238 


5,9758 


7764 


.9863 




30 


1.4060 


.1687 




.1679 




.1703 


2313 




7687 




J938 


30 


1.4021 


.1718 


60 


,1708 


2324 


1733 




6,7694 


7611 


.9863 




10 


1.3992 


.lT4fl 


10=00' 


.1736 


23i?7 


-1763 


2463 


6.6713 


7637 




9934 


so°oo 


1.3963 


.177* 


10 


.1765 


2468 


.1793 


2536 


5.5764 


7464 


!9843 


9931 


60 


1.3934 


.1804 


20 


.ITSH 


2.'i38 




2609 


5.«145 


7391 




9929 


40 


1.3904 


.1833 


30 


1822 


2606 


.1853 




5.3956 


7320 


,9833 


9927 


90 


1.3876 


.IBfia 


40 


1851 


2674 


1883 


2750 


5.3093 


7250 


.9627 


992* 


20 


1.3846 


.1891 


60 


188U 


2740 


1914 


2819 


5.2257 


7181 


.<«22 


9922 


10 


1.3817 


.1920 


ll^OO' 












7113 


.9816 


9919 


78° 00 


1.3788 


.1949 


10 


1937 


2870 


1974 


2953 


6!0658 


7047 


.9811 


9917 


60 


1.3769 


.1978 


20 


1965 


2934 


2004 


3020 


4.9894 


89H0 


.9805 


9914 


40 


1.3730 


.3007 


30 


1994 


2! 197 


2035 


3086 


4.9152 


3915 


,9799 


«12 


30 


1.3701 


.2036 


40 


2022 


305S 


2085 




4.8430 




.9793 




20 


1.3ff72 


.2066 


60 


.2061 


3119 


2096 


3313 


4.7729 


6788 


.9787 


9907 


10 


J.3643 


.20M 


l«°00' 


2079 


3179 


2126 


3275 


4.7046 


6725 


.9781 


9904 


7«°00 


1.3814 


.2123 


10 


2108 


3338 


31.16 


3336 


4.6382 


B664 


.9776 


9901 


60 


1.3684 


.2163 


20 


2136 


3296 




3397 


4,5736 




.9789 




40 




.2182 


30 


2164 






3468 






.9763 


«96 






.2211 


40 


2I9S 


3410 


2347 


3517 


4.44M 




.9757 


9893 


20 




.2240 


60 


2221 


3466 


2278 


3678 


4.3897 


6424 


.9750 


9890 


10 


1.3468 


.2269 


18° 00' 


2260 


3521 




3634 


4.3316 


6366 


.9744 


98ST 


77° 00 


1.3439 




10 


2378. 


^76 


.333!) 


JU91 


4.2747 


6309 




9884 




1.3410 




20 


.2306 


3629 


.2370 


3748 


4.2193 


6252 


'.'JIM 


9881 


40 


1.3381 


.23158 


30 


.3334 


3683 


.2401 


3801 


4.1653 


6196 


.9724 


1878 


30 


1.3352 


.2385 




.2363 .3734 


.2432 


3869 


4.1136 


6141 


.9717 


9875 


20 


1.3323 


.2414 


60 


.2391 .3786 


.3462 


3914 


4.0611 


6086 


.9710 






1.3294 


.2443 


WOO- 


2419 .3837 




d968 


4,0108 




.9703 


9869 


76° 00 


1,3265 


.2473 


10 


.3447 .3887 


2534 


4021 


3.9617 


i979 


.9696 


9866 


50 




.3603 


20 


2476 .3937 


.2655 


4074 


3.9136 


5926 


.9689 


1863 


40 


i;3206 


.2531 






2586 


4127 


3.8667 


6873 


.9681 




30 


1.3177 


.2560 


40 


2532 4035 


2617 


4178 






.9674 


1868 




1.3148 


.2BS9 


60 


2580 


4083 


2648 


4230 


3.7760 


,6770 


.9067 


9853 


10 


1.3119 


.2618 


1S°00' 


2588 


41.30 


.3679 


4281 


3.7321 


5719 


.9659 


9849 


76° 00- 


1.3090 


.2647 


10 




4177 


2711 


4331 


3,6891 


S669 


,9652 


9846 


60 


1.3061 


.2676 


20 


2641 


4223 




43H1 


3.6470 






9843 


40 


1.3032 


.2705 


30 


.2»i72 


4289 


.2773 


4430 


3.6059 


6670 




9639 


30 


1.3003 


.2734 


40 


S700 


4314 


.2805 


4470 


3.5656 


6621 


,9628 


9836 




1.2974 


.2763 




.2728 


4359 




4537 


3.5281 


6473 


.9621 


9832 


10 


1.2946 


.2793 


iroo- 


.3766 


4403 


3867 


45T5 


a4874 


6425 


.9613 




74° 00' 


1.2916 


.2823 


10 


.2784 


4447 




4632 


3.4496 


6378 


.9605 


9825 


60 




.2851 


30 


2813 


44(11 


!293i 


4689 


3.4124 


6331 


.9596 


9821 




1.2857 


.2880 




.2840 


4533 




4716 


3.3759 


52M 


.9688 


9817 


30 




.2909 


40 


.2868 


4676 




4762 


3.3403 


6238 


.9680 


9814 


20 


1^2799 


.3938 


60 




4618 


.3026 


4808 


3.3CB2 


,5192 


.9572 


9810 


10 


1.2770 


.awr 


17=00' 


.2924 


4659 


.,3057 


4853 


3.2709 


5147 


9563 


9806 


78° 00 


1,274] 


.3996 




.2962 


4700 


.3089 


4898 


3.3371 


Jil02 


9555 


9802 


SO 


1.2713 


.3025 


20 


.2979 


4741 


.3121 


4913 


3.3041 


6057 


9546 


9798 


40 


1.3683 


.3054 


30 


.3007 


4781 


.3163 


4987 


3.1716 


6013 


9537 


9794 


30 


1.2664 


3)83 


40 


.3035 


4821 


.3185 


Ji031 


3.13W 






9790 




1.2625 


.3113 




.3062 


4861 


.3317 


SfJS 


3.1084 


4925 




9786 






.3142 


1B°00- 


,3090 


4900 


.3249 


,5118 


3.0777 


4882 


.9511 


9782 


7»°00 


1.2566 






Vdn. Log,, 


TiJne 


^ 


V»lne 


l^" 


V.lue 


Loff„ 


Diomna 


R^DIIH* 








Cffus 




Tam 




SlK 











9*l«mU» 


brth. 


nand r 


ul« froi- Dm nl 


"l 


IU«>lil 




Son 


T „— , 


OOTU 


nrr 


Ooan 






7*10* 


Lof» 


r>i<M 


W» 


V*I<M 


L^ 


V>li» 


Wi. 






.3143 


ia*M' 


JI090 


4000 


.saa 


.6118 


3.0777 


.4882 


.9511 


9782 


78=00' 


1.2666 


-am 


10 


J118 


4930 


.3281 


JJWl 


3.0476 


4839 


.9502 


9778 


BO 


1.2537 


.xaw 


30 


JH4S 


4977 


J3U 


JI303 


3J)178 


Am 


.9492 


»n4 


40 


1.2608 


.ams 


30 


.3173 


JiOID 


.3346 


.Ki4& 


2.9887 


4766 


.9483 


0770 


30 


1.2479 


.33B8 


40 


.3301 


JK»2 


.3378 


J1387 


3.9000 


4713 


.9474 


9766 


20 


1.2*50 


.3W7 


60 


.3228 


JI090 


.3411 


JS329 


2.9319 


4671 


.0466 


9761 


10 


1.2421 


.3310 


iroo' 


.3386 


JH26 


.3443 


J(370 


3.9042 


4630 


.9466 




n-00' 


1.2392 


jam 


10 


.3283 


6163 


.3476 


JHll 


2.8770 


4689 


.9446 


9752 


60 


1.2363 


.3774 


30 


.3311 


j)iie 


.3008 


64S1 


2.B603 


4040 


.9438 


9748 


40 


1.233* 


Mna 


3D 


.3338 


JS236 


J641 




2.8239 


4609 


.9426 


9743 


30 


1.3305 


.3*3! 


40 


.3366 


B370 


.3974 


6931 


2.7980 


4460 


.9417 


9730 


20 


1.2275 


.3463 


60 


J393 


Ji306 


.3607 


JiS71 


2.772S 


4429 


.9407 


9734 


10 


1.2246 


.3491 


M<>00' 


.3420 


1341 


.3640 


JWll 


2.7476 


4389 


.9397 


9730 


70° 00" 


1.2217 


.3030 


10 


.3448 




.3673 


JS650 


2.7228 


43S0 


.9387 


9736 


60 


1.2188 


.3M9 


30 


.3476 


J409 


.3706 


J1689 


2.6965 


4311 


.8877 


9721 


40 




.3ST8 


30 


.31103 


6443 


.3739 


Ji727 


2.6746 


4273 


.9367 


9716 


30 


1.2130 


.3807 


40 


.3529 


JM77 


.3772 


J17fl6 


3.6611 


4234 


.9356 


9711 


20 


1.2101 


.3636 


60 


.sser 


MIO 


.3806 


6804 


2.6279 


4196 


.9346 


9706 


10 


1.3072 


j3Bm 


»1"00' 


.3684 


JUH3 


.3839 


JJ842 


2.6061 








69° 00 


1.20*3 


.3094 


10 


.3611 


6678 


.3872 


JS879 


2,5826 


4121 


isHe 


9697 


60 


1.2014 


.3723 


30 


.3638 


6609 


.3906 


S917 


2.56(H 


4083 


.9316 


9692 


40 


1.1985 


.3762 


30 


.3666 


J1641 


.3939 


J19M 


2.6386 


4046 


.9304 


0687 


30 


1.1966 


.3782 


40 


.3693 


8673 


.3973 


5991 


2.5172 


4009 


.9293 


9682 


30 


1.1926 


.3811 


SO 


.3719 


.6704 


.4006 


6028 


2.4960 




.9283 


9677 


10 




.3840 


80° 00- 


.3746 


JI736 


.4040 


6064 


2.4761 


3936 


,9272 


9672 


SB" 00 


1.1868 


.3809 


10 


.3773 


JS767 


.4074 


eioo 


2.4645 


3900 


.9261 


WSJ 


50 


1.1839 


.3896 


20 


.3800 


jnm 


.4108 


6136 


2.4342 


3864 


.9250 


9661 


40 


1.1810 


.3927 


30 


.3827 


6828 


.4142 


6172 


2.4J42 


3828 


.9230 


96B6 




1,1781 


.3M6 


40 


.3864 


JWB 


.4176 


6308 


2,3945 


3792 


.9228 


96B1 


30 


1.1762 


.3865 


BO 


.3881 


jweg 


.4210 


6343 


2.3750 


3757 


.0216 


9646 


10 


1.1723 


.4014 


M-DO' 


.3907 


3919 


.4246 


6279 


2.3669 


3721 


.9205 


0640 


87° 00' 


1,16M 


.4043 


10 


.3934 




.4279 




2.3369 


3686 


.0194 


9636 




1.1665 


.4072 


20 


.3961 




-4314 


3.148 


2,31S3 


3662 


.9183 


9829 


40 


1.1636 




30 


.3987 


««7 


.4348 


G383 


3.2998 


3617 


.9171 


9634 


30 


1.1606 


.4131 


40 


.4014 


6036 


.4383 


0417 


2.2817 


3583 


.0159 


9618 


20 


1.1677 


.4160 


60 


.4IM1 


«165 


.4417 


6452 


2.2637 


3048 


.9147 


9613 


10 


1.1648 


^189 


94° 00' 


.4067 


.6093 


.4452 


6486 


2.2460 


3614 




0607 


66° 00' 


1.1619 


.4218 


10 






.4487 


6520 


2,3286 


3480 


!9124 


9602 


60 


1.1490 


.4247 


30 


.4130 


6H9 


.4522 


6563 


2.2113 


3447 


.9112 


9696 


40 


1.1461 


.4276 


30 


.4147 


6177 


.4667 


5587 


2.m3 


3413 


.9100 


9690 


90 


1.1433 


.4306 


40 


.4173 


6205 


.4592 




2.1J76 


3380 


.9088 


9684 


ao 


1.1403 


.4334 


60 


.4200 




.4628 


6654 


2.1609 


3346 


.9075 


0570 






.4363 


M°00' 


.4236 




.4663 


668T 


2.1445 


.3313 


.9063 


9673 


65° 00- 


1.13*5 


.4392 


10 


.4253 






6720 


2.1283 


3280 


.9091 


0567 


60 


1.1316 


.4422 


20 


.4279 


6313 


ATM 


6752 




3248 


.9038 


9961 


40 


1.1286 


.4461 


30 


.4306 


6^0 


.4770 


6785 


2^0965 


3215 


,9036 


0665 


SO 




.4480 




.4331 


6366 


.4808 


6817 


2.0809 


3183 


.9013 


<1649 




1.1228 


.4S09 


60 


.4368 


6392 


.4841 


6850 


2.0656 


3160 


.9001 


9643 


10 


1.1109 


*138 


SS-DO' 


.4384 


6418 


.4877 


6882 






8988 


9637 


64° 00' 


1.1170 


.4667 


10 


.4410 




.4913 


6914 


2!ai53 


3086 


8975 


9530 


60 




.4606 


30 


.4436 


£470 


.4950 


6946 


2.0204 


3054 


8982 


9624 


40 


1.1112 


.4eZ6 


30 


.4462 


04M 


.4986 


B77 


2.0057 


3023 


8949 


0018 


30 


1.1083 


.4604 




.4488 


6621 


Ji022 


7009 


I.99I2 


2991 


SS.V, 


0612 


20 


1.1064 


.4683 




.4514 


6648 


Ji059 


TWO 


1.976S 


2960 




9605 


10 


1.1029 


.4712 


»rw 


.4610 


.6670 


J1095 


7072 


1.9S26 


2928 


8910 


»99 


68° 00' 


1.0096 






C«[ 


W« 


^^1, 


S?^ 


'-T.-... 


1^" 


-■lit 


^u 


Dunn 


^... 



Fonr Place Trigonometric Functioiis 

[01isrtict«riiillci of LogaiitlmH omltled — d«l«rmliie br ths dsiuI nils from tlia ralne' 



K*wi>re 


■sues 


Bnr 




TlBeKHT 


CoTiHfliirt 


OMiin 










Valus 


Uio 




Log« 


VJOB 


hosu, 


VllUB 


Locu 






.4712 


B7°00' 


.4640 


6570 


JW98 


7073 


19636 


2938 


.8910 


9499 


«8°00' 1 


ym 




4711 


10 


.4666 


6696 


J»133 


7103 


i!m86 


289T 


.8897 


9192 








4771 


20 


.4602 


.6620 


.6169 


7134 


1.9347 




.8884 


9486 


40 3 


»37 




4800 


30 


.4617 


6644 


.8306 


7165 


1.9210 




.8870 


9479 


30 1 


0908 




4S29 


40 


.4M3 


ms 


.6243 


7196 


1.9074 


2SD4 


.8867 


9473 


20 1 


0879 




48G8 


60 


.4669 




.0380 


7'226 


1.8940 


2774 


.8843 


9466 




08.10 




48S7 


88=00' 


.4695 


6716 


.6317 




1.8807 


2743 


.8829 


9409 


02° DO' 1 


0821 




4916 


10 


.4720 


6740 


.6364 


r287 




2713 


.8816 


9453 


60 1 


0792 




4945 


20 


.4746 


6763 


.6393 


T317 


l!S546 


2683 


.8802 


M46 


40 1 


0703 




4974 


30 


.4772 


6787 


.5430 


T34S 


I.M18 


2652 




9439 




0731 






40 


.4797 


j810 


.5467 






3622 


^8774 


«32 


30 1 






B033 


60 


.4823 




.6606 


7408 


1.8165 


2593 


.8760 


9436 


10 1 


0676 




S061 


89° 00' 


.4848 




.6543 


7438 


1.8040 


3562 


.8746 


9418 


61°00' 1 


0647 




6091 


10 








7467 


1.7917 






Wll 




0til7 




S120 


20 


.4899 


6901 


.6619 




1.7796 




.8718 


9404 


40 1 


0588 




6149 


30 


.4924 


6923 


.5558 


7626 


1.7675 


2474 


,8704 


9397 


30 1 


0559 




5178 


40 


.4960 


6946 


.8696 


70.16 


1.75,W 


3444 




93!« 


20 1 


0630 




D20T 


60 


.4075 


6968 


.6735 


7686 


1.T437 


2416 


!8675 


9383 


10 1 


0501 




6236 


80° 00' 


iiOOO 


6990 


.5774 




1.T32I 




.8660 


9375 


60° DO' 1 


0472 






10 


Ji025 


7012 


.5812 


7044 


1.7205 


2356 


.8646 


9368 


60 1 


W43 






20 


.6060 


7033 


.5861 


7673 


1.7090 


3327 


.8631 


9361 


40 1 


0414 




5323 


30 


.5075 


T055 


.6890 


7701 


1.69T7 




.8616 


935:i 


30 1 


0385 




6S13 


40 










1.6864 




.8601 




20 1 


0356 




6381 


60 


.6125 


7097 


J>968 


7769 


1.6753 


3341 


.8687 


9338 




03'.i7 




8411 


«1°00' 


.5160 


7118 


.6009 


7788 


1.6643 


2312 


.8672 


9331 


69''00' 1 


0297 




5440 


10 


.5175 


7139 


.6048 


7816 


1.6634 


2184 


,8567 


9333 


50 1 


026S 




*t69 


20 
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Analytic Geometry and Principles of Algebra 

BY 

ALEXANDER ZIWET 
Professor of Mathematics, the Universitv of Michigan 

AND LOUIS ALLEN HOPKINS 
Instructor in Mathematics, the UNrvERsnv op Michigan 

. Edited by EAKLB RAYHOHD HXDRICE 

Cloth, via + 36g pp., appendix, answers, index, izmo, $i.6o 

This work combines with analytic geometry a number of topics traditionally 
trealed in college algebra that depend upon or are closely associated with 
geometric sensation. Through this combination it becomes possible to show 
the student more directly the meaning and the usefulness of these sul^ects. 

The idea of coordinates is so simple that it migbt (and perhaps should) be 
explained at the very beginning of the study of algebra and geometry. Real 
analytic geometry, however, begins only when the equation in two variables 
is interpreted as defining a locus. This idea inusl be introduced very gradu- 
ally, as it is difficult for the beginner to grasp. The familiar loci, straight 
line and circle, are therefore treated at great length. 

In the chapters on the conic sections only the moat essential properties of 
these curves are ^ven in the text ; thus, poles and pulars are discussed only 
in connection with the circle. 

The treatment of solid analytic geometry follows the more usaa! lines. But, 
in view of the application to mechanics, the idea of the vector is given some 
prominence; and the representation of a function of two variables by contour 
lines as welt as by a sur&ce in space b explained and illustrated by practical 
examples. 

The exercises have been selected with great care in order not only to fur- 
nish suDicient material for practice in algebraic work but also to stimulate 
independent thinking and to point out the applications of the theory to con- 
crete problems. The number of exercises is sufficient to allow the instructor 
to make a choice. 

To reduce the course presented in this book to about half its extent, the 
parts of the text in small type, the chapters on solid analytic geometry, and 
the more diHicult problems throughout may be omitted. 
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FROM THE PREFACE 

Tbe book contuui a miDimum of purely theoretiol niAttcr. Its entire 
orgBiiizAlioii is inteoded tu giTC a clear view of the meaning and the imme- 
diate mefulneu of Trigonometry, llie proofs, however, are in a form that 
will not require essential revision in the courses that follow. . . . 

The number of exerciie* U very large, and the traditional monotony it 
broken by iUnstratioru firom a variety of topics. Here, as well as in the text, 
the attempt is often made Co lead the student to think for binself by giving 
suggestions rather than completed lolutioiit or demonstrations. 

The text proper is short; what is there gained in space is used to make the 
tables very complete and usable. Attention is called particularly to the com- 
plete and handily arranged table of squares, square roots, cubes, etc.; by Its 
use the Pythagorean theorem and the Cosine Law became practicable tat 
actual computation. The use of tbe slide mle and of four-place tables is 
encouraged for problems that do not demand extreme accuracy. 

Only a few fbodamenta] definitions and relation* in Trigonometry need be 
memorizedi these are here emphasized. The great body of principles and 
processes depends upon these fundamentals; these are presented in this book, 
•t they should be retained, rather by emphasizing and dwelling upon that 
dependence. Otherwise, (be subject can have no real educational value, not 
indeed any permanent practical value. 
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THE CALCULUS 
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pnoFBssoK OF Mathematics, the Uhive«sity of Nebraska 

Assisted by William Charles Brenke, Associate Profcssoi ol 
Mathematics, the University of Nebraska, 

Edited by Earu: Raymond Hedrick 



ThU book pccKiits as nuiny ind as varied applications of the Calculus 
M it is possible to do without venturing into technical fields whose subiect 
matter is itself unknown and incomprehensible to the student, and without 
•bandoning an orderly presentation of fundamental principles. 

The same general tendency has led to the treatment of topics with a view 
toward bringing out their essential usefulness. Rigorous forms of demonstia* 
tion are not in^ted upon, especially where the precisely rigorous proob 
would be beyond the present grasp of the student. Rather the stress is laid 
upon the student's certain comprehension of that which is done, and his con> 
viction that the results obtained are Itoth reasonable and useful. At the 
same time, an eifort has been made to avoid those grosser errors and actual 
misstatements of &ct which have often offended the teacher in texts otherwise 
attractive and teachable. 

Purely destructive criticism and abandonment of coherent arrangement 
«re just as dangerous as ultra-conservatism. This book attempts to preserve 
the essential features of the Calculus, to give the student a thorough training 
in mathematical reasoning, to create in him a sure mathematical imagiDation, 
and to meet fairly the reasonable demand for enlivening and enriching the 
subject through applications at the expense of purely formal work that con- 
tains no essential principle. 
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STRONG POINTS 

I. The author* uid the editor are well qualiried by trainiDg and experi- 
ence to prepare a textbook on Geometry. 

II. As treated in this book, geometry faoctions in the thought of the 
pupil. It means something because its practical applicatiom are shown. 

III. The logical as well ss the practical side of the sabject is emphauzed. 

IV. The arrangement of material is pedagogical. 

V. Basal theorems are printed in black-face t)W. 

VI. The book conforms to the recommendationi of the Natioiud Com- 
mittee on the Teaching of Geometry. 

VII. Typography and binding are excellent. The latter is the leenforced 
tape binding that is characteristic of Macmillan teilbooki. 

" Geometry is likely to remain primarily a cultural, r^her than an informa- 
tion subject," say the authors in the preface. " But the intimate connection 
of geometry with human activities is evident upon every hand, and constitutes 
fully as much an integral part of the subject as does its older logical and 
scholastic aspect." This connection with human activities, this application 
of geometry to real human needs, is emphasized in a great variety of problems 
and constructions, so that theory and application are inseparably connected 
throughout the book. 

These illustrations and the many others contained in the book will be seen 
to cover a Tuii/tr range than is usual, even in books that emphasize practical 
applications to a questionable extent. This results in a better appreciation 
of the significaDce of the subject on Ibe part of the student, in that he gains k 
truer conception of the wide scope of its application. 

The logical ss well as the practical side of the subject is emphasized. 

Definitions, arrangement, and method of treatment are logical. The defi- 
nitions are particularly simple, clear, and accurate. The traditional manner 
of presentation in a logical system is preserved, with due regard for practical 
applications. Proofs, both formal and informai, are strictly logical 
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Elements of Theoretical Mechanics 
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The work is not a treatiie on applied mechanics, the applications being 
meiei; used io illustrate the general principles and to give the student an idea 
of the uses to which mechanics can be put. ll a intended to furnish a safe 
and sufficient basis, on the one hand, tor the mare advanced study of the sci- 
ence, on the other, for the study of its more simple applications. The tiook 
will in particular stimnlale the study of theoretical mechanics in ei^neeting 
schools. 
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BY 
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The present volume is intended as a brief introduction to mechanics for 
janior and senior students in colleges and universities. It is based to a large 
Client on Ziwet's "Theoretical Mechanics"; but the applications to engineer- 
iog are omitted, and the analytical treatment has been broadened. No knowl- 
edge of diSerenlial equalions is presupposed, the treatment of the occurring 
equations being fully explained. It is t>elieved that the book can readily he 
covered in a three-hour course extending throughout a year. The book has, 
however, been arranged so that certain omissions may be easily made in order 
to adapt it for use in a shorter course. 

While more prominence has been given to the analytical side of [he sub- 
ject, the more intuitive geometrical ideas are generally made to precede the 
analysis. In doing this the idea of the vector is freely used; but it has 
seemed best to avoid the special methods and notations of vector analysis. 

That material has been selected which will be not only useful to the begin- 
ning student of mathematics and physical science, but which will also give the 
reader a general view of the science of mechanics as a whole and aSord him 
a foundation broad enough to facilitate further study. 
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